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Statement of the problem

Consider the mathematical model of a physical process that is described by the evolution problem

% = Fp)+f te(OT)

(1.1)
S0‘1;:0 = W

where ¢ = go(t) is the unknown function belonging for any ¢ to a Hilbert space X, u € X, F'is a
nonlinear operator mapping Y into Y, with Y = L2(0,T; X), || - ||y = (, )%,/2 fey.

Let us introduce the functional
1 1
S(u) . §(V1 (u - ’LL()), U — uO)X + 5(‘/2(090 - Spobs)a Co — Soobs)Yobsa (1.2)

where ug € X is a prior initial-value function (background state), @w,ps € Yobs iS @ prescribed function
(observational data), Y, is a Hilbert space (observation space), C' : Y — Y3 is a linear bounded

operator, V1 : X — X and Vo : Y, s — Y, ps are symmetric positive definite operators.
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Data assimilation problem

Data assimilation problem: find u € X and ¢o € Y such that

W — F(SO)+f, tE(O,T)
\ S0‘1;—0 u,
| S(w) = i%f S(v).

The necessary optimality condition reduces the problem (1.3) to the following system :

92— Flp)+f te(0,T)
S0‘1t=0 = Y
a * *k %k >k
—Z= - (F@)¢r = —C*Va(Cp—¢os), te€(0,T)
*|,_p = 0,

Vi(u —ug) — 90*‘1;:0: 0

with the unknowns @, ™, u, where (F”(p))™* is the adjoint to the Frechet derivative of F'.

k)

(1.4)

(1.5)

(1.6)



Errors

Suppose that ug = @ + &1, Yobs = CP + 2, where §1 € X, &2 € Y, 5, and @ is the ("true”)
solution to the problem (1.1) with u = wu:

(%22 - F@+/ te@OT)
X @‘t:o — . (1.7)

The functions &1, £2 may be treated as the errors of the input data ug, ©,ps (background and observation

errors, respectively). For V1 and V2 in (1.2), we consider
Vi=Vvh Ww=v!
§1 7 £2
where Vﬁi is the covariance operator of the corresponding error &;, i.e.

Ve = E[(&1)x8&1], Veyr = E[(+82)y,,, 2],

where E is the expectation. If § is a vector, then the covariance matrix is defined by Ve = EgeT].
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Error analysis via Hessian

The system (1.4)—(1.6) with the three unknowns @, ™*, u may be treated as an operator equation of the

form

F(U,Ug) =0, (2.1)

where U = (907 QO*,’U,), Ud — (u07 Pobs> f)
The following equality holds for the "exact solution” ("true state”):

FU,Uy) =0, (2.2)

with U = (@, ¢*,u), Ug = (4, C@, f), @* = 0. The system (2.2) is the necessary optimality

condition of the following minimization problem: find u and ¢ such that

(%22 = F)+f te(OT)
I Plie = w
| S(u) = i%fg’(v),

where

_ 1 1
S(u) = §(V1(u —u),u —u)x + §(V2(CSO —C9),Cp—CP)y,,, -

=l



System for errors

From (2.1)—(2.2), we get
f(U, Ud) —j:(U,Ud) = 0. (2.3)

Let U = U — U, §Uy; = Uy — U,. Then (2.3) gives

f(U + oU, Ud + 5Ud) — f(U, Ud) = 0. (2.4)

Letdp = ¢ — @, du = u—u;then SU = (dp, *,du), dUg = (&£1,&2,0). From (2.4), for regular
F’, there exists ¢ = @ + T(go — gE), T € [O, 1], such that equation (2.4) is equivalent to the system:

ol ~
oplt—o = ou,
o™ * ok &
SD*‘t:T - O,

% (5u — 51) — 90* |t:0 = 0. (2.7)



Equivalent system

The system (2.5)—(2.7) may be written in the form:

3(;5_7? —F'(p)bp = &3, te(0,T),
580|t:() — (S’U,,
{ _88% — (F'(@)*e* = =C*Vo(Cdp —&2) + &4,
& er = 0

