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Overview

� Kernel Methods and Indefinite Spaces
� Kernel Methods

� Pseudo-Euclidean Spaces

� Indefinite Support Vector Machine

� Kernel Discriminant Classification
� Kernel Quadratic Discriminant Classification

� Indefinite Kernel Fisher Discriminant

� Kernel Discriminant Feature Extraction
� Indefinite Kernel Mahalanobis distance

� Indefinite KFDA

� Summary and Conclusion



Kernel Methods and Indefinite Spaces
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Kernel Methods [SS02,SC04]

� Typical tasks: 
� Classification, Regression, Clustering, Novelty Detection,…

� Multitude of kernel methods: SVM, SVR, KPCA,…
� Analysis chain:

� Multitude of kernels for various datatypes
� Vectorial, sequences, graphs, finite state machines…

� Kernel matrix is information „bottleneck“
=> importance of kernel choice!

kernel
eval.

kernel
pattern
analysis

model function
kernel
matrix

x1
...
xn

k(xi, xj) f (
∑
αik(xi, x))
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Geometrical Interpretation

� Choose a mapping into a Hilbert space
� Linear method in    yields a nonlinear method in    

� Kernel function for inner-products
� Mapping no longer required explicitly

linear NMC

H

H H

X X

xi
xi

XH
φ : X → H

φ

((
a1
a2

))
:=




a21
a1a2
a22





φ(xi)

k(x, x′) = 〈φ(x), φ(x′)〉H
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Distance Substitution Kernels [HBB04]

� Distance         symmetric, nonnegative, zero-diagonal
� Examples of DS-kernels:  

where is an arbitrary origin and

� Expectation: Similar behaviour as standard kernels
� Generality: Arbitrary structured Objects + Distances!
� (c)pd-ness equivalent to d being a Hilbertian metric

O ∈ X

d(·, ·)

〈x, x′〉Od := −1
2

(
d(x, x′)2 − d(x,O)2 − d(x′, O)2

)

klind (x, x
′) := 〈x, x′〉Od kndd (x, x

′) := −d(x, x′)β , β ∈ [0, 2]
kpold (x, x′) :=

(
1 + γ〈x, x′〉Od

)p
krbfd (x, x′) := e−γd(x,x

′)2 , p ∈ N, γ ≥ 0
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Distance Substitution Kernels

� Many DS-Kernels are positive definite
� Examples of Hilbertian Metrics: 

� Hellinger Distance

� Chi-Square

� Powers of p-norms

� Variation of Kulback Leibler:

‖x− x′‖qp p ∈ [0, 2], q ∈ [0, p/2]

χ2(x,y) :=
1

2

∑

i

(xi − yi)2
xi + yi

(H(p, p′))2 :=
∫
(
√
p−√p′)2dx

d21|1(p, p
′) :=

1

2

∫

X

p(x) log

(
2p(x)

p(x) + p′(x)

)
+ p′(x) log

(
2p′(x)

p(x) + p′(x)

)
dµ(x)
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Indefinite Kernels

� Sources of Indefiniteness

� Distance-based kernels: non-Hilbertian, non-metric

� Prior knowledge in kernel construction

� Invariant kernels

� Robust or approximate (dis)similarities

� Kernel combination

� Indefinite Kernel Methods

� Nearest Mean Classifier [PD05]

� Regression [OMCS04]

� Indefinite Support Vector Machine [H05b]

� Indefinite Fisher Discriminant [HP08b]

� Indefinite Kernel Quadratic Discriminant [PH09]

� Kernel Mahalanobis Distances [HP08,HP10]
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Pseudo-Euclidean Spaces [G85,PPD01]

� Real finite dimensional vector spaces
of signature

� symmetric (indefinite) inner-product

� squared norm
can be negative:

� squared distance

� orthogonality

� hyperplanes

R
(p,q) := Rp ⊕ Rq (p, q)

〈z, z′〉pE := zTp z′p − zTq z′q = zTJz′ J := diag(1p,−1q)

