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Principal Component Analysis based on Classification Structure
by Fuzzy Clustering

Multi-dimensional Space

(p dimensional space)
p: Number of Variables
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Principal Component Analysis for Metric Projection

Metric Projection

P:X L

P (x)={ye L:Hx—y‘ =d(x,L)}
xe X, d(x,L)=Inf ‘x—yH

yel

X Inner Product Space

L : Nonempty Subset of X



Principal Component Analysis for Metric Projection

Metric Projection
P:X—>L

P, IS nonexpansive

[Pe) =P <[x~v]
X,y € X

L : Convex Chebyshev Set
For each x € X, there exists at least one nearest point in L

Principal Component Analysis

C(x,y) = |x—y||-|P.(x) - P.(y)|

|x —y|: Dissimilarity of Objects

|P.(x) - P (y)|: Dissimilarity of Objects on Projected Space



n: Number of Objects p : Number of Variables

p
Minimize F =) (x, - XI,)'(x, - XI,)

a=1

1, =(X'X)"'X'x,

F =3 e PO X (3, ~ X OOX)X0X,)

X (X'X )™ X" Projection to Subspace Spanned by Xy, X

Zp: (X, —%,) = X (X" X)X (x, = x,) ) (%, = %) = X (X' X)X (x, - x,))

azb=1




Principal Component Analysis

X (X'X)™ X" Projection to Subspace Spanned by X, X,
P, = X(X'X)*X'
P, = P, P, : Idempotent P, '= Py : Symmetry

n n
X, X, €V, Ix,-x, eV

p p
F~ = Z(Xa -Pyx. ) (x, —Pyx,) = Z(xa'xa -x, Px,)
a=1 a=1

azb=1
p
- Z(Xa _Xb)'(xa _Xb) _(Xa _Xb)' I:)x (Xa _Xb)
azb=1

p p
=2 pz (x,'x, —x,'P,x,)—2 Z(xa'xb -x,'P,x,)

a=1 a=b=1

A 1

*

F Covariance between Variables




Fuzzy Cluster based Principal Component Analysis

P P

= ZDZ(Xa'Xa -x,'P,x,)—-2 yz(xa'xb -x,'Pyx,)
a=1 azb=1 A
¢* [ )
F Covariance between Variables

I

Adaptable Classification Structure based on
an Appropriate Number of Clusters

A

Dissimilarity Structure of Objects in Higher Dimensional Space




Selection of an Appropriate Number of Clusters

f K=a —»>U® _55® "

K=b —>U® _53s®

. (@a#h) Yy

S -
K : Number of Clusters

S : Observed Similarity Data

U () : Classification Structure for S when the Number of Clusters is |
(A Result of Fuzzy Clustering) |=1,---,K

S ™. Restored Similarity by UsingU

/Select Closest S© to S among{S @, ---,S )} h

Select Most Explainable Classification Structure for Original Data
@ppropriate Number of Clustersis | P




Asymmetric Similarity of Interval-Valued Data

Y:(yia):([y-iyia])i 1=1---,n, a=1,"',p

—la

Dissimilarity between y; = (y;,,---, Yp) and y, = (Y1 ¥jp)

d; = Zsup{d(x, Vi) X e yia}, d(x,y;,)=inf {d(X, y)|y e yja}
d; = Zsup{d(yia, )|y eyja}, d(Y, ) =infld(X,y) | X €Y,
d =d. (i+])

ij ji

s; =1-d, /rril’a}x{dij}, L, j=1---,n

S; #S; (1= ])




Asymmetric Fuzzy Clustering Model

(Sato and Sato, 1995)
Asymmetric Similarity Data

S=(s;) sy=s;, (=), i,j=1..,n

K
Sy = > Wyl Uy +&, i,j=1..,n

k=1 1=1
s; - Asymmetric Similarity Between Objects I and |

K

u, : Degree of Belongingness of an Ojbect i to a Cluster k
w,, : Asymmetric Similarity Between Clusters k and |

g; - Error

K
W, # W, S # S U €[01], D uy =1 me(l o)
k=1

n: Number of Objects K : Number of Clusters



Asymmetric Similarity of Clusters

Wi =1- = —, k1 =1..K

1+exp
-t

L, k) - Expected Value of Data in Cluster k

|Z(k,K) |
)+tr(2(k1K)Z(I | )+Iog[Z

S = (ll(k,K) _H(|,K))Iz(_k1,r<)(ll(k,|<) —II(LK))

