
� ������� � � �
	�
� ����������������� ����� ������!"
�

#%$'&)(+*,*-(/.10324$
576�8:9<;>=�?4@<@BA

C DFEHG3I�J"K�JMLNEPOQI-R

SFTVU"WYX[Z\^]�_[`a`cbd\"W^egfV`cbhZifkjl\nmaWpoc\qWYU"mc`cbd_V`4rMs
Sut:bhvdvhbwfVZ�xpfVyzj{fVbh`|s
SF]�fVWY}q~�_[`c_[WYf�j>s
S���jYbd\n`a`c\q~�mc_�j>s
S:��yYfV�<\nvdvh\H~�\"WYvhbd`|s
S��BWYfV`c�n_Vbdyz���Hf>�+bd\"W�� \q�%bdZ\"jn�
� ��G,��G,����� ������G
� ����WYU"yY\"`�jlf�jlbh_[`Noc\ny �BfVWzjlbh}nbd�cfV`¡jly
¢ � £�yYyYbhZ1bhvwf�jYbd_[`1oc\qoc_[`c`aUn\ny��<_[mcW�vd\"y�}nW¤mc\ny�Un}"vwfVbhWYy^e¥t:bhvdvhbwfVZ�xpfVyzj{fVbh`4r
¦ � £�yYyYbhZ1bhvwf�jYbd_[`1oc\qoc_[`c`aUn\ny�vwf�§[WlfV`a§[bd\"`c`c\ny��¨_[maW�v�©«ª�¬+ocWYfVmcvhbd�mc\¯®Bma�+bdfVvd\eg]°fVWY}^~�_[`c_[WYf�j±r
² ��³�fV�c�<\nv|y¤mcW vd\"y�Z1UMjlªc_+oc\ny�oa\qjYWlfVb´jl\"Z1\"`�jpo|©µbhZif�§[\¯�<_[mcW�_[�ajY\n`cbhWpoc\"y jYWlf·¶¤\"}"jY_[bdW¤\nyPeg��jlbh\n`c`a\

~�mc_Vj±r
¸ ���%_V`c`cUn\"y�o7¬7`cfVZ1bh�mc\ny �<_[mcW�v�©«ª¡¬+ocWlfVmavdbd�mc\¯®cma�+bwfVvh\
¹ ���%_V`c`cUn\"y�_+}nUnfV`c_[§VWlfV�cªabd�mc\nyqºB\±»a�<UnW¤bdZ\n`¡j{fkjlbd_V`�\n`NvwfV�<_[Wlfkjl_[bhWY\
¼ � £�yYyYbhZ1bhvwf�jYbd_[`½oa\�oc_[`c`aUn\nyivwfV§[WYfV`c§[bh\n`c`a\ny�¨_[maWiv�©«ª¡¬+ocWlfVmavdbd�mc\N®Bma�+bwf�vd\¾º�fV�a�cvdbh}>f�jYbd_[`�fVm7»

oc_V`c`cUn\"y�bhyYy¤mc\ny ocm�jlWYfVbhjY\nZ\n`¡j o|©«bdZ1fV§[\V�
¿ À/�ÁLÂ�PJ"OÃIÄR���GÄÅ"� RÄ���PO�O�Æ�� R
Ç È¤É ÊÌË¨Í ÎÐÏ%ÑÐÒ�ÓcÎ�Ô¯Õ�Öz×

� ��Ø�_[mcy�oabdyY�<_[y¤_[`cypf�}"jlma\nvdvh\nZ\n`¡jÙo|©µma`P¶¤\nm�oc\�oc_[`c`aUn\ny�y¤bdZÚmavdUn\"yÙ§VWlÛV}"\¯fVm�Z_+ocÜnvh\�oa\¯}nbhWY}nmavwfk�
jYbd_[`�ÝH�¨£Þ}n_[ma�cvdU^fVmNZ1_+ocÜ"vd\H�cbh_[vd_[§Vbd�mc\H�-ÝHß�à7á �Ð³q��x�\"y�oa_[`c`cU"\ny%`a_[mcy�_[`¡j�UMjlUqâ¥_[mcW¤`cbd\"y

