
Variational data assimilation problem for thestudy of adequa
y of a tidal dynami
s modelV.I. Agoshkov, E.A. Botvinovsky, M.V. AssovskyInstitute of Numeri
al Mathemati
s of Russian A
ademy of S
ien
esWe 
onsider a problem on the adequa
y of the model of tidal dynami
s in the World O
ean.In the 
onsidered mathemati
al model, one of �additional sour
es� is a ve
tor fun
tion F. Asthe 
riterion that the model 
orre
tly reprodu
es really modeled physi
al pro
esses we
hoose the requirement that sea level fun
tion (a deviation from an equilibrium level ofo
ean) 
oin
ided with the satellite SSH data. This 
riterion 
an lead to a problem ofminimization of a quadrati
 (�
ost�) fun
tional for the purpose of variational assimilation ofsatellite data and 
al
ulation of F. After the solution of this problem we estimate the normof F whi
h is taken for a measure of adequa
y of 
onsidered mathemati
al model. We provethe uniqueness and dense solvability of the minimization problem.We prove that theminimum of the �
ost� fun
tional is zero (therefore the norm of F really re�e
ts degree ofadequa
y of model). Also we present spe
ial algorithms of approximation of the tidaldynami
s model and the adjoint problem. The results of some numeri
al experiments arepresented. � p. 1/20



Statement of a problem and de�nitions

We 
onsider a system of operator equations
Lφ = f +Bu,(1)

Cφ = ϕobs,(2)where: (1) is a mathemati
al model of some physi
al pro
ess; φ is ave
tor fun
tion 
hara
terizing the pro
ess; f is a given element of inputdata; F ≡ Bu is a �perturbation� of the equation (1) and it is given byan operator B and an �additional unknown� fun
tion u; �Cφ� is a set ofobservation (�measured�) 
hara
teristi
s; ϕobs is a ve
tor of observationdata; (2) is 
alled an �observability equation� (or a �
ontrollabilityequation�). The operators L,B,C and the equations (1), (2) are
onsidered in a system of fun
tional spa
es H,Hobs, HC .
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Let us introdu
e:

µC ≡ ‖Cφ− ϕobs‖Hobs
− �observability measure� ,

SR ≡ {u : ‖Bu‖H 6 R} ∩ (some restri
tions on u), R = constDe�nitions:(V.A.Morozov [1987℄; V.I.Agoshkov, E.A.Botvinovsky [2009℄)1. The model (1) is 
alled adequate if u ∈ SR and µC = 0.2. The model (1) is 
alled �ε - adequate� if u ∈ SR exists for all ε > 0su
h that µC 6 ε.3. For B ≡ 0 (B is the �trivial operator�) unperturbed model is 
alled�adequate� (�ε - adequate�) if µC = 0 (µC ≤ ε).Problem: At given f, ϕobs, SR it is needed to �nd solutions φ, u of thesystem (1), (2) and to 
ompute µC and to 
he
k that u ∈ SR.

� p. 3/20



Variational data assimilation problems

A family of regularizied optimal 
ontrol problems: �nd φ, u, su
h that






Lφ = f +Bu,

Jα(u) = inf
v∈D(B)

Jα(v),

(3)
where

Jα(v) = α
2 ‖v‖

2
Hc

+ 1
2 ||Cφ− ϕobs||

2
Hobs

α ≥ 0, φ(v) is a solution of the problem (1) for u ≡ v;is a family of variational data assimilation problems (ϕobs isobservation data) for the mathemati
al model (1).(If D(B) 6= HC then (3) is a problem with �restri
tions�.)
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Let L∗, B∗, C∗ be the operators adjoint to L,B,C.Theorem. (V.I. Agoshkov [2003℄; V.I.Agoshkov, E.A.Botvinovsky [2009℄)If the homogeneous system

L∗φ∗ + C∗u∗ = 0, B∗φ∗ = 0has the trivial solution only, then ∀ε > 0 ∃α > 0 su
h that a pair

