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Principal Component Analysis





X

p

XXXXP

XXXX
1

1
1

')'(

,,bySpannedSubspacetoProjection:')'( xx 

 XXXXX

X

SymmetryPPIdempotentPPP :':

 


p

aXaaa

p

aXaaXa

n
ba

n
ba

PPPF

VV

* )''()()'(

,,

xxxxxxxx

xxxx

   



p

aa

PP '

11

)()()()( xxxxxxxx   










p

baXbababa

ba
baXbabaXba

P

PP
1

)()'()()'(

)()()()(

xxxxxxxx

xxxxxxxx










p

ba
bXaba

p

a
aXaaa

ba
baXbababa

PPp
11

1

)''(2)''(2 xxxxxxxx
 baa 11

Covariance between Variables *F



Fuzzy Cluster based Principal Component Analysis
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Dissimilarity Structure of Objects in Higher Dimensional Space



Selection of an Appropriate Number of ClustersSelection of an Appropriate Number of Clusters

~

~ )()( SUaK aa S
)(

~ )()(

ba
SUbK bb




S
ClustersofNumber:K )( ba 

)( iCl tfN bthhfSt ttiCl ifi
DataSimilarityObserved:

l lSU
S

)(

,,1ClusteringFuzzyofResultA
isClustersofNumberthewhenforStructuretionClassifica:l

Kl
lSU

）（ 
)()( UsingbySimilarityRestored~ ll US ：

SSSS Kl }~~{t~Cl tS l t )()2()( SSSS Kl

DataOriginalforStructuretionClassificaeExplainablMostSelect
},,{amongtoClosestSelect )()2()( 

lis Clusters ofNumber  eAppropriat



Asymmetric Similarity of IntervalAsymmetric Similarity of Interval‐‐Valued DataValued Data

,,1,,,1]),,([)( paniyyyY iaiaia  

   |)(inf)(|)(sup

),,(),,( 11

yyyxdyxdyxyxdd

yyandyybetweenityDissimilar
p

jpjjipii







 yy

   

   |)(inf)(|)(sup

|),(inf),(,|),(sup
1

yxyxdyydyyyydd

yyyxdyxdyxyxdd

p

jaja
a

iajaij










   |),(inf),(,|),(sup
1

yxyxdyydyyyydd iaia
a

jaiaji  


)( jidd jiij 

)(

,,1,},{max/1
,

jiss

njidds

jiij

ijjiijij



 

)( jjiij



Asymmetric Fuzzy Clustering ModelAsymmetric Fuzzy Clustering Model
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Fuzzy Cluster based Principal Component Analysis
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an Appropriate Number of Clusters

Dissimilarity Structure of Objects in Higher Dimensional Space
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Fuzzy Cluster based Covariance MatrixFuzzy Cluster based Covariance Matrix
forfor IntervalInterval‐‐Valued DataValued Datafor for IntervalInterval Valued DataValued Data

 
n

bibaiaiabab pbaxxxxwccC ,,1,),)((),( 






K
m

n
i

bibaiaiabab

ux

pbaxxxxwccC
1

,,1,),)((),(




  n K

m
ik

k
ik

i
i

ia

a

u

u
w

n

x
x 11 ,


 i k

iku
1 1

n : Number of Objects     K : Number of Clusters

Fuzzy Cluster based Covariance 
When xi are Interval Valued Data ?When xia are Interval‐Valued Data ?  



Empirical Joint Function for IntervalEmpirical Joint Function for Interval‐‐Valued DataValued Data
(Bertrand and (Bertrand and GoupilGoupil, 2000), 2000)
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Fuzzy Cluster based Covariance Matrix Fuzzy Cluster based Covariance Matrix 

for for IntervalInterval‐‐Valued DataValued Data
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Fuzzy Cluster based Covariance Matrix Fuzzy Cluster based Covariance Matrix 
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Conventional PCA for IntervalConventional PCA for Interval‐‐Valued DataValued Data
Centers MethodCenters Method

iyy ~ 111 



 c

p
c yy 

,
2

iaiac
ia

yy
y


 ],[ iaiaia yyy ,~

1











c
np

c
n yy

Y




pani  ,1,,,1 p

CY ~}~cov{ 

Covariance Matrix for Interval‐Valued Data

baibib

n

i
iaiaabab yyyyyy

n
ccC   )()(

4
1~),~(~

1

(Billard and Diday, 2000)

in 4 1


n

bai
ba iZ

yyI
n

yyf
)(

),(1),( (Bertrand and (Bertrand and GoupilGoupil, 2000), 2000)

Principal Component Analysis：Centers Method

i iZn 1 )( (( pp , ), )