�



�Bf�W�]°fVWYbh`BfÃ� U"��¬�ocm��3ÝH��ã^x%�4��v|y"©äf�§[bhj oc\qy¤Un�mc\n`a}n\ny%o|©µbhZif�§[\ny�oc\HjY\nZ�¨U"Wlf�jYmcWY\�sc}n_[mavd\nmaW
oc\qvg©µ_+}nUnfV`�\"j�fVv´jlbdZU"jYWYbh\¯fVy¤yY_+}nbdU"\ny�fVmN}{ªBfVZ��oc\H�7b´jl\"yYyY\"y�}nfVvd}"mcvdUH�cfVW�vd\HZ_7oaÜnvd\��
x�\"y1oc_V`c`cUn\"yiyz¬7`¡jYªcU"jYbd�mc\nyi�cWYU"yY\n`¡jY\n`¡j�v�©«bd`¡jYUnWYÜMjÃo|©µf'�V_[bdWÃUMjlUN}>fVvhbd�cW¤Un\nyf>�[\"}°oc\"yioc_V`c`cUn\"y
W¤Un\nvhvd\"y�WYUnfVvdbhyYU"\ny�vh_[WYyÙoc\¯vdf�}>fVZ�BfV§V`c\¯�åÝq]�]°�æ_[WY§¡f�`cbdy¤Un\%�cfVW�vh\¯�-ÝH�pãqx%�BØ�_Vmcyp�<_[ma�[_V`cy
oc_V`c}PoabdyY�<_[y¤\nW oc\ny�oc_[`c`aUn\ny�WYU"\nvdvh\ny }n_VWYWY\"yY�<_[`coBf�`�jY\nyPºBbdZ1fV§[\ny yYf�jl\"vdvdb´j{fVbhWY\"y�\"j�jlWYf·¶¤\n}Mjl_[bhWY\"y
oc\q�<_[mcU"\nyn�

¢ ���3fVW�fVbhvdvd\"mcWYyÙ�BWlfV`a�n_[bhyz�ç�¯f>�7bh\nW���\¯�%bdZ\"j��cWY_[�<_[y¤\¯o|©«majlbhvdbdy¤\nWÙvwfPè3é¥êBë|ì�íïîPð4ñkò)ð<é)ògó�ocm����ÙôH�
\"y¤jpma`�ocbdy¤�¨_VyYbhjYbhâ�\M»7�¨U"WYbhZ1\"`�jlfVv4�¨\"WYZ\"j¤j{fV`¡jpoa\%WY\"�cWY_+ocmcbhWY\�vd\"y�Un}"_[mcvh\nZ\n`¡jlyÙ_7}"U>fV`cbh�mc\nyÙ_[m
f�jYZ1_VyY�cªcU"WYbh+ma\nyn�¨��v3y"©äf�§[bhj�o|©«mc`Â�BfVy¤yYbd`°}"¬+vdbh`cocWYbh�mc\�oc\ �'¦ Zõoc\�oabwfVZÜ"jYWY\^\"jHoc\ � s ¢ Zöoc\
ªBf�majl\"mcWn�4�%\"y�}"ma�[\"y%f�`c`c\M»7\"y�oc\q§[WYfV`coc\"y }>fV�Bf�}nbhjYUny �<\nWYZ\"j¤jl\"`�j oa\^W¤U>fVvhbdy¤\nW�oc\"y�yzjlWYf�jlb´÷B}>fk�
jYbd_[`cy ZÚmavhjlbø��}"_[mc}{ªc\"y�_[m�}n_[`¡jYbd`�mc\ny"s¨\"`°ZUnvdfV`c§[\nfV`¡j�yYfVmcZÚmaWY\�\Mj%\nfVm��cmaWY\^�BfVW�mc`c\��<_[Z�¨\
�V_[vdmcZU"jYWYbh+ma\�aWY_[§[WYfVZZifV�avd\V�|��\Z1f�jlU"WYbd\"v�oc\iZ\ny¤mcWY\}n_VZ1�<_[W¤jY\Vs�\n`/�BfVWzjlbd}"mcvdbh\nW"s��[U"vd_+}nb´�
ZÜ"jYWY\nyÃmcv´jlWYfk��y¤_[`cyns��aWY_V÷Bvh\nmcW¤yÃ\"j1yYmcb´�[\nmaWYyo|©µbh`¡jl\nWzâ)fV}n\�ùïmcvhjYWlfk�çyY_[`cy"s,�+bdy¤mBfVvdbhylf�jYbd_[`ú�+bhocUn_cs
jYWlf·¶¤\"}"jl_V§[WlfV�aªcbd\�sajlWYfVbhjY\nZ\n`¡j�o|©«bdZ1fV§[\�sa�[U"vd_+}nbdZU"jYWYbh\%�BfVW�}"_[WYW¤Unvdf�jlbh_[`�o|©«bdZ1fV§[\ny^e)���çûqrM�
ü `c\H\M»7�<UnWYbhZ1\"`¡j{f�jYbd_[`�y¤mcW�}n\MjYjY\H�cvwf�jY\"â¥_[W¤Z1\�oc\"�+WYfVbhj��<\nW¤Z1\MjYjYWY\¯oc\¯jY\nyzjl\nW `c_Vy�fVvd§V_[WYb´jlªcZ\ny
y¤mcW1oa\nyioa_[`c`cU"\nyiW¤Un\"vdvd\"yÃ�BfVW¤â)f�bhjl\"Z1\"`¡jÃZif�ýhjlW¤bdyYU"\ny"���BWlfV`c�"_[bdyþ�ç�¯f'�+bh\nWÃ� \°��bdZ\"joc_[b´jQ�[_[bhW
f>�[\"}Pvh\ny�W¤\nyY�<_[`cyYfV�cvh\ny�oc\q}n\q�cWY_·¶¤\"j>�

