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1. Mathematical formulation of the problem

_, 0o - - z
du 4 / @ — g-gradé + Ayt + (Ap)?d = f — %gradPa — %gradf p1(T,S)dz',
0

dt 0
oe o f o 1
5 —mae | Oz —m ([ O() Lvdz) = fi
0 0
Cil—rf—i—ATT:fTa %"‘ASSZJCS’
where

f=gqg-gradG, @(z)ETES), r=R—2z 0<z<H.

(V.I. Agoshkov, A.V.Gusev, N.A. Diansky, R.B.Oleinikov, 2007)
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(

Boundary conditions on the surface

H

/@ﬁdz 'FL’—I—BQmop\/g—Hf:mop\/g—Hds on OS2,
0

(=), Ou . 0 . () (=), Ov . 9 (a)
U, "u I/az k‘338ZAkU—Ta; /po, U, ‘v V@z kggazAk’U—Ty /po,
Aku == 0, Akv - 0,

_ oT _
Ul )T—uTa Fyr(T = Ta) = Qr + US dr,

_ oS _
Uls - vs - T75(5 — Sa) = Qs + Ul dsg.
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With the function ¢ = (u,v,&,T,S) known, we calculate

H H
1
w(z,y,2,t) = —(mﬁ(/ rudz’) erﬁ(2 rvdz")), (z,y, z,t) € D x (0, 1),
r  Ox oy m
P(e,y.2t) = Pa(e,u,6) + pogl(z = ) + [ go1(T. S)dz"
0

Note, that for U, = U - N (here U = (u,v,w)) we always have

Un:O on Pc,wUFH.
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Problem I. The model approximation by splitting method.

Step 1. We consider the system:

.

T: + (U,Grad)T — Div(ar - Grad T) = fr in D X (tj_1,t;),

T'=T;_1 fort=t;_1 in D,

_(_ orT —(_

Un T —vro +r(T = Ta) = Qr + Uy dr on I's x (tj1,t;),
oT

< M = 0 on Fw,c X (tj_l,tj),
—(_ orT _(_
Uy(,, )T—I— — = Uy(,, )dT + Q71 on 'y op X (tj_l,tj),
ONT
oT
E =0on 'y X (tj_l,tj),

| T =T on D X (tj_l,tj).
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itep 2. T

St + (U,Grad)S — Div(as - Grad S) = fs in D x (t;_1,t;),

S=S5j_1att=1t;_1in D,

—(_ 0S _
Ui)s — vs o +75(S — 5a) = Qs + U4 dg on Tg x (t_1,1;),

0S
< m = 0 on Fw,c X (tj—latj)a
_ oS _(_
Ufl )S+ — = Ué )ds + Qs on I'yop X (tj—1,t5),
ONg
oS
m —0on 'y X (tj_l,tj),

L S;=Son DX (tj—1,t;).
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Step 3.

z

R e ! S
u'/ —g-grad§ = g - gradGG — —grad Pa—|—g/p1(T,S

0 PO
0

in D X (tj_l,tj),

H

& — div /@ﬁ”@ = f3in Q x (t;_1,t;),

u® =

1):u

(1)

0
—1> £ €j—1 at t—tj 1,

( @u(l)dz -0+ Bomop/ gHE = Mmop\/gHds on 0 x (tj—1,t5),
ﬂ

(tj) in D
4 O . _
< fi(a) O

(2) —u§ ) npu t =t;_1 in D,
g§2) = Q(Q)(tj) in D,
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Step 3. (continued)

(! 4 (U, Grad)u® — Div(a, - Grad )u® + (A;)2u® = 01in D x (t;_1,t;),
g(g) = Q(Q) at t =t;_1 in D,
_ Ou(3) o (a)
U5 ) u® — vy =" — kgz—(Agu®) = =— A,u® = 0 on T'g x (tj—1,t5),
0z 0z 00
3 ou®) o
| U7 =0 MA’“E(B)> Ty = 0, At = 0 on T e X (tj-1,t5),
Ly~ oUu®)  _ o o
Ur(b )(U(B) -N) + ON.. - N + (m/‘kﬁ(g)) - N = Uy(b )d, Apu®) = Oon Dw,op X (tj—1,t,
(s oU 3 o
Uy (U - 7) + N, * Tw (mz‘lku(g)> T =0, Apu® =0 on Tw,op X (tj—1,t5),
ouB) ()
8_]V = o on 'y X (tj_l,tj),
where

.

u® = W® @), 7@ = (7fo) 7o)y
UG = (uB® wB (@B v®)Y)), TG = 3)0),

r(b) = (Ta(;b),Tng)).
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-

Splitting methods (G.I. Marchuk) are used to approximate subproblems on Steps 1-3
(Diansky N.A., Gusev A.V.)

Step 1:

(T1)t + L1T1 = F1, te(tj—1,t4),

Thn=T;_1 at t=1;_1

(T2)t + LoTo = Fo + BQr, te (tj—1,t5),

Ta(tj—1) = T1(t5).

Tg(tj) = Tj =T at t= ty.
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3. Inverse problem

Let us assume, that the unique function which is obtained by observation data
processing is the function T,;s on subdomain Qéj) of Qatt e (tj—1,t5),7=12,...,J.

Let by phisical meaning the function 1,5 = 7Y is an approximation to STT data on

obs
Qéj), i.e to T . We permit that the function To(gz is known only on the part of

z=0
Q x (0,1), i.e. Q(()J) at t € (t;—1,t;) and we define a support of this function as m(gj).

Beyond of this area we suppose function T(ng is trivial.