Z .k - Variance— Covariance Matrix for Cluster k

W =W, (k=1), W e[0]

K : Number of Clusters



Criterion for Selection of Number of Clusters

CZ(P() _ i=j=1

| zJ > 5
1= =1 i#j=1

Alignment Degree of Agreement

K

K
"‘(K) ZZW(K)U(K)UEIK)’ i, J =1,

k=1 1=1

Restored Asymmetric Similarity

K : Number of Clusters k=1,...,K



Concentration around Expected Value
for the Different wu

ZS”"‘(K)

C(K): i#j=1

ER
1= =1 1= =1

) ) _ m2a4 .2
P(|C(s,§,w) — E[C(s,§,W)]|> &) < 2exp( mca ‘9 j

C(s;, 8, W) =C(s,§, W)

ijr ij



Concentration around Expected Value
for the Different wui

1C(s,§,W)—C(s,§,W) < 62, m=n(n-1)
Mma
C(s,3,W) =C(s,§ +dS, W)
~ g~ ~|12 ~
T R Iy, P Ul N . +<df,8>
[SNAs]+15 +ds]) ~ [slds]+ s +ds]y \[s][s]

(ds,3) S%, m=n(n-1)

—~

é(sij ,Sijy W) = é(s1§’ W), é(sij ,Sips Wy ) = 6(31 S, W)

K : Number of Clusters k=1,...,K



Theorem: (C. McDiarmid)
SUp |f(X1,°' )_f(xl’ K |1’)2|’ i+17 )l C

Xl’...’xn’xi

/ \
—2&°

- 2
\;Ci )

X, -+, X, - Independent Random Variables Taking Values in a Set A
f: A" — R satisfies for1<i<n

P(| (X, X )=—Ef (X, X ) [> &) <2exp forall >0

1C(s,$,W) —C(s,§,W) |<

m=n(n-1)

a’’

P(|C(s,8,w)— E[C(s, 8, W)][> &) < 2exp(_ mza“ng



Fuzzy Cluster based Principal Component Analysis

P P

= ZDZ(Xa'Xa -x,'P,x,)—-2 yz(xa'xb -x,'Pyx,)
a=1 azb=1 A
¢* [ )
F Covariance between Variables

i)

Adaptable Classification Structure based on
an Appropriate Number of Clusters

I

Dissimilarity Structure of Objects in Higher Dimensional Space




Fuzzy Cluster based Covariance Matrix
i t

w/ith ro +n \/ari
Ll 1 LU Vari

hlec
v MNICO

K
Uy €[01], D u, =1 me(l ») | Fuzzy Clustering
k=1

K
u; €03, > u, =1 |Hard Clustering
k=1

n : Number of Objects K : Number of Clusters



=1
n K
m
Z Xia Z Ui
Va2 =1 _ k=1
X, = Clwy = L
N m
Z Ui
i=1 k=1

n : Number of Objects K : Number of Clusters



Fuzzy Cluster based Covarianc Matrix

ahle

l h re Snar-l- +N la oc
MCLL LU Vaiiauvitco
n
C = (Cab)’ Ca = Wi (Xla o Xa)(xib o Xb)’ a,b=1,-, P
=1
K
m
Z Ui K
Wi ~ = K uik E[011]1 Zuik — m E(1’ OO)
S
i=1 k=1

Crisp Classification of an Object i —> W, Becoms Larger

Uncertainty Classification of an Object i

n : Number of Objects

—> W. Becomes Smaller

K Number of Clusters



Fuzzy Cluster based Covariance Matrix with

acnNnop 'I-'I- l hiac
CopyCLlLl WU MICO

=S,
)