Ç Èçÿ ������ÓaÎ����þÖ
	��%×������ÖþÎ��þ×
� \nyHoc_V`c`cUn\"yHbdZ1fV§[\^\n`ïª¡¬+ocWlfVmavdbd�mc\P®Bma�+bwfVvh\��<\nma�V\n`¡j^�cWY_'�V\n`cbhW¯oc\Qylfkjl\nvhvdb´jl\ny^º�WYfVoBfVWQe)ocUMjl\n}Mjlbh_[`
ocb��1}"bdvh\'r,_[m_[�ajYbd�mc\ny%e)�<\nWzjlmcW¤�¨U"yÙ�cfVWÐvwfH}n_[ma}{ªc\%`�mBfV§V\nmcy¤\'rMs+o|©µf>�7bh_[`cyå_[moc\�oaWY_[`c\"yåjYUnvhUn}n_VZ1Z1fV`7�
ocU"yns4oc\q}>fVZUnWYfVyp�+bdocU"_Ã�¨_[y¤bhjYbd_[`c`aUn\ny�_VW¤jlªa_[§[_[`Bf�vd\nZ\n`¡j ùÃvwfÚy¤mcW¤â)f�}n\qoc\qv�©«\>fVm��
�,f�WYZb|vd\"y��aªcUn`c_VZ1Ü"`c\ny �m|©«bdv yY\"ZÚ�cvh\HbdZ�¨_[Wzj{fV`¡j�o�©µ_[�ayY\nWz�[\"W�_[`�f�º

� �������������Ão�©µbh`c_[`coBfkjlbd_V`½º _[`ï}{ªc\nW¤}{ªc\�fVvh_[WYy¯ù�bhoc\n`¡jYbh÷B\"WHoc\ny����! #"%$'&(�)��*+��$'�1oc\Ã}n_[W¤WY\ny¤�¨_V`coBfV`c}"\
\"`�jYWY\^vd\HvhbhjpªcfV�cbhjYmc\nv oa\^vdfQWYbh�+bhÜnWY\%\"j�vwfQ�<_[yYb´jlbd_V`�}n_[mcWYfV`¡jl\qocm�â¥WY_[`¡jn�<ÝH`NyY\q�cvdfV}n\HocfV`cy�mc`
}"_[`¡jl\M»+jY\-,/.1032546�879*+���! :�<;>=? A@:�! :�B@:*� :�DC�EBFG$(�<*� :�B�

¢ � á-Wlf·¶¤\"}"jY_[bdW¤\ny-oc\ÙjYWlfV}"\nmcW¤y,oc\ÙZ1_[m7�[\nZ\n`¡jYy�e)}"_[ZZ1\Ðvd\Ð}"\n`¡jlW¤\po|©«mc`�jl_VmcWY�cbhvdvh_[`H�BfVW-\M»7\nZ�cvh\'rM�
Ý¯`úy¤\��cvwf�}n\�f�vd_[W¤yPoBf�`cyÚmc`ú}"_[`¡jl\±»7jY\�vwfV§VWlfV`c§Vbd\n`¾\"j�_[` jY\n`¡jl\�o�©µ\"y¤jlbhZ1\"W�oc\"y�jlWYf·¶¤\n}Mjl_[bhWY\"y
e¥Z1UMjlªc_+oc\ny oc\qy¤mcbh�+b rå_[m�oa\ny��+bhjl\"yYy¤\ny�e)}{ªBfVZ�Noc\n`cy¤\'r±�

ü `a\%\M»7�<UnW¤bdZ\n`¡j{f�jYbd_[`f>�[\"}¯mc`c\�}>fVZUnWYfq�+bhocUn_P�cvwfV}"Un\�fVmioa\nyYy¤mcypocm®B\nm7�[\¯oc\M�+WlfVb´j��<\nW¤Z1\MjYjlW¤\ oc\
jl\"y¤jY\nW vd\"y�oabIH¨UnWY\"`¡jl\ny�fV�a�cWY_+}{ªc\ny�ocm�jlWYfVbhjY\nZ\n`¡j�o|©«bdZ1fV§[\��

¢



 

fleuve 

 

J1K+L�M � S�]�bhyY\q\n`N}n_VWYWY\"yY�<_[`coBf�`c}n\^o|©«mc`�vhbhj�oa\^W¤bh�+bdÜ"WY\Hf>�V\n}^mc`Nâ¥W¤_[`¡j�o|©µbh`c_[`cocf�jlbh_[`|�
N OQPi��G�E^��Å"J8R���TS°�VU1JnEqÅM�

� \nypZ_+ocÜnvh\ny�oa\%}nbhWY}"mcvwf�jYbd_[`ª¡¬+ocWY_+oa¬+`BfVZbd�mc\¯y¤_[`¡j��BfVy¤Un\"y�yYmcWpvh\nyÙUn�mBf�jYbd_[`cy�oc\HØ%f>�+bd\"Wz�þà+jl_XW�\ny¯º










du
dt

= −1
ρ∇p+ ν∆u e)Un�mBfkjlbd_V`Noam�Z_[ma�V\nZ\n`¡j±r

div u = 0. e)U"+mcf�jlbh_[`�oc\q}n_[`¡jlbh`�mcbhjYU'r
e � r

��`Ì\>fVmÌ�<\nmæ�cWY_Vâ¥_V`coc\�_[`½�<\nmajÃâ)fVbhWY\1v�©«ª�¬+�<_VjlªaÜnyY\�oc\Y�'Z[ :F+FG��\^])\� :�)$(�±s3�mcb�oc_V`c`c\�vd\"yQUn�mBf�jYbd_[`ay
oc\^àaf�bd`¡j¤��ûÐ\n`BfV`¡jnscWlfV�a�¨\"vd_[`cy��mc\q�<_[mcWp}"\nvdfÃ_V`N}"_[`cy¤bdocÜ"WY\Hmc`c\q}"_[mc}{ªc\qZbd`c}"\¯o|©«mc`N®cmcbdoc\Hbh`c}n_VZÃ�
�cW¤\nyYy¤bd�cvh\Úoc\ÚZ1fVy¤yY\��V_[vdmcZbd�mc\Pmc`cb´â¥_[WYZ\ ρ0 _ _V`�`c_VjY\ h(x, y, t) vdf1ªBf�majl\"mcWHoc\ÚvdfiyYmcWzâ)fV}n\�vdbd�aWY\VsZ\nyYmaWYUn\��BfVW%WYfV�c�<_[W¤j%ù1ma`Â`cbh�V\>fVm�oa\�WYUMâ¥UnW¤\n`c}"\Ne)�BfVW�\M»7\nZ�cvh\Pvdf1ªBfVm7jl\nmaW¯ocm°®Bmabdoc\�fVm�WY\"�¨_Vy{rM�
�4fVbdW¤\¯v�©«ª¡¬+�¨_VjYªcÜny¤\��'Z[ :F+FG��\^])\� :�)$(�^WY\"�+bh\n`¡j�ù}{ªc\"WY}{ªc\"W�vg©µU"}n_[mavd\nZ\n`¡j �cbhocbdZ\n`ayYbd_V`c`c\nv�`þU"+mabh��fVvd\"`¡j#a
fVm�Z_7ocÜ"vd\¯jYWYbdoabdZ\n`cy¤bd_[`c`a\nv�s�\"`�bh`�jYUn§[WYfV`¡j�yYmcW v�©µfk»7\¯�[\"W¤jYbd}>f�v�scvh\ny�Un�mBfkjlbd_V`cyPe � r±�
£%bh`cyYb y¤b�_[`°`c_�jl\ uh =

(

u
v

) vwfÃ}n_[Z�<_[ylfV`¡jY\^ªa_[WYbIbn_[`¡j{f�vd\HocmN�[\n}Mjl\"mcW��+bhjY\ny¤yY\Vs ∇ =

