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Overview

s Kernel Methods and Indefinite Spaces
= Kernel Methods
= Pseudo-Euclidean Spaces
= Indefinite Support Vector Machine
s Kernel Discriminant Classification
= Kernel Quadratic Discriminant Classification
= Indefinite Kernel Fisher Discriminant
s Kernel Discriminant Feature Extraction
= Indefinite Kernel Mahalanobis distance
= Indefinite KFDA

= Summary and Conclusion

27.8.2010 B. Haasdonk, COMPSTAT 2010 p)



Kernel Methods and Indefinite Spaces
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Typical tasks:
= Classification, Regression, Clustering, Novelty Detection,...

Multitude of kernel methods: SVM, SVR, KPCA,...
Analysis chain:

kernel

eval.

k(wi, Cl?j)

e | kernel

>

pattern

=5F

analysis
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model function

;22 aik(zi, x))

Multitude of kernels for various datatypes
= Vectorial, sequences, graphs, finite state machines...

Kernel matrix is information , bottleneck™
=> importance of kernel choice!
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Geometrical Interpretation
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= Choose a mapping ¢: X — H into a Hilbert space «
= Linear method in % yields a nonlinear method in x

a,% X
= ai1a9
a% Lq

= Kernel function for inner-products k(z,z") = (¢(z), ¢(z'))4,
= Mapping no longer required explicitly
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Distance Substitution Kernels itssos)

= Distance d(-,-) symmetric, nonnegative, zero-diagonal

= Examples of DS-kernels:

i, 2') = (@, 2') k2 (z, ') := —d(z,2)5, 8 € [0,2]

p /N2
KNz, ') == (14 vz, 2’ © kPt (z, 2!) i= e~ 74@:2)" e N, v >0
d d d

where O <€ X is an arbitrary origin and

(d(x, 2')? — d(z,0)? — d(z/, 0)2)

N[ =

O
(@, $/>d A

= Expectation: Similar behaviour as standard kernels
= Generality: Arbitrary structured Objects + Distances!
= (c)pd-ness equivalent to d being a Hilbertian metric
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= Many DS-Kernels are positive definite

= Examples of Hilbertian Metrics:
= Hellinger Distance

(H(p,p'))? == [(/p— VD) dx
= Chi-Square : .
2 . 1 Ly — Y;
= Powers of p-norms "
Ix—x'|7  pe€l0,2],q €[0,p/2]
= Variation of Kulback Leibler:

> S o 2p(x) () o 2p' (z) .
Ealorf) = 5 [ ple)tog (D) 4/ (@) o (S ) )
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= Sources of Indefiniteness
= Distance-based kernels: non-Hilbertian, non-metric
= Prior knowledge in kernel construction
= Invariant kernels
= Robust or approximate (dis)similarities
= Kernel combination

= Indefinite Kernel Methods
= Nearest Mean Classifier [PD05]
= Regression [OMCS04]
= Indefinite Support Vector Machine [HO5b]
= Indefinite Fisher Discriminant [HPOS8b]
= Indefinite Kernel Quadratic Discriminant [PHO9]
= Kernel Mahalanobis Distances [HP08,HP10]
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Pseudo-Euclidean Spaces [css,prpo1;

= Real finite dimensional vector spaces
R .= RP o R? Of signature (p, q)
= symmetric (indefinite) inner-product

(2, Z,>pE = ZZZ; - ZZZZJ =z'Jz/ J := diag(1,, —1,)

= squared norm
2|l g = (2,2) 5 = 27 Jz can be negative:
= Squared distance
/(12 / /
lz—2'|g = (z—2",2 - 2') g
= orthogonality
(z,2) g = z1Jz' =0
= hyperplanes
H:(z,w) g +b=0

]Rl:l,l} X ]Rl ]R':"E’I}

b)
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pE Feature Space Embedding
= Data dependent pE-embedding:

Given data Existence of pE space R®)
{ri}i, C X =) + embedding ¢ : x¥ — R®9)
+ sym. kernel With k(z;, 2;) =(®(x:), ®(z5)) 5

E: X xX —>R

= Construction by Eigendecomposition [GHB0O99,PPDO01]:

