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Desired Model: Data Structure
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Desired Model: HCM

R lek7/1+YrJ 7/2 +Yk7/3
"‘Cuk7/4 "‘er Vs +Cck7/6 + D:u j T D;jkuck + Ciii
for occasioni1 =1,---

where
Ry 1s a response variable;

covariates are (W;,, C;, ) at time level or level1,
(Y,;,C,)atchild or row level,
(Y..,C,.)atschool or column level;

having child -specificu,; ~ N(0,z,);

having school - specificu, ~ N(0,z,);

] _]k’

D

rljk

cuk
Cik ~ N(0,5°) is a level -1 random error.

child j =1,---,J,school k =1, ---



Desired Model: HCM

R lek7/1+Yrj 7/2+Yk7/3
"‘Cuk7/4 +er7/5 "‘Cck?/b‘ + Dy u q T Dg; ikUck T Eijic -

rijk Cij

-Estimation Challenging
(Raudenbush ‘93; Goldstein and Rasbash ‘94; Hill and Goldstein ‘98)

-Bayesian methods to ease computational burden
(Clayton and Rasbash ‘99; Browne et al. ‘01)



Motivation: Efficient Analysis

R lek7/1+YrJ 7/2 +Yk7/3
"’Cuk74 +er7/5 "’Cck?/es T DT q T Dg; ikUek 1 Eiji

rijk Cij

where

R.
V\/I.J.k Y,;, Y, aresubject to missingness;
|k
C,.C, are completely observed;
having child -specificu,; ~ N(0,z,);

having school - specificu, ~ N(0,z,);

Ylijk =

C,

Ijk’
rljk

cuk
€ik ~ N(0,c%) is a level -1 random error.



Estimation with Ignorable Missing Data

- Key ldea: 3steps

1. Express joint model of (Yy;,Y,;, Y, ) given (Cy,Ci, Cos Dyiger D)

r?

2. Estimate the joint model efficiently
e computation not burdened by cross - classification
eVvia the EM;

3. Multiply impute based on the joint model.



Step 1: Express Joint Model

_Ylijk_ ><1ijk O O _181 Zrljk O | r Zcuk O

Y, 0 X; O |B |+ 0 1 r“_} 0 0
Y, | 0 0 X.|ps||O0O o" 0 I,
where )

Xlljk _I <>§[C:|Ik(: Cc;rk] X pr2 ®[CrJCch] X _I ®C0Tk’

I‘Ijk = dlag{Druk’ o 1} Zcuk = dlag{Dcuk’ p1—1}1
r~N(,7.), ¢ ~N(@O=) & ~NOm7)
for

f5 Trr T Ci 11
rJ: " ’ﬂr: ’Ck:C ’ﬂ-C:
: T T T
2j Jp.4p., r21 7fro2 2k 1 p.,+p., c21

Estimate 0 = (8, B,,B.. 7, , 7., 7,).



Step 2: Estimate Joint Model

(@)
Summed # schools
(b) cell sizes attended
1 Ll n,) @3.n,) | @4 n,) @Lny) | @3l @Anl K,=3
2 (2.2.12) (2.2.1,,) n, K,=1
3 (31ny) | (3,2,ny,) (31,ny) 1(3,2,ny,) n3 K3 ~9
4 (41n,,) (4,5,n,5) (41n,) [(45n,) n, K,=2
5 (5.3, ns;) (5.3,n5,) N K, =1
J=6 (6.4,n,) (6,4,n,,) N, K, =1

Estimate 8. = (S, ,x,, b, 7,)
(€)

(1’1’ nll) (2’2’ n22) (1’37 nlS) (1’4’ nl4) (4757 n45)

(BLny) [(B2,ny,) | (5,3,ng) | (6,4,n;,)

(41n,)

Summed - —
cell sizes Nl Nz N3 N4 N5 Estimate ‘9c — (:Bc e )

# students J1:3 J2:2 J3:2 J4=2 J5=1 9
In school



Notations:
Y11 jk
_Ylnjk 1 |

dljk:Yljk_lekﬂll drj:Yrj_erIBr’ d

le
Y o=t
_YFJ_
-
Y= &
_YCK_

Step 2: Estimate Joint Model

, Xy

jk

Xlljk Zrljk
- : L = : Ly
_Xlnjkjk_ _Zrnjkjk_
ck:Yck
Xrl_ |
: , dr:Yr_XrIBr’ I =
XrJ_
Xcl_
: ’ dc:Yc_XCIBc’ C, =
XcK_

_Xc

chjk

/

i cnjkjk_

kﬁc‘

,gjk:

&1k

| TNk

10



Step 2: Estimate Joint Model

Summed # schools

(b) cell sizes attended 1 0 0 0 O

an)| @3ng @an)| N K =3

o no C,=[0 01 0 0
o 00010

(3Lny) |(32,n5,) n, K,=2 B 1K xK

i) () n, Ky=2 C2:[O 100 O]szK

(5.3.n5,) n, K=l :

(6,4,ng,) N K :1

o K Co=[0 0 0 1 0]

o =(C;®1, )de, Cy =(C;®1, ey, Cy =(C; 1, )C,.
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Step 2: Estimate Joint Model

d Z,
d;, [=| 0 |
chJ_ 0
where
dljl
d,=| : |
_dlej_
i, ~|\|[0,
_CZKj_
for j=1,---,J.

|, @7y,

j

l, @7,

j

Estimate 8. = (p,,x,, p,, 7).