‖z‖2pE := 〈z, z〉pE = zTJz

〈z, z′〉pE = zTJz′ = 0

‖z− z′‖2pE = 〈z− z′, z− z′〉pE

H : 〈z,w〉pE + b = 0
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pE Feature Space Embedding

� Data dependent pE-embedding:

� Construction by Eigendecomposition [GHBO99,PPD01]:

Given data

+ sym. kernel

Existence of pE space

+ embedding

with
k : X × X → R

R
(p,q)

Φ : X → R
(p,q){xi}ni=1 ⊂ X

k(xi, xj) =〈Φ(xi),Φ(xj)〉pE

K = UΛUT

Λ = diag(λ+,λ−)

p := dim(λ+), q := dim(λ−)

Φ(xi) :=
(√

|Λ|UT
)

i
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Indefinite SVM [Ha05]

� Geometric interpretation: optimal hyperplane classifier
� not margin maximization but separation of convex hulls

� Sparseness: usual interpretation of support vectors
� E.g:                      sample is correctly classified

� Numerics: convergence, e.g. libsvm [LL03]

� Uniqueness: possible but generally not
� Suitability criteria: e.g.              , #bSV, DCM

separable case nonseparable case

αi = 0 ⇒ xi

wTMw
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Numerics of Indefinite SVM

� Convergence to stationary point, libsvm [LL03]

� Multiple solutions

� Uniqueness in extreme indefinite cases
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Practical Criteria for Indefinite SVM

� Criterion for suitability: #bSV
� No (few) bounded no (few) training errors

� Criterion for unsuitability:
� after training:

� before training:

high negative signature of the pE space

� Criterion for suitability: Distance of Class Means
� If DCM is positive, sufficiently low C yields solution

wTMw ≤ 0
αi ⇒

∑

i,j

αiαjyiyjk(xi, xj)

DCM2 =
∑

i,j

cicjk(xi, xj)

ci =

{
1/n+ for yi = +1
−1/n− for yi = −1



Kernel Quadratic Discriminant Classifier
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Quadratic Discriminant Analysis [DHS01]

� Multiclass problem , patterns
� Class-conditional normal densities

� MAP decision functions

� QD classification by maximal decision functions

Goal: Kernelization of Mahalanobis distance + bias

p(x|ωj) = N (x; {Σ[j], µ[j]})
= ((2π)kdet(Σ[j]))−1/2 exp

(
−1
2(x− µ[j])T (Σ[j])−1(x− µ[j])

)

fj(x) = − 1
2(x− µ[j])T (Σ[j])−1(x− µ[j]) + bj

bj = − 1
2 ln(det(Σ

[j])) + ln(P (ωj))

Ω := {ω1, . . . , ωc} x ∈ Rk

x ωi i = argmax1≤j≤c fj(x)assigned class if
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Basic Notation

� Training samples

� Kernel and RKHS-embedding

� Kernel matrix kernel vector

� Mean and centering

� Empirical covariance operator acting as

� Class-wise quantities: superscript

{(xi, yi)}ni=1 ⊂ X × Ω
φ : X → H

Φ := (φ(x1), . . . , φ(xn))

k : X × X → R,

k(x, x′) = 〈φ(x), φ(x′)〉H ,

Cv := 1
n

∑n
i=1(φ(xi)− φµ) 〈φ(xi)− φµ, v〉H = 1

n Φ̃Φ̃
Tv

C : H → H

K := (〈φ(xi), φ(xj)〉)ni,j=1 =: ΦTΦ kx := (k(xi, x))
n
i=1

φµ :=
1
nΦ1n

Φ̃ := Φ− φµ1Tn , K̃ := Φ̃T Φ̃

[j]

k̃x := Φ̃
T φ̃(x)

φ̃(x) := φ(x)− φµ
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Kernel Quadratic Discriminant KQD-IC

� Assumption: Invertible Covariance operator

� W.l.o.g. finite dimensional  

� SVD of                 yields kernel/covariance relation

� Covariance operation is

� Kernelized Mahalanobis distance follows as

H = Rm, m < n

1
nC

−1Φ̃ = Φ̃K̃−

Φ̃ ∈ Rm×n

Cφ̃(x) = 1
n Φ̃k̃x

φ̃(x)TC−1φ̃(x) = nk̃
T

x (K̃
−)2k̃x
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Kernel Quadratic Discriminant KQD-IC