Vi(du —&1) — ¢ |t=0 = 0,

where

s = [F'(@) — F'(®)10p, &= I[(F'(p)" — (F'(®)"]e"

(2.8)

(2.9)

(2.10)



Hessian

(%2 _prge = 0, te(0,T)
4 Spl,_, = Ou (2.11)
I S1(0u) = i%f S1(v),

51(5’&) = %(Vl((Su — 51),5u = fl)X + %(VQ(C(SQO = £2),C590 — ﬁg)yobs. (2.12)

Consider the Hessian H of the functional (2.12); it is defined by the formulas:

%_’th — F'(p)p = 0,te(0,T), (2.13)
ble=o = v,

{ O — (@) = —CTVaCy, te(0,T) @214
w*‘t:T = 0

Hv=Vjv — ¢*|t:O- (2.15)



Error equation

Below we introduce four auxiliary operators R1, R2, R3, R4. Let R1 = V7. For example, the operator
R2 : Y, — X acts on the functions g € Y, according to the formula R2g = 0* |t—0, where 6% is

the solution to the adjoint problem

80* ! (= % )k *
— == — (F 0 = (C*V t 0,7
or — (F'(9)) 29, t€(0,T) (2.16)

0* \t:T 0.

From (2.13)—(2.15) we conclude that the system (2.19)—(2.21) is equivalent to the single equation for du:
Hoéu = R1&1 + Roé2 + R3&3 + R4é4. (2.17)

The Hessian H acts in X as a self-adjoint operator with domain of definition D ( H )=X. Moreover, due to

V1, V2, the operator H is positive definite. Hence,
ou =T1&1 + 128 + 1383 + Tuéa,

where T; = H-1R;,i=1,2,3,4.
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Approximation

Since p = @ 4+ Tdp, © = @ + dp, we assume that T3&3 ~ 0, Tyx&4 ~ 0. Then

= T1&1 + To&2, (2.18)

and (2.5)—(2.7) reduces to the auxiliary DA problem:

00 _
5 F@ = 0 te), (2.19)
dplt=0 = du,
8 * —= >k B *k
—Z= - (F(@)¢r = —C*Va(Cop — &), 2,20
e*|l,_p = 0,
Vi(du —&1) — ™ |t=0 = 0. (2.21)

The problem (2.19)—(2.21) is a linear data assimilation problem; with the fixed ¢ it is the necessary

optimality condition to the following minimization problem: find u« and ¢ such that (2.11) is satisfied.
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Sensitivity coeffi cients

Since du = T1 &1 + Toés for Ty = H 1 R;, the sensitivity coefficients are defined by

ri = /| T¢ Tl
For V1 = aF, Vo = E we have for r1:

. (8
ry = \/||T1*T1|I = (2:22)

min

The singular values 02 and the corresponding orthonormal (right) singular vectors wj, € Y, of the

operator 15 are defined by the formulas (Le Dimet, Shutyaev, 2005):

2 Mg — & 1 h
op = ——, wp = ———=C"py, (2.23)
17 Vit —

where p . are the eigenvalues of the Hessian [, and . are the fundamental control functions, and

. VHE — O
ro = max ——.

& Mk

(2.24)
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Covariance operators

Consider the error equation (2.18). Since H is invertible, we get

ou = T1&1 + Tr&2, (3.1

where T;=H 'R;, T} : X—X, Ty : Y, ,s— X. We suppose that the errors €1, €2 are normally
distributed, unbiased, and mutually uncorrelated. By V&; we denote the covariance operator of the
corresponding error &;, 1 = 1,2,ie. Vg, - = E[(-,§1)x&1), Ve, o = E[(+,&2)yv,, §2], where Eis
the expectation. By Vs,, we denote the covariance operator of the optimal solution (analysis) error:

Vsu- = E|(+, 0u) x du]. From (3.1) we get

Vsu = Th Ve, T1 + To Ve, Ty . (3.2)