QIJ

>S5

C:(Cab)’ Cab :ZWi(Xia_Ya)(Xib_Yb)’ a,b=1,°°°,p

=1

X, =2, w, =KL m < (1, )
n m
Z Uik
i=1 k=1
Fuzzy Clustering « n
« €01, D u,=1 = w>0, > w=1
k=1 =1
Hard Clustering « 1
u, {0}, D u =1 = w,= = Vi
k_

n: Number of Objects K: Number of Clusters



Fuzzy Cluster based Covariance Matrix

for Int

1

C:(Cab)’ Cab:iwi(xia_ia)(xib_ib)’ a’b:]-,‘“

=1 k=1

n : Number of Objects K : Number of Clusters

Fuzzy Cluster based Covariance
When xis are Interval-Valued Data ?



Empirical Joint Function for Interval-Valued Data

(Bertrand and Goupil, 2000)

f(ya,yb)zli i (Var ¥o)

u=al 740/
L (ly .Yl Ly, .Vl €eZ() _ _
I' ’ = —a —ib . ' \v/ -1 Jija? 1 )i
(Yar ¥o) {O, Otherwise ia Yiar Ly Yo
Uniform Distribution for Each Interval [Xia’ Voo
Xb
— A

Object k Z (i)
/

Object i
Ly, Vil 1y, Vio])

0]




Fuzzy Cluster based Covariance Matrix

for Interval-Valued Data

C :(Cab)’ Cap :Zwi(xia_Ya)(Xib_Yb)’ a,b=1,“-,p
i=1

n K
Z Xia Z uirli1
Ya _ i_ln ! Wi = nk:1K
DIDINH
i=1 k=1

When xia are Interval-Valued Data ?

o0 @00

(Y. = V) (Vs = Vo) f (Vo ¥ )y, dy,

é — (6ab)1 c,Sab :Jf

—00 o —00

Y, = ZLZ(y_ +7..) : Symbolic Empirical Mean
nog —"°

?(ya, y,) = lz@li(ya’ V) : Weighted Empirical Joint Function

U= 0]



Fuzzy Cluster based Covariance Matrix
for Interval-Valued Data

é = (6ab)

Co =] | (Va= V) = o) T (Vo ¥ )dly, 0y,

1 < _ _ 1AWty ) 1 ¢ Wi(yib_l_y-b) 1
=— > wW(V._ + L+ —— —=a__ _y = —V.V
an 2T T Y )T+ Y,) = 902 —— A
K
D Ui
w, = —<L , me(l,o)
3 up



PCA based on Fuzzy Covariance for
Interval-Valued Data

l'1 — (|11’|12"”’|1p)

Corresponding Eigen-Vector ~
For the Maximum Eigen-Value of C

Z, = Y_l1 " First Principal Component

— _ _ y +yia
Y :(yia)’ yia == 2

1=1---n a=1l--- D




Conventional PCA for Interval-Valued Data

/ C C \
Yu 0 Yip _
T ia —
: . : | yica Xla y | Y., = [Xia’ yia]
c Cc 2 .
\ynl ynp/ 1=1--- N, a:]_’...p
cov{Y}=C

Covariance Matrix for Interval-Valued Data
(Billard and Diday, 2000)

~

~ 1 & _ _ —
C=(Cp) Cop=-"2D +V) +Vu)— V.V,
4n a b
i=1

nl_ A
Z.(yay)

1
f (Ya’ yb) = H - HZ (I)H (Bertrand and Goupil, 2000)

Principal Component Analysis: Centers Method



Comparison between Proposed PCA
and Conventional PCA for Interval-Valued Data

> = (6ab) 6 = J‘_OO jjo (ya - Va)(yb o yb) ?(ya’ yb)dyadyb

f(y,,y,)= ZO (Ya Ys) : Weighted Empirical Joint Function

|Z (i)
2% Fuzzy Clustering
W, = “K ,me(l,oo)
s = (o), T = Jf_fo Jf_fo(ya =)o = %) T (Ve Y)Y,
f(y,,y,)= 1 I‘(yai V) : Empirical Joint Function
& Jz0)

