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Introduction

°oy= ((Iog(wl)7 e Iog(Wn))/

y=XB+2Zt +e

@ X and Z are known design matrices of dimensions n x p and
nxs

o T ~ N(0,052l)
o e~ N(0,521,)
y ~ N(X3,0222Z' + 521,)
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Introduction

Yo ~ N(xoB, 02220 + 02).

The mean of Wy is then given by

21 2
052p20 + 0

E(16) = E (exp(Y0)) = exp (xp, 200 7% )

Thus the interval estimation of E(W) is equivalent to the interval

estimation of

o2zpzg + o2

o
0 =xo8 + >
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Method 1
Method 2

Log-normal Regression with Random Effect

Generalized Pivotal Quantities

G(y7 Yobs: '97 77)

(i) given the observed value y,, the distribution of G(y, Yo 0, 7)
is free of unknown parameters,

(i) the observed value of G(y, Yy 0,n) is free of the nuisance
parameter 7).
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Method 1
Method 2

Log-normal Regression with Random Effect

Generalized Pivotal Quantities

G(y7 Yobs: '97 77)

(i) given the observed value y,, the distribution of G(y, Yo 0, 7)
is free of unknown parameters,

(i) the observed value of G(y, Yy 0,n) is free of the nuisance
parameter 7).

When the above conditions hold,

Gl = {0 : G(Yobsv Yobs: 9777) < Gl—a}

is a 100(1 — )% one-sided generalized confidence interval for 6. A
two-sided interval can be similarly defined.
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Log-normal Regression with Random Effect Method 1
Method 2

Generalized Pivotal Quantity

Go2 X 2920 + G,2

2

/
° Gy — o2

o Go.g —>0'§
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Log-normal Regression with Random Effect Method 1
Method 2

Parameters

o Jg
G Ug SSe
o2 = SSe = 75
5Se U2
SS.
° Ug = gz Xl21—r

o SS. =y [l — Px,z)] ¥
° Pxz = (X,2)[(X,Z)'(X,Z)] (X,Z) =QQ’
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Log-normal Regression with Random Effect Method 1
Method 2

Parameters
° 03
o Vg =G, Q' 2Z2'Q + Go2l,
e QQ’ —P(xz QAQ=I,
0 U3 =y(,Q[Vg! - Vol x(XQvg e’ X) TIXQv st Q'yo.
o U§ ~xi-p
° xpl3

—1 —1 —1
Gxéﬂ x(X'QV 1R’ X)TIX'QV TRy

A
N i Tk LA \/[xg(x'c)vglo/x)*lxo}
x(X'QV—1Q’X)~1xg +

xo(X'QVZ1Q'X) X QVZ 1 Q yops — z\/{xé(x'c.)vglc.)'x)—lxo}+

o Z ~N(0,1)
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Log-normal Regression with Random Effect Method 1
Method 2

Application

The data were obtained from 34 licensed rural nursing facilities
and 18 urban nursing facilities in the State of New Mexico.

Yij = Bo + Pixujj + Paxojj + Ti + €jj
X1 number of beds
xo medical in-patient days
7; Rural/non-rural

W' total patient-care revenue

xo = (1,0.8368,1.8476)" — 90% confidence interval: [9.3241,9.5419]
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Log-normal Regression with Random Effect Method 1
Method 2

Simulations

=(1,1,1),(2,2,2),(3,3,3)
3 =0.1,0.25,0.5,1,2,5
2
e

1000 runs were performed, each with a pseudo-sample of size
1000. The confidence was 90%.

Table: Coverage Probability

p\7i | 01 025 05 1 2 5
(1,1,1)’ | 0.953 0.905 0.888 0.835 0.837 0.619
(2,2,2) | 0.952 0.922 0.877 0.836 0.822 0.630
(3,3,3) | 0.943 0919 0.878 0.829 0.831 0.633
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Log-normal Regression with Random Effect Method 1
Method 2

Simulations

=(1,1,1),(2,2,2),(3,3,3)
3 =0.1,0.25,0.5,1,2,5
2
e

1000 runs were performed, each with a pseudo-sample of size
1000. The confidence was 90%.