To find the covariance operator Vs,,, we need to construct the operators T; Ve, T'", i = 1, 2. Consider
the operator 1% V¢, T7". Since 17 = H 'R, =H v, = T, we have

TWWVe TT = H-1v; Ve, Vi H 1. Moreover, if V] = ngl, then

T\Ve, T¥ =H '"ViH ' = H 'V H™". (3.3)
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Operator 1

Consider the operator T2 Ve, T5. Since Ty = H~1R5, then
ToVe, Ty = H 'RoVe, R H ™.
To determine R, consider the inner product (R29,p)x, g € Yops, p € X. From (??)—(2.16),

(R29,p)x = (0" |¢t=0,p)x = (C*"Vag,9)y = (9, R3p)v,, .

where R3p = Vo ('@, and ¢ is the solution to the problem
oP

0 _
a_qtb _ F’(cp)¢ = 0,te€ (OaT)a (3.4)

dlt=0 = p.



Operator 15 Ve, 15

The operator T2 Ve, Ty = H™ 1Ry Ve, RSH™ 1 is defined by successive solutions of the following
problems (for a given v € X):

Hp =, (3.5)
8qb /
F = 07 t E 07 T Y
(P)¢ (0,7 o
¢|t=0 — p,
— (F'(@))*0* = C*VoVe , VolCo, t € (0,T) .
- 0,
Hw = 9*‘75:07 (3.8)
then
ToVe, Tov = w. eXe)
If Vo = Vggl, then C* Vo Ve, VoC' = C* V5 and 9*‘75 0= Hp — Vip.



Optimal solution error covariance

We get
R2V§2R§ =H -V

and
ToVe, Ts = H 'RoVe, Ry H ' = H™H(H — Vi)H ™. (3.10)

From (3.3), (3.10) it follows the result for Vi, :
Vsw =TiVe, Ty + ToVe, Ts = H'ViH '+ H Y (H - Vi)H ™.

Therefore
Vsy =H 'HH ' =H"1! (3.11)
The last formula gives the analysis-error covariance operator through the Hessian H.

Gejadze, |., Le Dimet, F.-X., Shutyaev, V.P. On analysis error covariances in variational data assimilation.
SIAM J. Sci. Comput. (2008), v.30, no.4, 1847-1874.
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Numerical algorithm to compute covariances

Consider the covariance operator V' = Vs,, defined by (3.11):
vV =H"1 (4.1)

To find the inverse Hessian H —1, the guasi-Newton BFGS method may be used, because it generates an
approximation of H-1 directly in the course of a minimization process.
Since the Hessian H of the functional S does not depend on functions &1, £2 entering (2.12), we suggest

using as follows:

§&1=1u, & =Cip, (4.2)
where § satisfies the problem
OSG 1y m
L _F'(®)ds = 0,te(0,7T),
5 —F(@8F = 0,te(T) s
5<,O|t:0 = u.

In this case, the solution of (2.11) is du = @, and S1 (@) = 0. The initial guess to start the iterations is
0
u- = 0.
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BFGS method

Applied for solving the auxiliary DA problem (2.11)-(2.12), the BFGS method has the form:

d¥ = H_ 'S} (su”), (4.4)
Sultl = suF — ozkdk, (4.5)
T T T
I sy 1 ys s8
Hkﬂ_(l—ﬁ)Hk (I—m)er, (4.6)

where s = JuFtt — guF  y = 57 (suFtl) — SI(duP), Hk;_l is the approximation to H —' on the

k

k-th iteration, S7 (§u”) is the value of the gradient of S in du at the point Ju, a* are iterative

parameters, [ is the identity operator.
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Optimal minimization step

Another key point is a need for the exact minimum along the direction of descent to be achieved. Let us
denote k the iteration index and d* the direction of descent built by the minimization algorithm, then the

optimal step Bk’ can be derived from the condition

051 (5uk + 5dk)
op

= (4.7)