Centers Method

w. =1 Vi Hard Clustering




Fuzzy Cluster based Covariance Matrix

w/ith ro or 'I-'I- l ahlac
VWILIl 1 C CL L0 avits

wn
©
ﬂ

>S5

C :(Cab)’ Cab :ZWi(Xia_Ya)(Xib_Yb)’ a,b:]-,“‘, p
i=1

X, =2, w, =KL ! m < (1, )
n d -
Zuik
=1 k=1
K n
U €[01], D up =1 = w,>0, > w =1
k=1 =1
A 1
u, {0}, D u =1 = w,= = Vi
k_

n : Number of Objects K : Number of Clusters
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Asymmetric Dissimilarity
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0.22

0.22

0.51
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0.44

0.14

0.58

0.42

1.00

0.78

0.64
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0.46

0.62

0.26

0.29
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0.49
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0.64

1.00

0.43

0.36

0.30

0.41

0.12

0.67

0.39

0.81

0.63

0.63

0.50

1.00

0.82

0.66

0.81

0.51

0.80

0.55

0.81

0.78

0.55

0.46

0.85

1.00

0.80

0.81

0.66

0.80

0.69

0.84

0.82

0.42

0.40

0.70

0.81

1.00

0.79

0.76

0.76

0.53

0.84

0.75

0.62

0.55

0.86

0.86

0.83

1.00

0.64

0.75

0.82

0.61

0.80

0.19

0.17

0.50

0.64

0.73

0.96

1.00

1: Oil

2: Coal

3:

4.

Coal with
CCS

Nuclear

5:

6:

Geothermal

Solar PV

7: Biomass

8:

On. Wind,

large

_ Mun/Ind
" Waste

10: Hydro

11: Gas




Selection for Number of Clusters

K K
< (K) ~ ..
ZS S S0 =Y > wiuul) i =10

C(K)= k=1 1=1
el
K _ _ _
(Number of 2 3 4
Clusters)

C(K) 0.93 0.90 0.91



Second Principal Component
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Result of Proposed PCA
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Second Principal Component
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-20

Results of Weights
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K
2 Ui

Proposed PCA | _ S
I n K

Fuzzy Clustering > > ug | Hard Clustering

i1 k-1
m e (1, )

Centers Method




Comparison of Cumulative Proportion

Proposed PCA

Ordinary PCA
(Centers Method)

0.86

0.82
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(1) Propose a PCA based on Fuzzy Clustering
Considering Dissimilarity Structure in Higher
Dimensional Space

(2) Numerical Examples
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Kushiro-Marshland

Landsat Data; 1024 X 1024 pixels, 7 Kinds of Lights, July - October, 1993



Result of Proposed PCA for the First Component

C=Cuw) Co=[ [ (V=) — %) F (o Vo), 0,
1iwi|i(ya'yb)

F(ya, Y,) =— : Weighted Empirical Joint Function

=g 0]

K
m
Zuik
_ k=1
Wi_ n K !

22 Ui

i=1 k=1

m e (1, )



Result of Proposed PCA for the Second Component

C=Cw) Co=[ [ (Va0 = %) f (V. ¥, )dly,

f(ya, Y,) = EZ Wil (Ya: ¥o) : Weighted Empirical Joint Function

s [z0)
2 Ui
W, =—<—  me(lw)
2. Ui



Result of Centers Method for the First Component

o0
o0

C=@w) Cw=[_ | (Vam YV~ Yo) f (Var ¥o)lVall,

15 1i0Yar V) : Empirical Joint Function
n=s

= 20

F(Yar ¥o) =

w, =1 Vi



Result of Centers Method for the Second Component

r

OOoo .i.—o:o (ya B ya)(yb - yb) f (ya1 yb)dyadyb

6 - (Eab)’ Eab :J

f(y.,Y,)= 1 M Empirical Joint Function

T 20

w =1 Vi