Table: Average Length

p\7i | 01 025 05 1 2 5
(1,1,1) | 2.306 2584 2.891 3.160 3.487 3.733
(2,2,2)' | 2.309 2610 2.844 3.179 3.441 3.741
(3,3,3)' | 2.338 2622 2.847 3.146 3.480 3.765
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Log-normal Regression with Random Effect Method 1
Method 2

Restricted Model

Let Px = AxA} be the orthogonal projection matrix (OPM) on
R(X) an | — P = A§Ag’ the OPM on the orthogonal complement
of R(X). Then

yo = AR’y ~ N (0,02A%'ZZ'Ag + o21)

Matrices 07Ag'ZZ'Ag and o2l span a commutative Jordan
algebra (CJA) with principal basis

{Ql7 RN QW7 QW+1}7
where Q1 =1->7,Q;. Then,

j
w—+1
2p0/ IpO 2y _
IAYZZ'AL + ol =D ¢Q;,
=1
with ¢; = \jo2 + o2 fori=1,...,w and cut1.
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Log-normal Regression with Random Effect Method 1
Method 2

Generalized Pivotal Quantities

e 02 and o2
° S =YoQjyo ~ Gxg
o GPQ-¢ =g
o GPQs — (62,52) = Fre,
o U~ Xé
° xp0
o V=06227' + 52

Gy = x6B — 2, (4 (XV=%) x0)

o Z~N(0,1)
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Log-normal Regression with Random Effect Method 1
Method 2

Application

The data were obtained from 34 licensed rural nursing facilities
and 18 urban nursing facilities in the State of New Mexico.

Yij = Bo + Pixujj + Paxojj + Ti + €jj
X1 number of beds
xo medical in-patient days
7; Rural/non-rural

W' total patient-care revenue

xo = (1,0.8368,1.8476)" — 90% confidence interval: [9.2527,9.9517]
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Log-normal Regression with Random Effect Method 1
Method 2

Simulations

=(1,1,1),(2,2,2),(3,3,3)
3 =0.1,0.25,0.5,1,2,5
2
e

1000 runs were performed, each with a pseudo-sample of size
1000. The confidence was 90%.

Table: Coverage Probability

p\7i | 01 025 05 1 2 5
(1,1,1)’ | 0.909 0.893 0.887 0.887 0.887 0.898
(2,2,2) | 0.913 0.895 0.902 0.875 0.895 0.905
(3,3,3) | 0.907 0.913 0.884 0.877 0.885 0.886
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Log-normal Regression with Random Effect Method 1
Method 2

Simulations

/6 = (17 17 1)/7 (2¢ 27 2)/7 (37 37 3)/
02=0.1,0.25,05,1,2,5
=1

o N

g

1000 runs were performed, each with a pseudo-sample of size
1000. The confidence was 90%.

Table: Average Length

g | o1 0.25 0.5 1 2 5
(1,1,1) | 23970 44.0767 75893 153.4390 295.4439 727.9971
(2,2,2) | 29.256 47.990 84.800 149.483  304.313  693.920
(3,3,3) | 25384 45100 78.443 161.064 357.139  730.132
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Upper Tolerance Limits

Random Model

Yik = 1+ 7i + Bj(i) + €x(ij)»
with
e pand 7, i =1,...,a are fixed,
o Bigy ~ /\/(o,ag), i=1,...a j=1,.., b,
o ex(ij) ™ N(0,o2),

@ all random variables are independent.
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Upper Tolerance Limits

Upper Tolerance Limit

@ Distributions of the quantiles
o T3p~ N(p,02 4+ 0%+ 02)
o Tap~ N(u,02 + cr%)
@ ~ confidence bound for the p quantile of the unknown
distribution
@ Confidence bound for the parametric functions:

© n+2z\[02 + 0%+ 03
o p+2zp\/02 + 03,

where z, is the 100p% quantile of a standard normal
distribution
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Upper Tolerance Limits

Statistics

_ 1 a b n
R SRR
i=1 j=1 k=1
1 & -
SS, = b”,-l(Yi“_y'")z
1 a b _
$Sp = D > (Vi - Vi)
i=1 j=1
a b n _
SSe = D> > (Y= Yy)
i=1 j=1 k=1
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Upper Tolerance Limits