Applying this condition to (2.12) we obtain as follows

(A(ouk — £1),d¥)x + (Va(Copk — £), Copa)v,,
(Vidk, dF)x + (VaC'oa, Coa)y,,, |

o

6=

(4.8)

where 4 and 6" are the solutions of the problem (2.11) for Su = dF and du = du”, respectively.
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Numerical examples for convection-diffusion model

We assume that the time-continuous measurements of  are available at the following locations 1 = 0.2,
xo = 0.5, 3 = 0.8. We assume that 07 (z) = diag { V¢, } # 0, 02,(z) = diag { Ve, } #0.1n
Figs. we show the variances o2 (x) = diag {V } which correspond to the three cases. We note that the
variance basically changes from the background error value ag (a:) in the areas where no information is
available to the measurement error value agn () at the sensor location points. The transition between two
levels depends on the transport phenomena supported by the model. In the diffusion dominated case the
transition function is quite sharp, since diffusion is a process of dissipation, both applied to the forward and
adjoint variables (information). In the convection dominated case one can see that the transition function is
less steep in the upwind direction. This shows that the information is delivered to the sensor by convection
not being dissipated by diffusion. In the non-linear case we observe a mixed behaviour, where in the areas
with weak diffusion it follows the convection dominated pattern, while in the area with strong diffision it

follows the diffusion dominated pattern.
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Numerical results

An important result is that H —1 puilt on the exact solution © = © by the formulas (2.13)—(2.15) gives the
covariance V' of the original non-linear problem. In order to validate the latest statement we estimate V'
using the statistical (ensemble) approach. For a given ’exact solution’ % we compute ¢ = C'p + &1 and
up = u + &2, where &1, €2 are normally distributed (Gaussian) random perturbations such that
E[&1&] | = Ve, and E[£263 ] = Ve,

For these data we solve the DA problem and find du. = w — u. The procedure is repeated k times for new
values &1, &2 each time to get an ensemble of du, then the covariance is finally estimated as

Vi = E[Sudu’ ]. The results of numerical experiments show that // 1 build on the exact solution
via the formulas (2.13)—(2.15) matches to the covariance V. obtained by the statistical method being in
satisfactory agreement with the X2 distribution. Here the analysis error variances obtained by two methods

are presented, while the ensemble size used in the statistical method is £ = 2500.
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Variance via H ~! built on the 'exact’ solution

diffusion dominated
A=1.0,w=-0.01

convection
A= Ap), dominated
w=-5 A =10.01,
| w=—9>
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Statistical variance o2 = diag {V, } and variance via H "

o2 =05, 02, =0.01, A= X\g), w

statistical
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Covariance
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Conclusions

The error of the optimal initial-value function in variational data assimilation for a nonlinear evolution model
may be expressed by an equation through the errors of the input data without the tangent linear hypothesis.
The approximation of the error equation allows to derive the analysis error covariance operator which turnes
to be the inverse Hessian of the auxiliary (linearized) error assimilation problem. This Hessian does not
coincide in general with the Hessian of the original cost functional. With the use of the quasi-Newton BFGS
method, a numerical algorithm is developed to compute the analysis error covariance operator as the
inverse Hessian. The algorithm is based on a special choice of input functions in the auxiliary data
assimilation problem and the analytical step search for the minimization along the direction of descent. This
leads to obtain the covariance operator which perfectly matches the one obtained by the statistical
(ensemble) method.

Shutyaev, V., Le Dimet, E-X., Gejadze, |. On optimal solution error covariances in variational data
assimilation. Russ. J. Numer. Anal. Math. Modelling (2008), v.23, no.2, 197-206.

Al



References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

J. Greenstadt. Variations on variable-metric methods. Math. Comp. 24 (1970) 1-22 (Appendix by J.
Bard).

Le Dimet FE-X., Navon |.M., Daescu D.N. Second-order information in data assimilation. Monthly
Weather Review, 2002, v.130, no.3, pp.629—-648.