φα, uα (whi
h is a solution of (3)) satis�es the 
ondition

µC = µC(α) 6 ε.Corollary. If the 
onditions of the Theorem hold true and uα ∈ SR themodel (1) is ε-adequate. For 
he
king ε-adequate property of the modelone 
an use elements φα, uα at su�
iently small α > 0.
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An algorithm for solving the minimization problem






Lφ = f +Bu,

Jα(u) = inf
v∈D(B)

(α2 ‖v‖
2
Hc

+ 1
2 ||Cφ− ϕobs||

2
Hobs

)is:

Lφ(k) = f +Bu(k),

L∗q(k) = C∗(Cφ(k) − ϕobs),

u(k+1) = u(k) − τk(αu
(k) +B∗q(k)),

(k = 0, 1, 2, . . .)

(4)
The iterative pro
ess (4) is 
onvergent under ne
essary 
onstraints to

{τk} (V.I.Agoshkov, [2003℄).
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Model of tides dynami
s

Let Ω be a part of a sphere with radius R in R
3, ∂Ω is the boundary of

Ω, λ ∈ [0, 2π], θ ∈ [0, π], dΩ = R2sinθdλdθ,H(λ, θ) > 0 is the o
eandepth, T <∞. We 
onsider a problem to �nd U ≡ (u, v), ζ and�additional unknown� ψ :







HUt − ν∆1U +KU + gH∇ζ = f + βgH∇ψ, U
∣

∣

∂Ω
= 0,

ζt + divHU = 0, U
∣

∣

t=0
= U(0), ζ

∣

∣

t=0
= ζ(0),

(5)
where f ≡ H▽Ω+,Ω+ ≡ gζ+ - �tide potential�, g = const, β = 0 or

β = 1 (at β = 0 we have the �unperturbed model�),

∆1U ≡ (∆u,∆v) + DU, DU ≡
1

R2 sin2 θ

(

−u + 2 cos θ
∂v

∂λ
, −2 cos θ

∂u

∂λ
− v

)

,

∆ ≡ div∇, ∇φ ≡

(

1

R sin θ

∂φ

∂λ
,

1

R

∂φ

∂θ

)

, divU ≡
1

R sin θ

∂u

∂λ
+

1

R

∂ (v sin θ)

sin θ ∂θ
,

KU ≡ (r∗|U|u − lHv, lHu + r∗|U|v) , r∗ = const, r∗ > 0, � p. 7/20



Numeri
al model(V.I.Agoshkov, E.A.Botvinovsky [2008℄)Splitting s
heme at (tj−1, tj) :

H(U
(1)
j − U

(1)
j−1)/△t+Kj−1U

(1)
j = fj ,(6)































H
U

(2)
j − U

(2)
j−1

△t
− ν∆1U

(2)
j + gH∇ζ

(2)
j = βgH∇ψj ,

ζ
(2)
j − ζ

(2)
j−1

△t
+ divHU

(2)
j = 0,

U
(2)
j

∣

∣

∂Ω
= 0, U

(2)
j−1 = U

(1)
j , ζ

(2)
j−1 = ζ

(1)
j .

(7)
The observability equation is in
luded in the quadrati
 
ost fun
tional

Jα ≡
α

2
||ψj ||

2
L2(Ω) +

1

2
||ζ

(2)
j − ζobsj ||2L2(Ω) → inf

ψj

(8)
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We denote φ ≡ (U, ζ) ≡ (U
(2)
j , ζ

(2)
j ), j = 1, 2, . . . , J and 
onsider theobservability equation (2) as

ζ = ζobs in Ω,(9)where ζobs ≡ ζ
(j)
obs, j = 1, 2, . . . , J - �observation data� (altimetry, or
onstru
ted by another (�ideal�) model). Then (7)-(8) 
an be written as:

Lφ = f +Bψ, Cφ = ϕobs(10)where f ≡ H▽Ω+, Bψ = βgH▽ψ,Cφ ≡ ζ, ϕobs ≡ ζobs, Lφ is de�nedby the left-hand side of (7).
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Optimality system (Euler equation):

αψ +B∗(L∗)−1C∗(Cφ− φobs) = 0.(11)Theorem. The systems (10), (11) are uniquely solvable and
∀ε > 0 ∃α = α(ε) > 0 su
h that

µC ≡ µ
(j)
C ≡ ‖ζjα − ζjobs‖Hobs

6 ε, j = 1, 2, . . . , Jwhere φ(j)
α ≡ (U

(j)
α , ζ

(j)
α ), ψj is a solution of (11) at time step j. Andfor α = 0 we have the equality µC = 0.For β ≡ 0, the solution has the form φ0 ≡ (U0, ζ0), ψ ≡ 0, where φ0, ζ0is the solution of the unperturbed model (6), (7) at β = 0. In this 
ase

µC = ‖ζj0 − ζjobs‖L2(Ω).
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The iterative pro
ess (4) for solving (11) is:






−ν∆1U
(k) + bHU(k) + gH∇ζ(k) = F + βgH∇ψ(k), U(k)

∣

∣

∂Ω
= 0,

g divHU(k) + gbζ(k) = G,

where b = 1/△t, F = bHU
(2)
j−1, G = gbζ

(2)
j−1;







−ν∆1Q
(k) + bHQ(k) − gH∇q

(k)
3 = 0, Q(k)

∣

∣

∂Ω
= 0,

−g divHQ(k) + gbq
(k)
3 = ζ(k) − ζobsj ,where Q(k) ≡ (q

(k)
1 , q

(k)
2 )T ;

ψ(k+1) = ψ(k) − τk(αψ
(k) − g divHQ(k)), k = 0, 1, . . .(12)
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Testing the iterative pro
essSolutions are given by the formulas:

uex(λ, θ) = sinλ sin2 θ,

vex(λ, θ) = 0,

ζex(λ, θ) = sin2 θ − 2/3,

Ψex(λ, θ) = sin 2θ sin 2λ sin θ.

(13)
Test N1. H ≡ 1 (depth (m)), R = 5 (radius (m)), g = 10, ν = 1,

hλ = hθ = 1◦, △t = 10. Fun
tional value was redu
ed from J (1) = 68.4to J (20) = 1.72 ∗ 10−4. Relative errors in L2(Ω) are

k δuk δvk δζk δΨk

1 0.07281 0.06075 1.3449 1

2 0.03149 0.02704 0.6728 0.4994

5 0.009005 0.005976 0.08313 0.06181

10 0.007038 0.002827 0.002677 0.001814

20 0.007028 0.002824 3.39 ∗ 10−6 0.0002325 � p. 12/20



Test N2. H ≡ 4000, R = 6371270, g = 10, ν = 108, hλ = hθ = 1◦,
△t = 10. Fun
tional value wasn't being redu
ed: J (1) = 98.1524,
J (20) = 129.806. Relative errors in L2(Ω) are

k δuk δvk δζk δΨk

1 3.49 ∗ 10−5 3.35 ∗ 10−5 2.53 ∗ 10−5 1

10 3.49 ∗ 10−5 3.35 ∗ 10−5 2.53 ∗ 10−5 1

20 3.49 ∗ 10−5 3.35 ∗ 10−5 2.53 ∗ 10−5 1

Test N3. ν → +∞, H ≡ 1, R = 5, g = 10, hλ = hθ = 1◦, △t = 10.

