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Background

Jarque—Bera (1987) pointed out that a Lagrange multiplier test is equivalent to J B test against

the Pearson distributions.

Jarque—Bera

_ (VB (b2—3)°
JB—’I’L( 6 + 24 9

where for a random sample (X1, X2,...,Xn), Vb1 = mg/mg/Z, by = m4/m§,
my = (1/n) 37, (X — X)7, § =2,3,4

@ JB ~ x3 (n — o0) under Ho. 1

° ‘l Histgram of JB: n = 100
4 curve in blue: pdf of xg

@ However, the x? approximation does not
work well.

@ Unfortunately, a normalizing tr. has not
been given yet.
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Proposed test statistic

Nakagawa et al. (2007) proposed a modified version of the Jarque—Bera test.

Modified Jarque—Bera test

Vi N b3
6 24

JB' =

@ A normalizing tr. of the null dist. for JB’ has been derived.

Our goal "

@ When is the power of JB’ test lli
superior to that of JB?

@ As H;, the contaminated normal
distributions are considered.
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Power study 1

@ Let X1,X2,...,Xy, beiid. rvwith a cdf F.
@ &: the cdf of the standard normal distribution

Omnibus testing for normality (two sided)

_“’) (Vz € R)

Ho: F(z) = ® (w
Hy: F(z) # ® <m;—”) (3z € R)

e 1 and o may be known or unknown

@ We consider JB’, JB, and Shapiro-Wilk SW tests.
@ As H;, contaminated normal distributions are considered:

F = (1 —p)N(po,03) + pN(p,0?)

o CN covers a broad range of distributions, symmetric and asymmetric
ones.
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Power study 2

ii.d.

H():Xl, Xz, ceey Xn ~ N(O, 1)

Hy: X1, X2,..., Xn % (1= p)N(0,1) + pN (s, 02)
Ex. n opn p o
1,100 0 0.10 1,2,3,4,6 Sym.
21100 0 0.50 1,2,3,4,6 Sym
31200 0 0.80 1,2,3,4,6 Sym.
4|1 50 3 0.50 1,2,3,4,6 Asym
Ex. | n o p n
5/50 4 0.05 0,1,2,3,4 Asym.
6|50 1 050 0,1,2,3,4 Sym.
Ex. | n p o P
7150 0 4 0,0.1,...,1 Sym.

o significance level: o = 0.1
@ the number of replications: 10%
@ Omnibus test statistics: JB, JB’, and SW
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Ex.l: n =100, 4 =0,p=0.1,0 = 1,2,3,4,6

vVB1=0
o| 1 2 3 4 6
B2 | 300 444 833 1272 1933
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@ curves in red: pdf of N(0,1).
@ curves in blue: pdf of F = (1 — p)N(0,1) + pN(u, 02).
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Ex. 1: Powers of JB’,JB,SW

n=100, p=0.1,y=0.0
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VB =0
o| 1 2 3 4 6
B2 [3.00 4.08 4.92 534 568
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@ curves in red: pdf of N(0,1).
@ curves in blue: pdf of F = (1 — p)N(0,1) + pN(u, 02).
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n=100, p=0.5,u=0.0
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vVB1=0
o 1 2 3 4 6
B2 3.00 337 356 3.64 3.70

0.0 01 02 03 04
0.0 01 02 03 04
00 01 02 03 04

@ curves in red: pdf of N(0,1).
@ curves in blue: pdf of F = (1 — p)N(0,1) + pN(u, 02).
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n=200, p=0.8,u=0.0
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o| 1 2 3 4

v/B1 | 000 065 0.92 0.96
B2 | 204 285 372 437

00 01 02 03 04

@ curves in red: pdf of

@ curves in blue: pdf of F = (1 — p)N(0,1) + pN(u, 02).
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n=50, p=0.5,u=3.0
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Ex. 5: n = 50,0 =4,p =0.05,0u =0,1,2,3,4

p 0 1 2 3 4
VB: 000 090 171 235 284
B, 13.47 1412 1575 17.65 19.24
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@ curves in red: pdf of N(0,1).
@ curves in blue: pdf of F = (1 — p)N(0,1) + pN(u, 02).

Nakagawa, Hashiguchi, and Niki () A Power Comparison for Testing Normality

00 01 02 03 04

COMPSTAT2010, Paris




Ex. 5: Powers of JB’,JB,SW

n=50, p=0.05,0=4.0
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p |

vVB1=0
0 1 2 3

4

B2 [3.00 292 250 204 1.72
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np=0
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@ curve in red: pdf of N (0, 1).

@ curves in blue: pdf of F = (1 — p)N(0,1) + pN(u, 02).
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n=50, p=0.5,0=1.0
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Ex. 7: n = 50,0 = 4.0, = 0,p = 0.0,0.1,...,1.0

VB =0

p[000 020 050 070 1.00
B2 [3.00 975 534 407 3.00

0.0 01 02 03 04

T T T T T
-10 -5 0 5 10

p=0.0

@ curves in red: pdf of N(0,1).
@ curves in blue: pdf of F = (1 — p)N(0,1) + pN(u, 02).
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7: Powers of JB',JB,SW

n=50,u=0.0,0=4.0
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B2 = 13.47 P B2 = 3.29
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Ranking:
Ex. | 1 2 3 4 5 6 7
JB | 2 3 2 2 2 2 3
JB' | 1 1 1 3 1 3 1
SW | 3 2 1 1 3 1 2
1S S S A A S S
2| HT HT HT HT~ST HT ST HT

o J B’ test is the best for symmetric dist. with heavy tails.
e J B’ test is superior to J B test except for dist. with short tails.
@ The power of JB’ and JB is poor for dist. with short tails.

'S:Symmetric, A:Asymmetric
2HT:Heavy tails, ST:Short tails
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Normalizing tr. of the null dist. for JB’

Normalizing tr. of the null dist. for J B’

Under the null hypothesis Ho, let

A=6+——2 [ N }
- VBi(JB') [VBi(IB) \/ (vBi(B))? |’

and then, a transformed variate

1/3
2 1 (2/A)
<(1_9A)_<1+Z\/2/(A—4)> )/ 2/94

is asymptotically distributed as a standard normal distribution, where

JB' -y (JB')

Z = and
Vu2(JB’)
8v6 2750v6 1 33968v6 1 1
VB1(JB') = nl/2 + 9 n3/2 9 n5/2 +0 (n7/2) ’
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Shapiro-Wilk test

Shapiro—Wilk test

- 2
p— (2 a5 (Xnisn) — X))
Z'?:l (X"' - X)z

® Xy < X@) < o0 0 < Xy are .
the ordered statistics.

‘
——
—

0.95 0.96 0.97 0.98 0.99 1.00
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