K.
J
DL chk

0

0




Step 2: Estimate Joint Model
(©)

(@Lny) [(22,05) | @3,n5) [ L4 n,) | (45 N,)

d, =(R,®1, )d,

BLny) [(B2.ny) | (5:3,n5) | (6:4,ng)

(41,n,,) rle = (Rk X | prl)r]_;
Summed
cell sizes N, N, N, N, Ns FZJk —_ (Rk ® I D Z)I'z.
#students j -3 J =2 J,=2 J,=2 J =1
In school

1 0 0 0 0 O]
R=[0 01 00 0

000 10 0]

O 1 0 0 O O
R, =

00100 0] |

R,=[0 0 0 1 0 0], 13



for

IJk 7,1,
IJk ®77:r22_

J
B 0 | 13,
Ay | JkXPr2 I,
0 0 — TS
dllk Z i
d,=| : || Z, =]
_lekk_ _Zchk_

s, Nlo IJk S

_erk_ _IJk QT 5,
k=1---, K.

Estimate 6, = (., 7.).

_|_

0

Step 2: Estimate Joint Model

, & ~N(O,l N, R, ),




Step 2: Estimate Joint Model

- Observed value indicator matrices like C;, R, :

dlj dljobs
diag{0,;,0,,04 ¥ d;; |=| dyjuss
_dCKJ i _dCKJObS_
_dlk_ _dlkobs_
diag{O,,0,;, ,O,J dy;. |=|ds 005 |
e | | deons |

(Shin and Raudenbush '07).

K.
—_ — j .
1 erobs o Oljzrj’ ZcKjobs T Olj 6_>k=1 chk’

_ i _ .
Zerobs T C)lk EI_>j:1 erk , chobs o Olkzck’
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Step 2: Estimate Joint Model
- Observed model for child j :

K. _* T
dlebS | d 0~ N ZcKjobs ®kzjl Civ Vljobs erobsﬂ-rlzorj
d cK;obs? O Z
rjobs 0 rj7% r 214 rjobs 7Ty 22
* * . T
where C; |dgops = N(Cys Teani ) Tyooj = O '”rzzO i
. T
Vljobs o erobsﬂ-rllzrjobs + ZcK jobs C_Bk =1 ﬂcllchK jobs + C_Bk =1 C_BI =1 7Z-lljk

fOr ﬂ-lljk — lljkﬂlOlljk

- Observed model for school k :

Je o~
dlkObS | d 0~N Zerobs EI_)jzl r1j Vlkobs chobsﬂclzock
d rJ,obs? O 1 O Z
kﬂ-ch ckobs 7T022k
* * _ T
for r1j | drjobs N (rlj J 7Z-r11j )’ Mook = Ockﬂ-czz ck

Vlkobs = Zerobs @ ﬂrlljz +Z

ckobs

J
+® El ®| =1 ﬂ-lljk
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Step 2: Estimate Joint Model

-E-step:
& |dljobs’ rjobs’chjobs’e ~N (gj ’ng)’
I |dljobs’ rjobs’chJ—obs’H ~ N(FJ lVrj)’
kldlkobs’ erobs’dckobs’(g - N(Ek’vck)'

- M -step: L(@):H f (e, |r,c,6’)Hj f(r10)]], fc10)

:Z_lzk Y e IN; 7 :Zj_ nel 13, 7 :ZKK: c.c /K;
(y _17 _17 g Xlljkﬂllxluk> y _17 _17 ' Xlljkﬂ.l uk;

et ijlxrj var(r,; [1,;)" er) ijlxrj var(y; [6;)7 (1) = Zeu el

KoyT -1 ICK T -1 -1 :
T Zkzlxck var(Cy | Cy) Xck) Zkzlxck var(Cy, | Cy ) " (Co = e eaiCix );

<§1>

>

I
D

r

=
Il
=
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Step 3: Proper MI Based on Joint Model

1. For diagonal =;

off -diagonal r;; In (7,7, ,x.) S.t.

N

1+ .
var[log(z, )] =v., var[log

o
i for p =—=,
1_'0'1:| | Vi

[ 1+ p. }
Generate 6 = (3,7 7,77, ) from N[ B, var(8)], N(logz,, V. ), N| log LV |

/Oij

2 LetY ( obs’les)
f(r,e,clY 9)—f(c| Q)f(r g1¢,Y,., )

— Hk:l f (Ck |Y1kobs’ rJ,obs? ckobs’Q)szl f (rj J gj | ClKj ’Yljobs ’Yrjobs J 9)1

obs? obs !

