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Abstract

This paper is devoted to pricing American options using Monte Carlo
and Malliavin calculus. We introduce two variance reduction techniques,
the first one is based on conditioning and the second one relies on an ap-
propriate choice of the number of simulated paths in the computation of
the quotient of two expectations. We demonstrate our methods on two
types of models, the multidimensional exponential models with determin-
istic volatility and the Heston model. Since our techniques are well-suited
to parallel implementation, our numerical experiments are performed us-
ing multi-core CPU and many-core GPU environments.

Premia 17

Introduction and objectives

In this paper, we explore a Monte Carlo (MC) method based on Malliavin
calculus (MCM) for pricing American Options (AO). Unlike usual American
option algorithms as Longstaff-Schwartz (LS) [16] or Malliavin calculus tech-
niques based on localization, the method presented here does not need any
parametric regression and higher dimensional problems can be dealt with more
easily as the accuracy of results depends only on the number of simulated tra-
jectories.

Assuming that the asset S follows a Markovian model, American contracts
can be exercised at any trading date until maturity and their prices are given,
at each time ¢, by (see [11]) P;(S;) with

Py(z) = supger, , Era (e77O70D(Sp)) , (1)
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where T, r is the set of stopping times in the time interval [t,T], E;, is the
expectation associated to the risk neutral probability given that S; = x and r
and ®(S;) are respectively the instantaneous interest rate and the payoff of the
contract.

In order to evaluate numerically the price (1), we first need to approach
continuous stopping times in 7; 7 with discrete stopping times taking values in
the finite set t = tg < t; < ... < t, = T (Bermudan approximation). When
we do this approximation, pricing American options can be reduced to the
implementation of a discrete time dynamic programming algorithm (see [11]).

Like the LS algorithm [16], we implement the dynamic programming principle
in terms of the optimal stopping times 7, for each path, as follows
mon @)
VkE{?’L—l,...,O}, Tk:tklAk'i‘TkJ,-llAz,

where the set Ay = {®(S;,) > C(Sy,)} and C(Sy,) is the continuation value,
given by

O(Stk) =FE (eiTAtPtk+1 (Stk+1>

Su.) (3)

where At = t;41 — . Thus, to evaluate the price (1), we need to estimate
C(St,,)-

Algorithms devoted to American pricing and based on Monte Carlo, differ
essentially in the way they estimate and use the conditional expectation (3).
For example the authors of [19] perform a regression to estimate the continua-
tion value, but unlike [16], they use C(St,) instead of the actual realized cash
flow Py, (St,.,) to update the price in (2). We refer the reader to [10] for a
presentation of the way this estimation is done for the LS algorithm and details
on the convergence. Other methods use the Malliavin calculus with localization
[6] or the quantization method [7] for C(S;,) computation.

In this work, we rewrite (3) using Malliavin calculus but unlike [6] we use the
induction (2) for the implementation and we propose a new method of variance
reduction, without using localization. Formally speaking, for a constant r, we
can rewrite the conditional expectation using the Dirac distribution e4(-) at
point x then using the Malliavin calculus for a large class of diffusion models,
we get

Cla) E (e_TAtPtk+1(Stk+1)€$(s’tk)) _ E (eirAtPtkH (Stk+1)15tk ertkatk+1) (1)
E (€4(S4,)) E (1Stk Zzetk,tk+1)

In this paper, we provide the value of Oy, ;, ., for two classes of models: Multidimens-
ional Exponential Diffusions with deterministic Coefficients (MEDC) and the
Multi-dimensional Heston (MH) model. In the MEDC models, the dynamics

of the assets {S} }1<i<a is given by

% :’I”ldt—FZO'w(t)thJ, S(ZJ:ZZ, ’L:L,d
t j=1
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In the MH models, the dynamics of the assets {S} }1<i<q is given by

dvi = (0 — vi)dt + i /V{dZE, v =y,
for1<i<d i _ g JvidZi = 2
dsi = Si (mdt + V%dZE) S = 2"