ν δu20 δv20 δζ20 δΨ20 J1 J20

1 0.0070 0.0028 3.39 ∗ 10−5 0.00023 68.35 1.72 ∗ 10−4

10 0.0088 0.0040 3.77 ∗ 10−6 0.00023 62.33 1.92 ∗ 10−4

100 0.0092 0.0042 1.61 ∗ 10−6 0.00044 33.71 8.23 ∗ 10−5

1000 0.0092 0.0043 2.03 ∗ 10−6 0.0037 6.08 1.03 ∗ 10−4

106 0.0092 0.0043 1.83 ∗ 10−7 3.7337 0.023 9.33 ∗ 10−6

108 0.0092 0.0043 2.24 ∗ 10−7 373.46 0.021 1.14 ∗ 10−5� p. 13/20



Test N4. R→ +∞, H ≡ 1, ν = 1, g = 10, hλ = hθ = 1◦, △t = 10.

R δuk δvk δζk δΨk J1 J20

5 0.0070 0.0028 3.39 ∗ 10−6 0.0002 23.3954 1.48845 ∗ 10−10

10 0.0054 0.0103 1.91 ∗ 10−6 0.0009 91.2875 1.88076 ∗ 10−10

20 0.0041 0.0839 8.80 ∗ 10−5 0.0093 96.3419 1.60336 ∗ 10−6

50 0.0410 7.5331 0.2019 2.0403 1560.95 52.7667

100 1.2008 13.3968 0.5639 6.6490 2628.86 1645.51

500 0.5005 3.8048 0.9666 9.2439 539.798 144162

1000 0.2616 1.9458 0.9702 9.4770 142.084 468783

5000 0.0399 0.0337 0.0010 0.9998 5.98895 14.8578

10000 0.0199 0.0168 0.0004 0.9999 1.52071 6.91981

6371270 3.13 ∗ 10−5 2.97 ∗ 10−5 3.76 ∗ 10−9 0.9991 2.71 ∗ 10−5 2.97 ∗ 10−4
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Numeri
al experiments

Let β = 0, then µC ≡ ‖ζj − ζobs,j‖L2(Ω).Experiment 1. Ω+ is the �analyti
 tide potential�. Here ζj ≡ ζ
(+)
j is thedeviation from the mean level ζ(+)

mean. The fun
tion ζ(+)
j is presented in�g. 1 at 14:00 of 20th January 2000.Experiment 2. Ω+ ≡ Ω(8) is the sum of the eight main harmoni
s

(K1, O1, P1, Q1, M2, S2, N2, K2) of the tide potential, and ζj ≡ ζ
(8)
j .The fun
tion ζ(8)

j is given in �g. 2 at 14:00 of 20th January 2000.Here we suppose ζobs,j ≡ ζ
(+)
j . So µC ≡ ‖ζ

(8)
j − ζ

(+)
j ‖L2(Ω) is themeasure of the adequa
y of the model with Ω(8) to the model with Ω+ :

µC = 0.02‖ζ
(+)
j ‖L2(Ω)
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Experiment 3. The fun
tion ζ(8)
obs 
al
ulated from satellite altimetry (by�harmoni
 analysis�) presented in �g.3.

‖ζ(+) − ζ
(8)
obs‖L2(Ω)

‖ζ
(8)
obs‖L2(Ω)

= 0.30

‖ζ(8) − ζ
(8)
obs‖L2(Ω)

‖ζ
(8)
obs‖L2(Ω)

= 0.31

The ζ(8)
obs, ζ

(8), ζ(+) 
oin
ides in qualitative manner at all time steps. Howeverthe value of the measure of the adequa
y shows that we have to take intoa

ount additional for
e F 
orresponding to the e�e
ts of the self-attra
tionand loading of the water.
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Fig. 1. Fig. 2.
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Con
lusions

The problem of the adequa
y of 
omplex mathemati
al models 
an beinvestigated by studying and solving the variational data assimilationproblems.Taking into 
onsideration the eight main harmoni
s the model isadequate to the model with �analyti
 tide potential� and it is alsoadequate to the observation data as a whole.The suggested iterative pro
ess for solving the problem of the adequa
yof the 
onsidered tide dynami
s model 
onverges for a number ofparameters' values. But for the detail study of the adequa
y of the
onsidered model of the tide dynami
s it is needed to modify or upgradethe iterative pro
ess. Currently this is under development.
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Thank you!
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