(

∂/∂x
∂/∂y

)

vd\%§[WlfVoabd\n`¡j�ªa_[WYbIbn_[`¡j{f�v�s+\"j H(x, y, t) vwfP�cWY_Vâ¥_V`coc\nmaW�ocm�®Bmcbdoa\HyY_[mcy�vh\¯`cb´�[\>f�mNoa\^W¤U"â¥U"WY\n`a}n\Vs4f�vd_[W¤yv�©«bd`¡jYUn§[WYf�jlbh_[`i�[\"W¤jYbd}>f�vd\Hoc\qv�©«Un�mBfkjlbd_V` div u = 0 e)U"+mcf�jlbh_[`�oc\q}n_[`¡jlbh`�mcbhjYU'r�yn©«Un}"WYb´jPº
∫ h(x,y,t)

−H(x,y,t)

(

∇.uh +
∂w

∂z

)

dz = 0. e ¢ r
��`�m7jlbdvhbdyYfV`¡j�vd\"y�}n_[`coabhjlbh_[`cy�f�m7»�vdbhZ1b´jl\"y�}nbh`cUnZ1f�jYbd�mc\nyHº

w(x, y, h(x, y, t), t) = dh
dt

(x, y, t) \"j w(x, y,−H(x, y, t), t) = −dH
dt

(x, y, t) = −∇H.uh
s

_[`�_[�ajYbd\"`�j�vdfÚ`c_[ma�V\nvdvh\HUn�mBf�jYbd_[`¾º
∂h

∂t
+ ∇.[(h +H)u] = 0, e ¦ r

¦



_Xc u \nyzj�vwfÚ�+bhjl\"yYy¤\^ªa_[WYbIbn_[`¡j{f�vd\HZ_·¬V\n`c`aUn\^yYmcW vwf��V\nWzjlbd}nfVvd\Qº u = 1
h +H

∫ h

−H

uhdz �
��©µª¡¬+�<_VjlªcÜ"yY\^ª¡¬7oaWY_[yzj{f�jYbd�mc\º

∂p

∂z
= −ρg e ² r

\"j,vd\åâ)fVbhj3�mc\pvwf�Zif�yYyY\å�[_[vhmcZbd�mc\åyY_[b´j�mc`cb´â¥_[WYZ\Ðoc_[`c`a\ ∇p = ρ0g∇h+∇p0
_Xc p0

\ny¤j�vwf��aWY\ny¤yYbh_[`
oc\Qy¤mcW¤â)fV}"\V� ∇p0

U"j{f�`�jq`aUn§[vhbd§[\nfV�cvd\Poc\"��fV`¡j ρ0g∇h s�_[`Â�¨\"maj^oc_[`c}Úâ)f�bdWY\�ocbdy¤�BfVWlfkýdjlW¤\�vdf��cWY\"yYyYbh_[`oc\qv�©«Un�mBfkjlbd_V`�ocm�Z_[ma�V\nZ\n`¡j�oc\1e � r�\"`�W¤\nZ�cvwf��>fV`¡j ∇p �cfVW ρ0g∇h sc_[`�_[�ajYbd\n`¡j oc_V`c}Ãº
du

dt
= g∇h+ µ∆u. e ¸ r

��`°W¤UnUn}"WYb´�Vf�`�j%}n\MjYjl\PUn�mBf�jYbd_[`NoBfV`ay%vd\qW¤\n�<ÜnWY\^jl\"WYWY\"y¤jYWY\Vs<�mcb-\ny¤j%mc`°W¤\n�<ÜnW¤\Pjl_VmcWY`Bf�`�jns4\n`°W¤\nZ1fVWz�
�mBfV`¡j1+ma\°vwf�â¥_[W¤}n\N}n\"`�jYWYbh�¨ÜMjl\NyY\NWYUnoamcbhj\ny¤yY\"`�jYbd\"vdvd\"Z1\"`¡j�ùïvwf�â¥_[W¤}n\N§[Wlf>�+bhjlf�jlbh_[`c`c\"vdvd\ g \Mj\n`
}n_V`cyYbhocUnWYfV`¡j¯�mc\��<_[mcW�vd\"y�U"}{ªc\nvhvd\ny��mcb3`a_[mcy%bh`¡jl\nW¤\ny¤yY\n`¡jqvdfÃ�+bhjY\ny¤yY\QfV`a§[mcvwf�bdWY\Hoa\�vwfÃá-\nWYW¤\ Ω \nyzj
}n_V`cy¤jlfV`¡jl\Vs4_[`�_[�7jlbd\"`¡jqº

du

dt
= −2|Ω|u sin θ − g − g∇h+ ν∆u, e ¹ r

_Xc θ }n_[W¤WY\"yY�<_[`co�ùvdfÚvwf�jYbhjlmaoc\V�a�Ð©«bd`¡jYUn§[WYf�jlbh_[`�yYmcW vdf��[\nWzjlbh}>fVvh\^�<\nW¤Z1\Mj oc\qocUnoamcbdW¤\º
du