Distribution of Statistics

Vabn(Y. — )

z = ~ N(0,1)
\/bnag + naé + 02
SS, 5
U — ~
T bno2 + nof + o3 Xa-1
Us = naé + o2 ™ Xa(b-1)
SS, 5
Ue = Tze ~ Xab(n—1)
e
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Upper Tolerance Limits

Upper Tolerance Limit — N(u, 02 + 05 + 02)

@ Generalized Pivot Statistic

Vabn(Y._. — p) " 55,

T3p=y. —
=) 5SS, abn
o'g 1 HU% -+ O'g o'g

+ 2 SSeXSSe+; Sisﬂxss[;—s—sexsse

1 [ bno? + naé + 02 naé + 0? 1/2
+E S5, XSST_*SSB X ssg
= Z " sS;

YT 0 " Vabn
N zp [ssT (b 1)555 L b 1)556} 1/2

— | —-1)— n—1)=2

v bn UT Uﬁ Ue

@ 1007% upper bound for T3, obtained through-Monte Carlo
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Upper Tolerance Limits

Upper Tolerance Limit — N(u, 02 + 03)

@ Generalized Pivot Statistic

Vabn(Y. — ) L V55

Tap=y. —
4p y. 557— abn
2 2
1 (nog+og o'g
B - — X
+ zp - ( 5 5@ Ssg3 Ss, SSe
1 [ bno? + naé + 02 naé + 0? 1/2
J— >< T A —
+ bn 5 SS S5, X 553 .
Z ss;

e vU:  +Vabn

Zp SS- 555 SSe
P (p— 1) pe
- [UT * )U,@ UJ

1/2

+

@ 100v% upper bound for T, obtained through-Monte Carlo
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Upper Tolerance Limits

Numerical Results

(0.90,0.95)upper tolerance limit for N(p, Uf_ + cr%3 + az)

a=5b=5
P 0.1 0.3 0.5 0.7 0.9
Monte Carlo 0.9738 0.9703 0.9653 0.9594 0.9523
a=5b=20
p 0.1 0.3 0.5 0.7 0.9
Monte Carlo  0.9694  0.9660  0.9611  0.9568  0.9518
a=20,b=5
P 0.1 0.3 0.5 0.7 0.9
Monte Carlo 0.9716 0.9683 0.9668 0.9647 0.9581
a=120,b=20

P 0.1 0.3 0.5 0.7 0.9
Monte Carlo 0.9634 0.9611 0.9598 0.9592 0.9573

(0.90,0.95)upper tolerance limit for N(p, o'i + D'ZB)

a=5b=5
P 0.1 0.3 0.5 0.7 0.9
Monte Carlo 0.9766 0.9723 0.9668 0.9593 0.9521
a=5b=20
p 0.1 0.3 0.5 0.7 0.9
Monte Carlo  0.9715 0.9661 0.9600  0.9555  0.9512
2a=20,b=5
P 0.1 0.3 0.5 0.7 0.9
Monte Carlo 0.9730 0.9717 0.9672 0.9624 0.9571
2=20,b=20

P 0.1 0.3 0.5 0.7 0.9
Monte Carlo 0.9642 0.9628 0.9602 0.9577 0.9553
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Upper Tolerance Limits

Breeding Experiment |

y1.. = 2.67, yo.. = 2.53, y3.. = 2.63, y4.. = 2.47, y5.. = 2.57,
ssg = 0.56, ss. = 0.39

(0.9, 0.95) upper tolerance limit for N(u;, of; + az)

i Monte Carlo method Approximation
1 3.52 3.51
2 3.37 3.38
3 3.49 3.48
4 3.33 3.32
5 3.43 3.42
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Upper Tolerance Limits

Breeding Experiment Il

(0.9, 0.95) upper tolerance limit for N(pu;, aé)

i Monte Carlo method Approximation
1 3.46 3.47
2 3.32 3.34
3 3.42 3.44
4 3.26 3.28
5 3.36 3.38
(0.9, 0.95) upper tolerance limits
Distribution Monte Carlo method
N(o? + 0% +02) 3.08
N(oZ + %) 2.99
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Final Remarks

Final Remarks

Method 1 produces short intervals, but with low coverage
probabilities

Method 2 produces intervals with good coverage probabilities,

but with very large length
% random variables have no moments
1

Other methodologies...
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Final Remarks
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Final Remarks

THANK YOU!
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