K = UAUT p = dim(A"), ¢ := dim(\")
A =diag At A7) B(w) = (\/WUT)

7
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Indefinite SVM [Ha05]

= Geometric interpretation: optimal hyperplane classifier
= not margin maximization but separation of convex hulls
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separable case nonseparable case

= Sparseness: usual interpretation of support vectors
« E.gc a; =0 = sample x; is correctly classified

= Numerics: convergence, e.g. libsvm [Lio3;
= Uniqueness: possible but generally not
= Suitability criteria: e.g. w"Mw , #bSV, DCM
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Numerics of Indefinite SVM

= Convergence to stationary point, libsvm (.3
= Multiple solutions

. N
Cluster of Excellence

b)

i X
= Unigueness in extreme indefinite cases
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Practical Criteria for Indefinite SVM

= Criterion for suitability: #bSV
= No (few) bounded «; = no (few) training errors
= Criterion for unsuitability: wiMw < 0
= after training: Z aiajyz-yjk(zci, Cljj)
= before training: *’
high negative signature of the pE space

= Criterion for suitability: Distance of Class Means
= If DCM is positive, sufficiently low C yields solution

DCM2 = Zcicjk(xi,mj)
,J

- 1/nt for y; = +1

@ = —1/n~ for y; = —1

d)
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Quadratic Discriminant Analysis prso1;
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= Multiclass problem Q := {ws,...,w.}, patterns z ¢ R*
s Class-conditional normal densities

p(z|wy) = N (z; {2V, ubl})
— ((zw)kdet(z[ﬂ))—lﬂ exp (_%(m _ M[j])T(g[j])—l(x _ u[j]))
= MAP decision functions
fi(z) = —5(x — )T (ZV) " (& — pbl) + b,
b; = —2 In(det(2V])) + In(P(wy))
= QD classification by maximal decision functions

x assigned class w; if ¢+ = argmaxi<;<. f;(x)

) Goal: Kernelization of Mahalanobis distance + bias

27.8.2010 B. Haasdonk, COMPSTAT 2010 15
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» Training samples {(z;,y:)}", C X x Q

s Kernel k:x xx — R, and RKHS-embedding ¢: x — H
k(z,z') = (¢(x), ¢(z')) g, @ :=(d(21),...,0(2n))

= Kernel matrix kernel vector
K := ({¢(xi), p(x4))); ;g = @' P ky = (k(z, )i,

» Mean ¢, :=:=®1,, and centering ¢(z) :=¢(z)— ¢,
o:=d—¢,17, K :=oTd k, == 0T ¢(x)

= Empirical covariance operator ¢ : # — # acting as

Cv = £ 30 1 (¢(m) — D) ($(m) — Py v)y = £ BT

= Class-wise quantities: superscript [j]

27.8.2010 B. Haasdonk, COMPSTAT 2010 16
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Kernel Quadratic Discriminant KQD-IC

= Assumption: Invertible Covariance operator
= W.l.o.g. finite dimensional # =R™,m <n
= SVD of ® ¢ R™*" vyields kernel/covariance relation
1019 = oK~
= Covariance operation is
C’(ﬁ(az) = %Cf)f{x
= Kernelized Mahalanobis distance follows as
B(x)TC () = nk, (K )%k,

27.8.2010 B. Haasdonk, COMPSTAT 2010 17
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Kernel Quadratic Discriminant KQD-IC

= KQD-IC decision function:
)T (B~ )2k + b

with (KU1~ pseudo inverse of KU

kbl .= (k(z,2))7, kernel vector
. H[J](km 1 kli)1,, centered kernel vector
HUl = I, — -1y, 135 centering matrix

= Regularization parameter «; >0 of pseudo-inverse:
eigenvalues A\ with [A\Y| < o, setto 0

27.8.2010 B. Haasdonk, COMPSTAT 2010 18
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Kernel Quadratic Discriminant KQD-RC

= Ansatz: Regularization of Covariance operator
= No restriction on dimensionality of #
s C,., :=C + o%I gives kernel/covariance relation
LO4d = BK .}
by setting K,., := K +no?I,
= Covariance operation is
Cregd(z) = 5@k, + 0°¢()