� KQD-IC decision function:

with pseudo inverse of     

kernel vector

centered kernel vector

centering matrix

� Regularization parameter of pseudo-inverse:

eigenvalues with set to 0

fj(x) = −nj
2 (k̃

[j]

x )
T ((K̃ [j])−)2k̃

[j]
x + bj

(K̃ [j])− K̃ [j]

k[j]x := (k(x
[j]
i , x))

nj
i=1

k̃
[j]

x := H [j](k
[j]
x − 1

nj
K [j])1nj

H [j] := Inj − 1
nj
1nj1

T
nj

αj > 0

λ
[j]
i |λ[j]i | < αj
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Kernel Quadratic Discriminant KQD-RC

� Ansatz: Regularization of Covariance operator

� No restriction on dimensionality of

� gives kernel/covariance relation

by setting

� Covariance operation is

� Kernelized Mahalanobis distance follows as

Creg := C + σ
2I
1
nC

−1
regΦ̃ = Φ̃K̃

−1
reg

K̃reg := K̃ + nσ2In

Cregφ̃(x) =
1
n Φ̃k̃x + σ

2φ̃(x)

φ̃(x)TC−1regφ̃(x) =
1
σ2 (k̃xx − (k̃x)T (K̃reg)

−1k̃x)

H
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Kernel Quadratic Discriminant KQD-RC

� KQD-RC decision function:

with regularized kernel matrix

� Regularization parameter

guarantees regularized kernel matrix to be invertible

K̃
[j]
reg := K̃ [j] + njσ

2
j Inj

k̃
[j]
xx := kxx − 2

nj
1Tnjk

[j]
x + 1

n2j
1TnjK

[j]1nj

fj(x) = − 1
2σ2j
(k̃
[j]
xx − (k̃

[j]

x )
T (K̃

[j]
reg)−1k̃

[j]
x ) + bj

kxx := k(x, x)

σj > 0
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Bias Computation

� Kernelized bias:

� Assumption: regularized covariance

� Eigenvalues of           obtained as those of 

� Similar for invertible covariance operators

� Problem: numerical instability

� long eigenvalue tails, 

many small eigenvalues

� Estimate of intrinsic

dimensionality required

high variation of bias computation!! 

λ
[j]
i

bj = −1
2 ln(det(C

[j]
reg)) + ln(P (ωj))

ln(det(C
[j]
reg)) = ln(

∏l
i=1 λ

[j]
i ) =

∑l
i=1 ln(λ

[j]
i )

C
[j]
reg

1
nj
K̃
[j]
reg

1 20 40 60 80 100
-5

0

5

10

15

20

25

30

35

40
(i)λ

i
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Bias Computation

� Solution

� QD is the Bayes classifier in case of known statistics

Hence, bias values minimize prediction error

� Use training error as surrogate for prediction error

� Bias computation: training error minimization

� KQD decision invariant to simultaneous shifting of biases

� For 2-class decision only difference of biases is relevant

� Estimate optimal pairwise bias differences for all classes

by training error minimization and greedy search

� Solve overal least squares problem for biases

∆ij ≈ bi − bj

min
b

c−1∑

i=1

c∑

j=i+1

(bi − bj −∆ij)
2
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Experiments

� Real world data
� Data from [ROM98]: superiority of KFD
� 2 classes, 2-60 dimensions, 215-7400 samples
� Gaussian Kernel, 10-fold CV for regularization & kernel

� No clear favorite among KQD-IC/RC
� KQD outperforming KNN, almost as good as KFD, 
� comparable to KPCA-QD

10-fold repetition, test-errors: mean (std)



Indefinite Kernel Fisher Discriminant
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Pseudo Euclidean Fisher Discriminant