Let the function of ocean surface heat flux () is an ”additional unknown function” on
{Q(()j)} (assuming that @ is known on {Q\Qéj)}) and we state the following inverse
problem: find the solution ¢ of the Problem 1 and function @), such that,

m$ (T - 1Y) = 0.

To study this inverse problem theoretically we apply general methodology for solving

data assimilation problems (Agoshkov V., 2003) and classical results of the inverse
problem theory (A.N. Tikhonov, M.M. Lavrentiev, V.K. Ivanov, V.V. Vasin, V.G.
Romanov, Yu.E. Anikonov, S.I. Kabanikhin).
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SST data assimilation problem

We consider the cost-function in the form:

= Jo(Q, 9) / / a|Q — QO 12dQdt + Jo(¢) = Z Joj

0 Qg (1)

. t

JO(¢> - 5/ / CVlfIv Tobs|2det
0 Qp(t)
tj tj
Jaj :% / / a|Q—Q(O)|2det+% / / mINT — T [2a0at
tj—1 Q(()j) tj—1 Q(()J)

Here a = a(), 0,t) is a regularization function( is it possible, that a(\,6,t) =const> 0)
and it may be a dimensional quantity; Q(?) = Q(9) (), 6,t) is a given function.

We can formulate the data assimilation problem : find the solution ¢ of the Problem 1
and function @, such that, the functional J, s minimal on the set of the solutions.

o |

INRIA. Second Annual Meeting. ADAMS-2009. 27-30 November 2009 — p. 11/20



The optimality system obtained consist of successive solving the variational assimilation
F)roblem on intervals t € (t;-1,t;), 5 =1,2,...,J (Agoshkov V.I., 2006). The method —‘

can be discribed as follows:

STEP 1. We solve system of equations, which arise from minimization of the

functional J, on the set of the solution of the equations. This system consists of

equations for 17, T, Q and system of adjoint equations:

(T3)e + LTy = B*m{(T = 7)) in D x (to, t1),

obs

Ty =0 for t=t,

(Tl’k)t+L>{T1>k =0 in D X (to,t1),
Ty =T5(to) for t=11

a(Q—-QN4+T5 =0 on Qél) X (to,t1).
Functions T2, Q(t1) are accepted as approximations to functions T', Q) of the full solution

for the Problem I at ¢ > t1, and T2(t1) = T'(¢1) is taken as an initial condition to solve

the problem on the interval (¢1,t2).
STEP 2. Solve problem for S

St + (U, Grad)S — Div(ag - Grad S) = fg in D X (to,t1)
with corresponding boundary and initial conditions. After that the function S is accepted

as an approximate solution, and the function S(t¢1) is taken as an initial condition for the
problem for the interval (¢1,%2).
TEP 3. Solve equations of the velocity module.
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Iteration process

-

Given Q%) one solve all subproblems from step 1, adjoint problem for this step and

define new correction Q(k+1)
QY = QM — 4P (@™ — Q) +T5) on QF x (t;j_1,t)).

Parameters {7} can be calculated at a = +0, by the property of dense solvability, as:

tj

[ (T—T(j))2’ _ dadt

obs

Gy _ 197 tey)
T T t
J oS @)2| _ dod
tj—1 (@) o=0
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5. Numerical experiments

The object of simulation is the World Ocean. We can describe the
parameters of the area studied and its geographical coordinates are:
the grid 360x337x40 (latitudexlongitudexdepth); the first mesh point
is the point with coordinates 22.5 E and 78.25 S. The grid steps
with respect to x and y are constant and equal 1.0 and 0.5 degrees,
respectively. The time step is equal to At = 1 hour.

The data of SST, which was obtained from Geophysical Center of
RAS, were used for the construction of the function 7T,;;.

The mean flux for January Q(9) was taken from the database of NCEP
(National Centers for Environmental Prediction).

The observation data assimilation module to assimilate T,,, was
included into the thermohydrodynamics model of the World Ocean.
The longest time period taken in experiments was 3 months (start

from January 2004).
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Observation data mask by some period

0 60E 120E 180 - 120w 60w 0

GrADS: COLA/IGES 2008-12-17-12:30 GrADS: COLA/IGES 2008-12-17-12:20

GrADS: COLA/IGES 2008-12-22-13:07 GrADS: COLA/IGES 2008-12-22-12:56

(C) 15 days (d) 1 month
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SST after 1 month of simulations (start from 1 of January)

GrADS: COLA/IGES 2009-03-04-14:32 GrADS: COLA/IGES 2009-03-04-14:36

(a) The observation data (b) SST obtaned without assimilation

GrADS: COLA/IGES 2009-03-04-14:38

‘ (C) SST calculated with assimilation \

a=10"6
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Difference on SST. Time period of assimilation is 1 month

0 0
GrADS: COLA/IGES 2008-12-20-18:19 GrADS: COLA/IGES 2008-12-20-18:19

GrADS: COLA/IGES 2008-12-23-14:52 GrADS: COLA/IGES 2008-12-23-14:43

(C) Tassim - Tmodel- (d) Tassim - Tobs-
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Difference on SST. Time period of assimilation is 3 months

GrADS: COLA/IGES 2008-12-25-18:52 GrADS: COLA/IGES 2008-12-25-18:53
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Conclusion

The inverse and corresponding variational data assimilation problems of finding
the flux on the World Ocean and SST using the observation of on-line SST data

were formulated and studied.

The numerical experiments confirm the theoretical results and advisability of

using the assimilation procedure in 3D ocean and sea circulation model.

Algorithms of the numerical solution of problems can be applied also to the

corresponding problems in the dynamics of ocean and seas.
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