= Kernelized Mahalanobis distance follows as
¢( )TCre; ( ) - %(ECUCU - (Rw)T(Kreg)_lkx)

27.8.2010 B. Haasdonk, COMPSTAT 2010 19
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Kernel Quadratic Discriminant KQD-RC

= KQD-RC decision function:
~T s ~[] ~ T 104
filw) = — g (ks — (k)T (Krg) 1)) + by
with Ky := KU + njo?1,, regularized kernel matrix

Edy = koo — 215 kI + 31T KU1,
krr = k(z,x)

= Regularization parameter o; >0
guarantees regularized kernel matrix to be invertible

27.8.2010 B. Haasdonk, COMPSTAT 2010 20
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= Kernelized bias:
= Assumption: regularized covariance

b; = —LIn(det(CH,)) + In(P(w;))

In(det(Crly)) = In(TTi, A7) = 20 (A7)

« Eigenvalues A\ of Cyil, obtained as those of %K,[%]g

r

=« Similar for invertible covariance operators

= Problem: numerical instability i
= long eigenvalue tails, 20|
many small eigenvalues

= Estimate of intrinsic |

. . . . 51 //j

dimensionality required o

i> high variation of bias computationt! * * * = *:i ™

27.8.2010 B. Haasdonk, COMPSTAT 2010 21
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Bias Computation
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= Solution
= QD is the Bayes classifier in case of known statistics
Hence, bias values minimize prediction error
= Use training error as surrogate for prediction error

= Bias computation: training error minimization
= KQD decision invariant to simultaneous shifting of biases
= For 2-class decision only difference of biases is relevant
= Estimate optimal pairwise bias differences for all classes
Az’j ~ bz — bj
by training error minimization and greedy search
= Solve overal least squares problem for biases

c—1 c
mgnf > (b — by — Ay)

i=1 j=i+1

27.8.2010 B. Haasdonk, COMPSTAT 2010 22
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Experiments

Real world data
= Data from [ROM98]: superiority of KFD
= 2 classes, 2-60 dimensions, 215-7400 samples
= Gaussian Kernel, 10-fold CV for regularization & kernel

10-fold repetition, test-errors: mean (std)

SimTech_
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Banana Breast-cancer Diabetis Flare-solar German Heart Image

KQD-IC 11.7 (0.5) 35.4 (4.2) 28.0 (2.6) 35.4 (2.5) 30.4 (2.4) 21.6 (5.3) 3.3 (0.7)

KQD-RC 12.1 (0.2) 39.0 (3.7) 30.9 (1.8) 34.2 (1.3) 28.2 (2.4) 19.1 (3.4) 3.3 (0.6)

KFD 11.8 (0.4) 34.4 (4.2) 26.9 (1.8) 33.6 (2.0) 27.1 (2.2) 18.4 (2.8) 2.8 (0.7)

KNN 12.4 (0.2) 40.7 (5.9) 33.9 (2.7) 34.1 (2.2) 36.0 (2.7) 19.3 (3.7) 3.6 (0.4)

KPCA-QD 12.0 (0.5) 36.3 (5.4) 290.1 (2.1) 32.5 (2.4) 28.5 (2.4) 19.7 (2.9) 5.1 (1.0)
Ringnorm Splice Thyroid Titanic Twonorm | Waveform
KQD-IC 2.9 (0.7) 16.1 (1.0) 5.8 (3.6) 33.7 (3.3) 3.4 (0.2) 14.3 (1.3)
KQD-RC 1.6 (0.2) 11.8 (1.1) 7.5 (3.4) 32.3 (2.4) 2.6 (0.3) 13.5 (1.7)
KFD 1.8 (0.2) 10.6 (0.7) 6.8 (3.8) 30.7 (1.9) 2.6 (0.3) 10.1 (0.6)
KNN 42.7 (10.2) 22.8 (1.1) 10.3 (10.9) | 33.8 (4.4) 3.8 (0.3) 12.9 (1.3)
KPCA-QD 1.8 (0.2) 15.5 (0.8) 8.4 (5.3) 30.3 (1.2) 2.6 (0.4) 12.1 (1.3)

i> = No clear favorite among KQD-IC/RC

= KQD outperforming KNN, almost as good as KFD,
= comparable to KPCA-QD

27.8.2010 B. Haasdonk, COMPSTAT 2010 23
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Pseudo Euclidean Fisher Discriminant