dt
− 2fv + g

∂h

∂x
− ν∆u = 0 e ¼ r

\"j
dv

dt
− 2fu+ g

∂h

∂y
− ν∆v = 0. eed¡r

_Xc�_[`�fQ�¨_[y¤U f = 2|Ω| sin θ s4fV�c�<\nvhUH�BfVWlf�Z1ÜMjlWY\Hoa\�x�_VWYbd_Vvdbdy"�� \iyz¬7yzjlÜ"Z1\�}"_[Z�¨_[y¤Uioc\"yÚUn�mBfkjlbd_V`cy�e ¦ rMsde ¼ rH\"j�eed¡r¯â¥_[W¤Z1\vd\"ygf+ë|ì�ê[h·ò¥ðji-ólk�ínm�êBò�ijh9o#pPíBi�ê�ijh¡s
_[mæUn�mBf�jYbd_[`ay\"`�\nfVmæ�¨\"m��cW¤_Vâ¥_[`coa\Vs�_[mæUn�mBf�jYbd_[`ayq�'Z[ :F+FG��\^])\� :�)$(�±���¯f�`cy1vh\�}>fVyo|©«Un}"_[mcvd\"Z1\"`¡j
®Bma�+bdfVm7»¨sB_[`��¨\"maj�`cUn§Vvdbd§V\nWpvg©µ\(H�\Mj oc\Pvdf�â¥_[WY}"\qoc\Px�_[WYbh_[vdbhyns+\"j�_[`�_[�ajYbd\n`¡j vh\Hy¤¬+y¤jYÜnZ\1º







































du
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dv
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o|©«U"jlf�j^e)ªcfVmajl\"mcWp\Mjp�+bhjl\"yYy¤\'rÙ`c\%yY_[`¡j �BfVy�_[�cyY\"W¤��fV�cvh\nypoabdWY\"}"jY\nZ\n`¡j>�a��\"ypZU"jlªa_7oc\"ypoc\%jYWlfVb´jl\"Z1\"`�j

²



o|©«bdZ1fV§[\Ðoc\Ðj�¬+�¨\ÙyYmcb´�7b�oc\Ùy¤jYWYmc}MjlmcW¤\ny�ocUMâ¥_[WYZ1fV�cvh\ny�_[mP\ny¤jYbdZ1f�jlbh_[`qoc\å}{ªBfVZ�Úoc\åZ1_[m7�[\nZ\n`¡j3oc\n`ayY\
�<\nWYZ\"j¤jl\"`�j�yY_[b´jåo|©µ\"y¤jYbdZ\nWåvwf^jYWlf·¶¤\"}"jY_[bdW¤\�oc\ jlWYfV}n\"mcWYy�}>fVWYfV}"jYUnWYbhy¤jYbd�mc\nyåocm�Z_[ma�V\nZ\n`¡jpy¤_[bhjåo|©«\nyþ�
jlbhZ1\"W�ocbhWY\"}"jl\"Z1\"`¡j�oc\ny�}{ªcfVZ1�ay�oc\¯�+bhjl\"yYy¤\V�BØ�U>fV`cZ_[bh`cyns7}n\HZ_7ocÜ"vd\�o|©µU"}n_[mavd\nZ\n`¡j�`a\HWY\"®cÜ"jl\q�Bf�y
vd\HZ_[ma�V\nZ\n`¡j�vd_+}>fVvh\Vs7yY\nmavd\ny vh\ny�bd`7â¥_[WYZ1f�jlbh_[`cyÙ§[vd_[�cfVvd\"ypyY_[`¡j�oc_[`a}^bh`¡jl\nW¤\ny¤ylfV`¡jl\"y¯ùQ_[�cy¤\nWz�[\nW"�
� \ny oc_[`a`cUn\"y�`cU"}n\"yYylf�bdWY\"y%ùÃv�©µfVy¤yYbdZbdvdf�jlbh_[`Ãoc\qoc_[`c`aUn\ny�yY_V`�jPº











d

dt
X(x0, t0; t) = u(X(x0, t0; t), t)

X(x0, t0; t0) = x0

e �As r

_Xc X }n_[W¤WY\ny¤�¨_V`co°ùQvdfÃ�<_[y¤bhjlbh_[`�vdfV§[Wlf�`c§[bd\"`c`c\¯\Mj x vwfÚ�<_[y¤bhjlbh_[`�\nmavdUnW¤bd\"`c`c\V�

x0 ,t0 
X(x0 ,t0 ;t) 

 