� Class means

� Between-class scatter projection

� Within-class scatter projection

� Maximize Fisher criterion

� Fisher Discriminant

f(z) = 〈w, z〉pE + b

ΣBpEw = (µ+ − µ−)
〈
µ+ − µ−,w

〉
pE

ΣWpEw =ΣWpE,+w+Σ
W
pE,−w

J(w) :=
〈w,ΣBpEw〉pE
〈w,ΣWpEw〉pE

b = −1
2

〈
µ+ + µ−,w

〉
pE

µ± :=
1
n±

∑
i∈I±

φ(xi)

ΣWpE,±w =
∑

i∈I±
(φ(xi)− µ±)

〈
φ(xi)− µ±,w

〉
pE
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Geometrical Interpretation

� Illustration in        :

� pE-FD is a linear classifier, intuitive decision boundary

� ISVM, IKNMC suffer from „reflection“ with

� pE-FD identical to FD in Associated Euclidean space

� No kernel matrix preprocessing necessary!!

R
(1,1)

R
p+q

J
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Indefinite Kernel Fisher Discriminant

� Kernelization

� Normal

� Between-class scatter

� Within-class scatter

� Maximization of regularized Fisher Criterion

� Indefinite KFD:

� Correspondence to KFD with indefinite kernel matrix

〈
w,ΣWpEw

〉
pE
= αT

(
K+H+K

T
+ +K−H−K

T
−

)
α

f(x) =
∑n

i=1 αik(xi, x) + b

α = N−1
β K(c+ − c−)

〈
w,ΣBpEw

〉
pE
= αTK(c+ − c−)(c+ − c−)TKα

b = −1
2α

T ( 1n+K+1n+ +
1
n−
K−1n−)

J(α) = αT
Mα

αTNβα

w =
∑n

i=1 αiφ(xi)
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Experiments 2D

� MATLAB Toolbox PRTools [http://prtools.org]

� Checkerboard dataset
� 50+50 training samples
� Indefiniteness by reflection-invariance:

� Model selection by 10-fold CV for

τ(x) := −x k(x, x′) := max(krbf(x, x
′), krbf(x, τ (x

′)))

Perfect point 
symmetry

β, C, σ
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Experiments 2D

� Quantitative aspects
� Negative variance ratio
� Test errors over 500+500 samples

� Overall recognition accuracy
� Cross-validated classifiers: IKFD lowest test error

� Fixed kernel parameter , 10-fold CV for
� ISVM good  for weak indefiniteness
� IKFD good  for substantial indefiniteness

r :=
(∑

λi<0
|λi|
)
/
(∑

λi
|λi|
)

σ C, β
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Experiments Real World

� Polygon dataset
� 2-classes, polygons of 5/7 vertices
� Mod. Hausdorff-distance kernel
� 10-fold CV of kernel and regularization parameters
� Results 10-fold averaged, 100 train/3900 test samples

� IKFD and ISVM outperform IKNMC
� IKFD better than ISVM for clearly indefinite data

k(x, x′) := −dMH(x, x
′)γ
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Experiments Real World

� Chicken pieces dataset
� 5-classes, 446 objects

� nonsymmetric dissimilarity matrix (edit distance) [PHDSB06]

� Symmetric distance kernel

� 10-fold CV of regularization parameters

� Results 20-fold averaged, 75% train/25% test

� IKFD lower test-error than ISVM and IKNMC

k(x, x′) := −((d(x, x′) + d(x′, x))/2)2



Indefinite Kernel Discriminant
Feature Extraction
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Indefinite Kernel Mahalanobis Distance

� Covariance operator in indefinite spaces

� is pd in Krein-sense

� Indefinite Kernel Mahalanobis, Invertible Covariance

� direct extension of pd case:

� Application classwise yields feature vector:

〈ψ,Cψ〉K ≥ 0

d2IC(x) :=
〈
φ̃(x), C−1φ̃(x)

〉

K
= n(k̃x)

T (K̃−)2k̃x

Cv := 1
n

∑n
i=1 φ̃(xi)