» Class means Hi = 5o Y icr, H(@:)
= Between-class scatter projection
ZpEW = (py —p_) <H+ — K, W>pE
= Within-class scatter projection
Eg‘éw ZI%,—FW—l_EPE \" 4
S AW =D ier, (0(2) — py) (b(xi) — s, W) o
= Maximize Fisher criterion

s Fisher Discriminant

f(z) = (w,2z) 5+ b=—3 <“’++“—7w>pE

27.8.2010 B. Haasdonk, COMPSTAT 2010 25
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s Illustration in R4 :

classification boundaries in R(""

3F

2.5F

2F

1.5F

1F

0.5}

negative subspace

0-

-0.5H

-1H

positive subspace

:> =« pE-FD is a linear classifier, intuitive decision boundary
ISVM, IKNMC suffer from ,reflection™ with J

= pE-FD identical to FD in Associated Euclidean space RP™4
= No kernel matrix preprocessing necessary!!

27.8.2010 B. Haasdonk, COMPSTAT 2010 26
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Indefinite Kernel Fisher Discriminant

s Kernelization
= Normal

W = Z —1 O‘ng(xz)

= Between-class scatter

(w, EpEW>pE = alK(cy —c_)(cy —c)'Ka
= Within-class scatter
<w ZpEW>pE (K+H+KJr +K_H_ KT)

= Maximization of regularized Fisher Criterion

T —
J(a) = ngl\\é?x o = NB]LK(CJr —c_)

= Indefinite KFD:
flx)=>"" aik(zs,z)+b b= —%aT(inler +-LK_1, )

> = Correspondence to KFD with indefinite kernel matrix

27.8.2010 B. Haasdonk, COMPSTAT 2010 27
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s MATLAB Toolbox PRTools [http://prtools.org]

s Checkerboard dataset
= 50+50 training samples
= Indefiniteness by reflection-invariance:

T(x) = —x k(z,z') := max(kppe(x, "), kot (2, 7(2")))

= Model selection by 10-fold CV for 5,C, o

classification boundaries in R>.

:> Perfect point
symmetry

27.8.2010 B. Haasdonk, COMPSTAT 2010 28
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= Quantitative aspects
« Negative variance ratio 7 := (3. .o [Xil) / (2oa,
= Test errors over 500+500 samples

= Overall recognition accuracy
= Cross-validated classifiers:|IKFD lowest test error

= Fixed kernel parameter o, 10-fold CV for C, g
= [ISVM good | for weak indefiniteness
= |IKFD good| for substantial indefiniteness

o r (P, q) IKFD (3)  ISVM (C) IKNMC
0.010 | 0.000(982) | 0336(10) 0323 (10)  0.340
0.050 |[0.02282,18)]| 0.145(10) [ 0.134 (10) |[ 0.173

0.100 | 0.055 (66,34 | 0.121 10~ H|[ 0.121 (1 0.201
0.500 |[0.125 3149 ] || 0.083 (1) 0.168 (1)  0.384
1.000 || 0.132(52.48)|[10.091 (10=3)| 0.418(1)  0.486

5.000 | 0.107 (30,50) | 0.132(10—2) 0480(1)  0.497
10.00 | 0.062 (51,49) | 0.159 (10—3) 0.373 (102) 0.494

Ail)
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Experiments Real World
= Polygon dataset
= 2-classes, polygons of 5/7 vertices
= Mod. Hausdorff-distance kernel k(z,z’) := —dyg(z,2')”

10-fold CV of kernel and regularization parameters

Results 10-fold averaged, 100 train/3900 test samples

~ | mean (p,q) IKFD ISVM TKNMC

02 | (99.0,1.0) | 0.0214£0.006 0.021+0.006 [0.089+0.027
0.5 | (99.0,1.0) | 0.01940.006 0.01840.004 0.11040.034
0.7 | (98.9.1.1) | 0.0204-0.004 [0.018+0.004] 0.118+0.037
1.0 |[(85.9.14.1) | 0.019+0.009 0.02940.007| 0.12940.041
2.0 [148.9,51.1) |[0.01720.008] 0.09440.057| 0.15240.051
50 |[(44.8,55.2) | 0.10240.021 0.13140.030| 0.2184-0.081
70 ||(47.452.6) | 0.11140.027 0.237+0.058] 0.2534-0.093