I) Clini - 1:(Ck |Y1kobs’YrJ obs’Yckobs’g):>Cmi — (Cl ’’ le)
6?):>r =M M), ™ = (g, e,

iii) Construct Y_ givenc™,r™ &m0

i) r,e; ~f(r,ec™, Y1Job

s? "rjobs?
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Discussion/Future Research

Discussion :
1. Efficient estimation method for HCLM with missing data;
2. Computation not burdened by cross - classification;

3. Requires knowledge of complete - data HCLM,;
4. Appeals to a broad range of scientists.

Future Research:
1. random interaction effects:;

2. more nesting = additional level(s);
3. Applications:e.g./
e ECLSdata

7 occasions, 21409 students, 3022 schools.

19



_Ylnjk 1 |

0 0 |4 |Zy
X 05 |+ O
0 XelB.] |0
j=1---J, k=
j=1--J,, k=
Xlljk
’lek: : ’erk:
_Xl"ikjk_

0

Zrljk

L

rnjkjk_

Ipr2 |: )
0

cjk

Z,
0
0

0
0
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pc2

k

C

Z(:1jk

VA

cnjkjk_

Let dljk =Y~ KXoy drj =Yy = Xybr, Aoy =Yg = Xoefs-

Step 2: Estimate Joint Model

1K, 10 estimate Qr,or_
1,---,Kto estimate 6

&1k

Nk Jk
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Step 2: Estimate Joint Model

- Observed value indicator matrices O like C;, R, : (shin and Raudenbush '07)
. 1, for both observed,
e.g./ Yy = {V\/i.j.k } s.t.0y, =1[10] for R, observed,W,, missing,

8 [01] for R, missing, W, observed.

K N
Olj =D, D4 Olijk :>Y1jobs :Olelj’ leobs :Oljxlj’ dljobs zoljdlj’
K. _
Z =02 ZcKjobs — Olj @kzjl chk'

rjobs 1j%rj?
_ @D« Nk _ _ _
Olk =& j=1 C_Bizl C)1ijk — Y1kobs T C)1kY1k J Xlkobs T Olk X1k ! d1kobs, T C)1kdlk 1
_ Jk _
VA T Olk @jzl erk J chobs T Olkzck’

rJ,obs
Likewise,
=0,d,,d :Ockdck;

drjobs rj~rj? ~ckobs

Y _
Oer o 6_)j21C)rj — erkobs o Oererk’
K.
O K. — <_Bk:11C)ck — chjobs — OcKjchJ- J

CR
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Estimation with Missing Data: Step 2

(a) ~ _
1 0 0 0 O
1 L1n,) @3.n,) | @4 n,) Cl =10 0 1 0 0
2 (2,2,n,,)
3 BLn,) | (3:2,n,) —O 001 O—K1><K
4 (41n,) (45.n,5) C, :[O 100 O]KZXK
5 (5,3,n,)
1=6 o) Co=[0 0 0 1 0.
1 0 0 0 0 O
R=[0 01 0 0 O
00010 0]
[o 10000
0010 0 0]

R,=[0 0 0 1 0 0], 22



Step 2: Estimate Joint Model
- Observed log - likelihood 1(8)

obs

2|(‘9)obs OCZ _1kk 12 JI(Iog|7z-1uk |+|Og|7z-rllj |-|_|Og|A |+Z Ioglﬂ-cllk |
-1 —11 * T -1
+ |Og | F | + |Og | ﬂ-r22j | 1JObSVJObS ljobs rjobsﬂ.r22j rjobs]

-1
T Zk— [lOg | 72.022k ckobsﬂ-022k ckobs]
for

A =7!

rjobs

j Ny -1 *~1.
EI'>k 4 Yig 1|jkzrjobs T 01

_ T jk —1
Wj erobsﬂ-rlljzrjobs +@k 1@| =1 1Ijk’
15T

F ZCJObSWJ Z

cjobs

=d r—Z.. @® C;
1j0bS rjobs 1] cjobs ~ k=1 ¥k’

+@k 17Z-c11k’

lebS
-11 -1 -1
Vjobs —';”, Wj ZCJObSFj Zc;obswj '
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Step 2: Estimate Joint Model
- More Notations:

_Yll_ Xll Yl
Y1: ; X1: 1 Y = Yr , X :diag{xlixr’xc}’
Y Xy Yo

O =diag{0,,0,,0,} for O, =®;,0,;.
=Y, =0Y ~N(X,.BV) for X =OX

obs

-Variances: ¢ =distinct elements in (z,,r,,7x,)

var (/é) (X obsV - X obs ) J
( dvecV dvecV
> .

var(p)=| =
(#) do do

jv1®v1
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