Le Dimet E-X., Shutyaev V. On deterministic error analysis in variational data assimilation. Nonlinear
Processes in Geophysics, 2005, 14, p. 1-10.

Lions J.L. Controle optimal des systéemes gouvernés par des équations aux dérivées partielles. —
Paris: Dunod, 1968.

D.C. Liu, J. Nocedal. On the limited memory BFGS method for large scale minimization, Math. Prog.
45 (1989) 503-528.

Rabier F,, Courtier P. Four-dimensional assimilation in the presence of baroclinic instability. Quart. J.
Roy. Meteorol. Soc., 1992, v.118, pp.649-672.

Thacker W.C. The role of the Hessian matrix in fitting models to measurements. J. Geophys. Res.,
1989, v.94, no.C5, pp.6177-6196.

nnnnn



On optimal solution error in
variational data assimilation for
the sea thermodynamics model

Victor Shutyaev and Eugene Parmuzin

Institute of Numerical Mathematics,
Russian Academy of Sciences,
Moscow, Russia




Thermodynamics equations

T,+(U,Grad)T - Div(a;-Grad T) = f; in D x(t,,t,),
T =T, fort=t, on D,

oT
_VT a—Z: Q on FS X (tO’tl)’

dl =0onT,  x(t.t),

T
=U g]_)dT 4 QT on Fw,op X (toatl)a

oL OonT, x(t,,t,).

T




Operator formulation of the forward problem

T,.+ LT =F + BQ, te (t,,t,),
T =T,, for t=t,,

In a week sense:

(T,T)+ (LT, T)=F(T)+(BQ,T) VT eW}(D),

and L, F, B, are defined by
(LT.T)=| TDVUT)+ | GETTAT+ [ 4 Grad (T)-Grad (T)dD,
D D

w,0p

F(N)= [ (@ +0%d,)TdT +[ £TdD, (T,,7)=[T,TdD, (BQ,T)=[QT |, d
D (@)

I D

w,0p

r




SST data assimilation problem

T +LT F+BQ In Dx(t,t),
T T, for t=t,

)Q i Q)

Q=3

t t
[21Q-Q7 F deat+” [ [m T, T, [ dext
b €2 f, Q




The optimality system:

T+LT =F+BQ in Dx(t,,t,),

T=T, for t=t,,

—(T7),+LT " =B™m,(T -T,.) in Dx(t,,t),
T"=0 for t=t,

a(Q-Q)Y+T"=0 on Qx(t,,t,),




Input errors

T |z:0 +§29

in D x(t,,t,),
for t=t,.




System for the errors

ST, +L'(T)oT =BSQ in Dx(t,,t,),

ol =0 for t=t,,

() + (@) T =Bm (6T &) in Dx(t,t,)
T"=0 for t=t,

a(0Q—-&)+T =0 on Qx(t,,t).




Auxiliary minimization problem

ST, + L'(T)oT BoSQ in D x(t,.t,),
0 for t=t,,
Int S(Q),

S(0Q) = [ [ al8Q-& F doxt+= [ [m 14T |, &, dexk
t, Q t, Q




Hessian of the functional S

Wyt L'(T )y =Bv in D x (t,,1,),

w =0 for t=t,,

~() +(L'T) 'y =B'my in Dx(t,t),
y =0 for t=t,
Hv=av+y " on Qx(t,,t,).




Error control equation

H 5Q — R1§1+ Rzé:z-
R,=aE,R,, =607 |,_,,

~0), +(L'(T))'¢" =B'myg, in Dx(t,t),
g =0 for t=t.

The optimal solution error:

6Q =T,& +T,&,, T,=H'R,T,=H'R,.




Sensitivity coefficients




Fundamental control functions

Singular vectors:




Numerical examples (Indian Ocean, t=24h)




Numerical examples (Indian Ocean, t=240h)




Numerical examples (Indian Ocean, t=1month)




Thank you for your attention!
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