= IKFD better than ISVM for [clearly indefinite data

27.8.2010

IKFD and ISVM outgerformIIKNMC
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= Chicken pieces dataset
= 5-classes, 446 objects
= nonsymmetric dissimilarity matrix (edit distance) [PHDSB06]
= Symmetric distance kernel k(z,z’) :== —((d(z,2') + d(2', x))/2)?
= 10-fold CV of regularization parameters
= Results 20-fold averaged, 75% train/25% test

Method Test error
IKFD |[[0.07854 0.0340
ISVM | 0.1029 £ 0.0273

IKNMC | 0.2966 £ 0.0496

) = |IKFD lower test-error jthan ISVM and IKNMC

27.8.2010 B. Haasdonk, COMPSTAT 2010 31
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Indefinite Kernel Mahalanobis Distance
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= Covariance operator in indefinite spaces
Cvi=13"  §() <q5(mi),v>lc = 1337 Jy = CIKl Jy

= is pd in Krein-sense (¢, Cy)),- > 0

= Indefinite Kernel Mahalanobis, Invertible Covariance
= direct extension of pd case:

~

o) = (Bx), C719()) = n(k,)T(K )%k,

= Application classwise yields feature vector:

fixm—1c(z) = (d[ﬂc@;), e d[;g(x))T c R°

27.8.2010 B. Haasdonk, COMPSTAT 2010 33
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Indefinite Kernel Mahalanobis Distance

= Indefinite Kernel Mahalanobis, Full Kernel
= Use of inter-class information by KPCA
= Direct extension of pd case

~

(@ (2))? = m" (k)T ()~
with

1;5] =k, — 7 KV,

K2, = KUl 4 a; I,

KUl .— gUlgUl gUIT £ grnxn

s Feature vector

frxnm—Fr(x) = (d[;]K(:E) d[FC]K( ))T € R¢

27.8.2010 B. Haasdonk, COMPSTAT 2010 34
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Indefinite Kernel Fisher Disciminant Features

= Pd-case: Generalized discriminant analysis [BAOO]
= Similar to IKFD, now multi-class setting
s Search W = [w,...,w._1] € K1 maximizing
det((W, X gW
JW) := det((<<W, EWW>>I,CC))
= Solved by computing W = da with
a=(ai,..., o) € R
and solving eigenvalue problem

(Nﬁ_lM)OéJ = )\jaj

= Projection onto eigenvectors yield features:

frer(x) = (w1, d(z))rc s - - - <wc_1,¢(x)>K)T — oTk, € Re-1

27.8.2010 B. Haasdonk, COMPSTAT 2010 35
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Experiments

= Indefinite multiclass datasets

= Negative variance ratio 7neg 1= (Z,\i<o P\z‘\) / (ZM M)

= Hold out ratio 3

= Kernel k=5 or k= —d? centered

Dissimilarity |Kernel ¢ (nbh) ¢ Tnee (D, )

Cat-cortex ||Prior knowl. —d% 4 (10-19) 10.80 [0.19 ( 35, 18)
Protein Evolutionary —d? 4 (30-77) 10.80 [0.00 (167, 3)
News-COR ||Correlation —d* |4 (102—203) [0.60 [0.19 (127,208)
ProDom Structural s |4 (271-1051) |0.25 |0.01 (518, 90)
Chicken29 ||Edit-dist. —d? 5(61-117) ]0.80 [0.31 (192,166)
Files Compression —d? 5 (60-255) 10.50 0.02 (392, 63)
Pen-ANG || Edit-dist. —d* |10 (334-363) |0.15 [0.24 (261,269)
Zongker Shape-match. s 10 (200)  [0.25 ]0.36 (274,226)