〈
φ̃(xi), v

〉

K
= 1

n Φ̃Φ̃
TJv = C |K|Jv

fIKM−IC(x) :=
(
d
[1]
IC(x), . . . , d

[c]
IC(x)

)T
∈ Rc
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Indefinite Kernel Mahalanobis Distance

� Indefinite Kernel Mahalanobis, Full Kernel
� Use of inter-class information by KPCA

� Direct extension of pd case

with

� Feature vector

(d
[j]
FK(x))

2 := n[j]

2 (k̃
[j]

x )
T (K̃

[j]
reg)−1k̃

[j]
x

k̃
[j]

x := kx − 1
n[j]
K [j]1n[j]

K
[j]
reg := K̃ [j] + αjIn

K̃ [j] := K [j]H [j]K [j]T ∈ Rn×n

fIKM−FK(x) :=
(
d
[1]
FK(x), . . . , d

[c]
FK(x)

)T
∈ Rc
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Indefinite Kernel Fisher Disciminant Features

� Pd-case: Generalized discriminant analysis [BA00]

� Similar to IKFD, now multi-class setting

� Search maximizing

� Solved by computing with

and solving eigenvalue problem

� Projection onto eigenvectors yield features:

fIKF (x) := (〈w1, φ(x)〉K , . . . , 〈wc−1, φ(x)〉K)
T
= αTkx ∈ Rc−1

W = [w1, . . . , wc−1] ∈ Kc−1

J(W ) :=
det(〈W,ΣBW 〉K)
det(〈W,ΣWW 〉K)

W = Φα

α = (α1, . . . ,αc−1) ∈ Rn×(c−1)

(N−1
β M)αj = λjαj
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Experiments

� Indefinite multiclass datasets
� Negative variance ratio

� Hold out ratio

� Kernel or , centered

(average over 20 hold out drawings, centered

rneg :=
(∑

λi<0
|λi|
)
/
(∑

λi
|λi|
)

β
k = s k = −d2
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Experiments

� Feature/classifier settings:

� Features: IKM-IC, IKM-FK, IKF

� Classifiers in c / (c-1) dim space:  Nearest Mean
(NM), Fisher Discriminant (FD), Quadratic
Discriminant (QD), k-nearest-neighbour (KNN)

� Indefinite Kernel Classifiers as Reference: Kernel
Fisher Discriminant (IKFD), Support-Vector-Machine
(SVM), Kernel-k-Nearest-Neighbour (IKNN)

� 10-fold Cross validation of regularization parameters
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Experiments

� Recognition results

� average (std) test error over 25 hold out runs
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Experiments

� Findings:
� High std.-dev, caution of overinterpretation

� IKM-IC performs worse than other features

Assumption of IC may be wrong

Between-class information is ignored

� IKF mostly preferable over IKM-IC/FK features

� KNN-classifier best on features nonlinear
classifiers beneficial

� Features yield results in the range of the reference
classifiers

� Reference Classifiers: IKFD mostly better than
ISVM or IKNN 
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Summary and Conclusions

� Kernel Discriminant Classifiers

� KQDA-classification good for positive definite kernels

� IKFD, ISVM: Applicable to indefinite kernels, sound geometrical
interpretation

� IKFD: Superiority over ISVM, IKNMC on 2D and benchmark data

� Indefinite Kernel Discriminant Feature Extraction

� IKF, IKM-FK allow reference classification performance

� IKF, IKFD are identical to their positive definite counterpart, no 
data „Euclideanization“ required. 

� Indefinite Kernel Methods

� Indefinite kernels practically relevant: result from inclusion of 
prior knowledge, kernel combination, dissimilarities

� Interpretation of indefinite kernels in Krein-spaces: basis for
geometrical/numerical/statistical analysis and new methods



27.8.2010 B. Haasdonk, COMPSTAT 2010 41

Institute of Applied Analysis 

and Numerical Simulation

Application in general kernel methods:
kernel-nn-classification:

novelty detection:

kernel perceptron:

SVM:

generalization

improvement

KPCA feature extraction:

fewer misses

/false alarms

faster

convergence

separating

features

reduced

model size



Thank You!

Questions?
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