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Introduction

® Previous research (Horova, PospiSil & Zelinka (2008) and
Horova, Pospisil & Zelinka ' (2009)): combination of kernel smoothing
and dynamic model in survival analysis.

® Verification of developed method: simulations — problem

® The subject of this paper is to solve this problem.
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Survival and hazard functions

T >0 survival time
F cumulative distribution function (c.d.f) of T
F =1—F survival function

A= \(x) hazard function

Hazard function: — intensity of survival probability:

\e) =~ =~ o (Fla) = 52

If the density f exists. From (1) we have

_ ~ [ A(D)dt
F(z)=c¢e d

(1)

(2)
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Random censorship model

T,Ts,...,T, L.d. lifetimes with c.d.f. F

C,...,Cy, 1.I.d. censoring times with c.d.f. G

Censoring times are independent of the lifetimes.
In the random censorship model we observe pairs

(X;,0;), 1=1,...,n, where X; = min(7T;, C;)

0; = lyx,=1,) Indicates whether the observations is censored or not.

{X;} are i.i.d. with survival function L: L(z) = F(x)G(x).
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Kernel estimates of the hazard function

Let [0,7], 7 > 0, be an interval for which L(7) < 1 and A € C?[0,7] and let
K be a continuous and symmetric function on R called a kernel satisfying
conditions:

1. supp K = [—1,1]
2. K € Lip|—1,1]

(1, k=0
3. f_ll 2* K (z)dz = 0, E—1
. 62 7A 07 k= 2.
The well-known kernels:
K(z)=3(1—2*)1_1 Epanechnikov kernel

K(z) = £2(1 —2?)*1;_1 4 quartic kernel
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The kernel estimate of the hazard function is given as

— X (%) 0(4)
K .
)\hK hz ( )n—i+1

The parameter h is called bandwidth or smoothing parameter.
Let us denote

V(K f K?(x f 1 L
% T
A= fo Ew%dx Dy = |, ()\(2>(33)) dz.

The global quality of the estimate — Mean Integrated Square Error:

MISE (xh,K) - /O ' MSE (xh,K(az)) dz = /O E (xh,K(ay) - )\(:1:))2 da,

3)
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The leading term MISE(\, k) of MISE (), i) takes the form

. 1
MTSE (Jnx ) = h*B3Dz +

V(K)A
nh

The asymptotically optimal bandwidth minimizing MISE(Xh,K) with respect
to h is given by the formula

e (AV(E)\Y?
_ . —1/5
hopt =1 ( B35 D> ) “

The estimate of h,,: will be denoted with ﬁopt. See Horova & Zelinka (2006)
for method of evaluating the appropriate estimate Eopt.
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Kernel estimate of the hazard function — example
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Simulation of lifetimes

For given hazard function A we have (see (2))

_ [ A(t)dt
Flr)=1-¢ ]

The lifetimes T3,...,1;, can be evaluated numerically by re-sampling random
variables Uy,...,U, uniformly distributed on interval [0, 1].
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Simulation of censoring times

Real situation:

Let’s have a clinical study dealing with some disease. The research begins
In time ¢y (we can suppose t, = 0). Patients come to the study randomly
In interval [to,t1], the begin of treatment is given by random variable B with
cumulative distribution function H. The coming of patients is broken in time ¢4,
but the study may continue to some time ¢, > t; when it is finished.

The censorship time is C = t, — B For the survival function G we have

G(z) = H(ts — ).

a

o.o

o.s

o.7

o.s

o.s

o.a

o.=

o.=

o.a

o -
o t=—ta € =

Cumulative distribution function for coming of patients (H)

and survival function of censoring times (G = 1 — G).
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Let us recall

for
V(K f K?(x)dx, = [ T T
A= [y F’(;\)(g)(a;) dz, Da= [§ (A(Q) ($)> dz.

Choice of 7: naturally 7 = t,, = problem with counting A as G(t5) = 0.
Solution: for G let us take such )\ that

A(x)
G(z)
As a result of this property we have \(t;) = 0 and for A € C?[0,T] also X (t3) =
0 as A IS non-negative.

F(t2> > 07

= 0(1), forx — t5.

In all simulations let the begins of treatment B be uniformly distributed on

0,¢1]. Due to this fact the cumulative distribution function C' is uniformly dis-
tributed on [ty — t1,t2].
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Simulation 1

A: unimodal hazard function on [0, t5]:
Mz) = 2(2 — 2)?
Fz)=1- o %5 (332 —160+24)

Let K be the Epanechnikov kernel and n = 100
Case Ai t; =1, ta = 2, hopr = 0.4437

Case B: 1 = 1.5, ta = 2, hope = 0.4721

Case C: t; =2, ta = 2, hope = 0.4993

-p.12



Estimate of A\ for optimal bandwidth

a.a

Case C: A\ —dashed line, estimate — solid line
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Simulation 2

A: unimodal hazard function on [0, t5]:

1 2
AMx)=—(1—cos T
100 t2

1 f2 g 2*Pig
F(x) —1— elOO(Q*pi Sl ==& )

Let K be the Epanechnikov kernel and n = 100
Case A: t; = 100, to = 200, hypr = 43.703
Case B: t; = 150, to = 200, hopr = 47.122
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Simulation 3

A: bimodal hazard function on [0, ¢5]:

1 4
AMx)=—(1—cos T
100 t2

1o f2 g APig
F(x) —1— 6100(4*pi Sl ==& )

Let K be the Epanechnikov kernel and n = 200
Case A: t; = 100, t2 = 200, hopr = 23.443
Case B: t; = 150, to = 200, hypr = 25.255
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Conclusion

®* The simulations indicate that the proposed method of generating
random censored data for given cumulative distribution function C' and
hazard function \ can be well applied for testing the algorithms of
survival analysis.

® At the same time the simulations show that the method of bandwidth
choice proposed in Horova & Zelinka (2006) gives worse results for the
greater frequency of censored data, but the estimates of optimal
bandwidth are still well usable.
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