(average over 20 hold out drawings, centered

27.8.2010 B. Haasdonk, COMPSTAT 2010 36
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s Feature/classifier settings:
= Features: IKM-IC, IKM-FK, IKF

= Classifiers in ¢ / (c-1) dim space: Nearest Mean
(NM), Fisher Discriminant (FD), Quadratic
Discriminant (QD), k-nearest-neighbour (KNN)

= Indefinite Kernel Classifiers as Reference: Kernel
Fisher Discriminant (IKFD), Support-Vector-Machine
(SVM), Kernel-k-Nearest-Neighbour (IKNN)

=« 10-fold Cross validation of regularization parameters

27.8.2010 B. Haasdonk, COMPSTAT 2010 37
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Experiments

s Recognition results

= average (std) test error over 25 hold out runs

SimTech

I
Cluster of Excellence

Classifier+Features||Cat-cortex| Protein [News-COR| ProDom
NM+IKM-IC 45.5 (13.2)]21.2 (7.7)| 38.6 (2.4) {15.0 (3.5)
NM+IKM-FK 10.9 (6.3) | 2.1 (2.6) | 24.9 (2.5) | 6.4 (2.4)
NM+IKF 12.6 (5.7) | 0.1 (0.4) | 24.1 (1.8) | 2.0 (0.6)
FD+IKM-IC 42.2 (11.3)]25.9 (5.5)| 39.7 (2.6) | 9.4 (3.0)
FD+IKM-FK 10.3 (5.4) | 1.1 (2.0) | 24.2 (2.0) | 1.7 (0.6)
FD+IKF 11.2 (5.2) [ 0.2 (0.5) | 24.2 (3.1) | 1.6 (0.6)
QD-+IKM-IC 48.5 (12.4)|11.9 (4.5)| 41.4 (3.0) | 3.6 (0.9)
QD+IKM-FK 22.7 (6.7) 1 0.5 (0.8) | 25.5 (2.7) | 2.0 (0.7)
QD-+IKF 18.4 (7.4) 0.5 (1.3) | 24.4 (3.1) | 1.5 (0.5)
KNN+IKM-IC 43.9 (8.6) |19.8 (7.4)| 42.9 (3.1) | 5.0 (1.6)
KNN-+IKM-FK 11.3 (6.5) | 0.6 (1.7) | 25.7 (1.7) | 2.2 (0.9)
KNN-+IKF 11.7 (6.5) [ 0.2 (0.5) | 24.7 (2.2) | 1.6 (0.7)
IKFD 10.6 (5.6) [ 0.3 (0.7) | 23.6 (2.4) | 2.0 (0.6)
ISVM 16.5 (5.7) | 0.5 (0.8) | 24.4 (2.3) | 1.6 (0.6)
[KNN 15.6 (5.8) [ 4.7 (5.2) | 29.6 (2.3) | 3.1 (0.8)
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= Findings:
= High std.-dev, caution of overinterpretation
=« IKM-IC performs worse than other features
Ei Assumption of IC may be wrong
Between-class information is ignored
= IKF mostly preferable over IKM-IC/FK features

= KNN-classifier best on features =) nonlinear
classifiers beneficial

= Features yield results in the range of the reference
classifiers

=« Reference Classifiers: IKFD mostly better than
ISVM or IKNN

27.8.2010 B. Haasdonk, COMPSTAT 2010 39



Institute of Applied Analysis
and Numerical Simulation

Summary and Conclusions

SimTech

]
Cluster of Excellence

s Kernel Discriminant Classifiers

= KQDA-classification good for positive definite kernels

=« IKFD, ISVM: Applicable to indefinite kernels, sound geometrical
interpretation

= IKFD: Superiority over ISVM, IKNMC on 2D and benchmark data

= Indefinite Kernel Discriminant Feature Extraction
= IKF, IKM-FK allow reference classification performance
« IKF, IKFD are identical to their positive definite counterpart, no
data , Euclideanization™ required.
= Indefinite Kernel Methods

= Indefinite kernels practically relevant: result from inclusion of
prior knowledge, kernel combination, dissimilarities

= Interpretation of indefinite kernels in Krein-spaces: basis for
geometrical/numerical/statistical analysis and new methods
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