J1K+L�M ¢ S�Ý¯�cy¤\nW¤��f�jYbd_[`N��mcvhUnWYbh\n`c`a\H_[m°��fV§VWlfV`c§Vbd\n`a`c\V�
�¯fV`ayQvd\�}nfVocWY\�oa\�v�©µfVyYy¤bdZbdvwfkjlbd_V`|s|_[`ú��fÂ}{ªc\nW¤}{ªc\nWùÂZbd`cbhZ1bhyY\nWqmc`a\�â¥_[`c}"jYbd_[`a`c\nvhvd\ioa\�}n_XtajÚ+mab
ocU"�¨\"`co°oc\qvdf��Vf�WYbwf��cvd\¯_V�cyY\"W¤�[U"\Vs<_[`��¨\"maj��cWY_V�¨_[y¤\nWqº

J1 =

∫ T

0

||X(x0, t0; t) −Xobs(t)||2dt, e �[� r
_[m

J2 =

∫ T

0

||u(x, t) − uobs(Xobs(t), t)||2dt, e �·¢ r
��v<\ny¤jpbd`¡jlU"WY\ny¤ylfV`¡j�oa\%}n_V`cy¤jlf�jl\"W�fVvd_VWYyÐ�mc\¯vwfq�+bhjl\"yYy¤\¯\nyzjlbdZUn\��BfVWåvd\"ypfV�c�aWY_+}{ªc\nyp}{ªcfVZ1�ioc\n`cy¤\¯\nyzj
Un§[fVvd\"Z1\"`�j-\±»a�aWYbdZUn\ÐoBf�`cy3ma`�}n_V`�jY\M»+jl\ÙvwfV§VWlfV`c§Vbd\n`��n��v�`|©«\ny¤j3oc_[`a}Ù`�mcvhvd\nZ\n`¡j�`cU"}n\"yYylf�bdWY\Ùo|©«bd`¡jlU"§[WY\"W
vd\�}{ªcfVZ1�oc\��+bhjY\nyYy¤\��<_[mcW�_V�ajl\"`cbdW�oc\"yåjYWlf·¶¤\"}"jY_[bdW¤\nyns¡vg©äf�yYyYbhZ1bhvwf�jYbd_[`^oc\ vwf%�+b´jl\ny¤yY\�vwfV§VWlfV`c§Vbd\n`a`c\p\nyzj
�<_[yYy¤bd�cvh\^\"`�Zbd`abdZbdylf�`�j J2

� ü `a\P�cW¤\nZbdÜ"WY\HbdoaUn\^oBfV`cy vd\q}nfVy�oa\Pvg©µmajYbdvhbdylfkjlbd_V`ioc\qZU"jlªa_7oc\qo|©«\nyzjlbø�
Z1f�jlbh_[`�oc\"`cyY\qoc\Hvdf��7b´jl\"yYyY\qy¤\nWlf�bhj�o|©«majYbdvdbhyY\"W�}n_VZ1Z\¯}n_V`�jYWlfVbh`¡jl\Hoc\HW¤Un§[mcvdfVWYb´jlU�v�©«Un�mBf�jYbd_[`�o|©«U"jlf�j>�
]°fVbhyQbdvåâ)fVmcocWYfVbhjQ�aWY_[�<_[yY\"WÃmc`c\��[\"WYyYbh_[`Ì�Vf�vwfV�cvh\�ùÂvwf�y¤mcW¤â)f�}n\�oc\�v�©«Un}"_[mcvd\"Z1\"`¡j>� ü `c\�oc\nm7»7bhÜnZ\
bdoaUn\�\nyzjoc\��cWY_[�<_[y¤\nWÃmc`c\�ZU"jlªa_7oc\�o�©µ\"y¤jlbhZifkjlbd_V`ú�mcbpjl\"`�jY\nWYfVbhjÃo|©«_[�ajY\n`cbhWQ\n`æZvu"Z1\1jl\nZ�cyÃvd\