Comparison between Proposed PCA 
and Conventional PCA for Interval‐Valued Data

),(~))((ˆ),ˆ(ˆ  







 bababbaaabab dydyyyfyyyyccC

FunctionJointEmpiricalWeighted:
)(

),(1),(~
1



 


n

i

baii
ba iZ

yyIw
n

yyf
)(1i

),1(,1 




 m

u
w n K

m

K

k

m
ik

i
Fuzzy Clustering

1 1

 

u
i k

m
ik

)())((~)~(~
 
 

 dydyyyfyyyyccC

FunctionJointEmpirical:),(1),(

),())((),(



  




n

bai
b

bababbaaabab

yyIyyf

dydyyyfyyyyccC

i1

FunctionJointEmpirical:
)(

),(
1

i

ba iZn
yyf

d l i

Centers Method

iwi  ,1 Hard Clustering



Fuzzy Cluster based Covariance Matrix Fuzzy Cluster based Covariance Matrix 
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Energy Evaluation Data
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Asymmetric Dissimilarity
Objects 1 2 3 4 5 6 7 8 9 10 11

1 1.00 0.70 0.78 0.83 0.38 0.36 0.66 0.78 0.78 0.70 0.77 

2 0 67 1 00 0 51 0 81 0 05 0 03 0 37 0 50 0 63 0 43 0 802 0.67 1.00 0.51 0.81 0.05 0.03 0.37 0.50 0.63 0.43 0.80 

3 0.73 0.49 1.00 0.77 0.45 0.50 0.77 0.73 0.75 0.70 0.57 

4 0 70 0 70 0 70 1 00 0 22 0 22 0 51 0 62 0 67 0 54 0 674 0.70 0.70 0.70 1.00 0.22 0.22 0.51 0.62 0.67 0.54 0.67 

5 0.44 0.14 0.58 0.42 1.00 0.78 0.64 0.59 0.46 0.62 0.26 

6 0.29 0.00 0.49 0.30 0.64 1.00 0.43 0.36 0.30 0.41 0.126 0.29 0.00 0.49 0.30 0.64 1.00 0.43 0.36 0.30 0.41 0.12 

7 0.67 0.39 0.81 0.63 0.63 0.50 1.00 0.82 0.66 0.81 0.51 

8 0.80 0.55 0.81 0.78 0.55 0.46 0.85 1.00 0.80 0.81 0.66 

9 0.80 0.69 0.84 0.82 0.42 0.40 0.70 0.81 1.00 0.79 0.76 

10 0.76 0.53 0.84 0.75 0.62 0.55 0.86 0.86 0.83 1.00 0.64 

11 0.75 0.82 0.61 0.80 0.19 0.17 0.50 0.64 0.73 0.56 1.00 

1: Oil 3:
Coal with 

5: Geothermal 7: Biomass 9:
Mun/Ind 

11: Gas1: Oil 3:
CCS

5: Geothermal 7: Biomass 9:
Waste

11: Gas

2: Coal 4: Nuclear 6: Solar PV 8:
On. Wind, 
large

10: Hydro



Selection for Number of ClustersSelection for Number of Clusters
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R lt f P d PCAResult of Proposed PCA
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Results of Weightsg
40

nt

7 2

nt

7

8

20
4

ip
al

 C
om

po
ne

nt

1
3

8
9

10

11

0
1

ip
al

 C
om

po
ne

nt

1

5
8

9

1011

−
20

0

S
ec

on
d 

P
rin

ci
pa 1

2
4

5

6

−
2

−
1

S
ec

on
d 

P
rin

ci
pa 1

2 3

4

6

−250 −200 −150 −100 −50

First Principal Component

S 4

−4 −2 0 2 4

−
2

S
e 6

First Principal Component
First Principal Component

1



u
w

K

k

m
ikProposed PCA Centers Method

1 1




 

u
w n

i

K

k

m
ik

i

Hard ClusteringFuzzy Clustering

),1( m



Comparison of Cumulative ProportionComparison of Cumulative Proportion

O di PCA
Proposed PCA

Ordinary PCA
(Centers Method)(Centers Method)

0 86 0 820.86 0.82



ConclusionsConclusionsConclusionsConclusions

(1) Propose a PCA based on Fuzzy Clustering 
C id i Di i il it St t i Hi hConsidering Dissimilarity Structure in Higher 
Dimensional Space

(2) Numerical Examplesp



Kushiro‐Marshland

Landsat Data; 1024 X 1024 pixels,  7 Kinds of Lights, July ‐ October, 1993



Result of Proposed PCA for the First Componentp p
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Result of Proposed PCA for the Second Component
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Result of Centers Method for the First Componentp
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Result of Centers Method for the Second Componentp
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