¸



Z_[ma�[\"Z1\"`¡j�§Vvd_[�Bf�v�\"j�vh\HZ1_[m7�[\nZ\n`¡j�vd_+}>f�v�s+\"j�`c_[`��BfVy \"`�oc\"m7»NU"jlfV�<\nyqºB§[vd_V�BfVv��amcbdy�vh_7}nfVv��
�¯fV`ayPvh\}nfVy^o|©µm7jlbdvhbdyYf�jlbh_[`�oc\Z1UMjlªc_+oc\Ão|©«\nyzjlbdZ1f�jYbd_[`Âoc\ÃjlWYf·¶¤\n}Mjl_[bhWY\Ã�BfVWqy¤mcbh�+bÐoc\y¤jlW¤mc}"jYmcWY\}>f·�
Wlf�}"jlU"WYbhy¤jlbh�mc\Vs�_[`1_[�ajlbh\n`¡jÙocbdW¤\n}"jY\nZ\n`¡jÙoc\nyåjlWlf'¶¤\n}"jY_[bdW¤\nyåoc\gw>*G�A$x$(�Y&'���<��$'�)y����{z| :��&'$��¨_[maWÙ�Bf�yYyY\"W
o|©«mc`c\�_7}"}nmcW¤\n`c}"\%oc\�vwfqy¤jYWYmc}MjlmcW¤\¯ùPma`c\%f�majlW¤\V����v¨y¤\nWYfPoc_[`a}��cW¤\"â¥U"WlfV�cvh\�o�©µmajYbdvhbdyY\"W�vwfHâ¥_[`c}Mjlbd_V`c`c\nvhvd\
J1
�+��©«mc`ioc\"yÙ�aWY_[�cvhÜnZ\ +mab<y¤\��<_[y¤\�oBf�`cyÙ}"\�§V\n`cW¤\�oc\�ZU"jlªa_7oc\ \"y¤jÙ}n\nvhmcbBvdbhU ù^vdf^oaU"÷B`cb´jlbh_[`Ão|©µma`c\

ZU"jlW¤bd�mc\�f�ocUn�mBf�jY\V� ü `c\}7(������$�ZU"jYWYbh+ma\poc_[b´j^u"jYWY\�vdbhUn\�ù¯v�©«Un�mBf�jYbd_[`Úo�©µUMj{f�jn� ü `c\�bhocUn\�yYbdZ�cvh\�\nyzj
oc\¯}"_[ZZ1\"`c}n\"W�ù�WY\"§¡fVW¤oc\nWpvh\nyÙZ1_[m7�[\nZ\n`¡jYy�vwfVZbd`Bf�bdWY\"y�oc\ny�U"}n_[mavd\nZ\n`¡jYyp�¨_�jl\n`¡jYbd\nvhyn� ü `c\H�<_[`c`a\
ZU"jlW¤bd�mc\Ã\nyzj��aWY_[�<_[W¤jYbd_[`a`c\nvhvd\Qù�vwf�~�\"yYy¤bd\n`a`c\iocm/Z1_Vma�[\"Z1\"`�j D2u e¥}V©«\ny¤j�mc`c\ZifkjlWYbh}n\QocUM÷B`cbh\
�<_[yYb´jlbh�V\Vscoa_[`c}q}>fVW¤}>fV}MjlU"WYbdyzjlbh+ma\^o�©µmc`a\q�+WYfVbd\HZU"jYWYbd�mc\>rM�B�-_[mcW mc`NUn}"_[mcvd\"Z1\"`¡j��<_VjY\n`¡jlbh\nv|_[`�f�º

{

div u = 0
curlu = 0

oc_[`a}^�mc\ u = ∇ψ }V©«\nyzj¤��ùk��ocbhWY\ −∆ψ = f

D2ψ ≡ div u,

o|©«_Xc
div u = 0. e �>¦ r

x�\¯�mcb¨\ny¤j�jY_[majpùPâ)fVbhjÙ`c_[W¤Zif�v<�amcbdy¤+m�©µbhv�yn©µfV§[b´j�o�©µmc`�®cmcbdoc\%bd`c}"_[Z1�aWY\ny¤yYbh�cvd\��+��v¨`c_[mcyÙâ)fVmajpZ1fVbh`�jY\M�
`BfV`¡j�_[�ajY\n`cbhW�oc\ny bhZifV§V\nyp}"\^j�¬+�<\^o�©µU"}n_[mcvh\nZ\n`¡j��¨_VmcWp�[U"WYbh÷c\nW }n\^WYU"yYmcv´j{f�jn�
�¯fV`ay%vd\^}>f�y%o|©«Un}"_[mcvd\"Z1\"`¡jly%`a_[`7���<_VjY\n`¡jlbh\nvdy"sBbdv \"y¤j¯`aUn}n\"yYyYfVbdW¤\Úo|©µf'�V_[bdW�v�©«\M»7�<\nWzjlbdy¤\Poa\�yY�<Un}"bwfVvhbdyzjl\ny
oc\qvwfÚZUn}nfV`cbh+ma\^oa\ny�®Bmcbhoc\ny �<_[mcW ocU"÷c`cbdW�vdfÚZ1UMjlWYbh�mc\V�

¹