For the conditional expectation (4) simulation, two variance reduction meth-
ods can be applied for MEDC and MH models as well as for other models. With-
out loss of generality, for the MEDC model, instead of simulating directly the
last term in (4), we project 1g, >u(St,)Ot,t,,, using a conditioning as follows

E (e*TAtPtHl(StM)E {1& 0Ot L ij(U)dWJ}lgjgiSdD

Clx) =
" ;

E (E [1stk2m9tk,tk+1 A0/ O’ij(u)dWi}lsJ‘SiSdD

Then, the second variance reduction method is applied by setting the continu-

ation value to the approximation below

_ t
N’ El 16 TAtPtk+1 Stk+1 {f k+1 dW }1<J<l<d)
t
NZl b {f o (u qu 1<]<Z<d>

with A(z, {wi;}j<i) = E(s,, >0Ou 140 o 0ij (w)dWi hi<j<ica = {wij hi<j<i<a)
and N # N’. Thus, we improve the speed of the convergence using an appro-
priate relation between N and N’ that reduces the variance of the quotient (6).
Note that, even if one can also reduce the variance by an "appropriate" control
variate, here we choose not to implement this kind of method because it is not
standard for American options.

Regarding the numerical simulation, we test MCM on a multi-core CPU
(Central Processing Unit) as well as a many-core GPU (Graphic Processing
Unit). We will discuss the advantages of the parallel implementation of MCM on
a desktop computer that has the following specifications: Intel Core i7 Processor
920 with 9GB of tri-channel memory at frequency 1333MHz. It also contains
one NVIDIA GeForce GTX 480.

The outline of this paper is as follows. In section 1 we establish the notations
and the Malliavin calculus tools. We give in section 2 (see (14)) the value of
64,414, for the MEDC model and we extend it to the MH model in section 3.
Section 4 is devoted to a variance reduction method based on conditioning and
section 5 to the variance reduction method based on the appropriate relation
between N and N’ (6). In the last section, we show that the multidimensional
MCM implementation on a many-core GPU is more than 60 times faster than its
implementation on a multi-core CPU. We also provide the numerical comparison
between LS and MCM. Finally, we study the results of using the two variance
reduction methods (5) and (6) which allow to obtain accurate prices even when
simulating only 20 trajectories.

Cla) = (6
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1 Notations, hypothesis and key tools

Let T be the maturity of the American contract, (2, F, P) a probability space on
which we define a d-dimensional standard Brownian motion W = (W1,... W¢9)
and F = {Fi}s<r the P-completion of the filtration generated by W until
maturity. Moreover, we denote by {F¢?},<; the P-completion of the filtration
generated by (W, ..., W9) until the fixed time t € [0, T].

Throughout sections 2 and 3, we will use two operators: The Malliavin
derivative D and the Skorohod integral § and we define them in the same way
as in [5]. For a fixed m € N, we define the subdivision {t¥ }r<am of the finite
interval [0,7] by: t%, = kT/2™. Then we introduce S(R?*?™) the Schwartz
space of infinitely differentiable and rapidly decreasing functions on R4*?" . Let
f € S(R¥2™) we define the set &™ of simple functionals by

FeGmoF=f (thn — Wi . Wiz, = Wit ooy Wyare — thnm,l) .
One can prove that & =,y 6™ is a linear and dense subspace in L?(Q) and

that the Malliavin derivatives D'F of F' € & defined by

2™m 1
. P
DiF =% ax—fk (Wt}n — Wi, oo, Wyar — Wtilmfl) 1 e (t)
k=0

is a process in L?(Q2 x [0,T]). We associate to & the norm || - ||1 2 defined by

d T
IFIE, = BIFP+3 B / (DiF)?dt.
0

=1

Finally, the space D2 is the closure of & with respect to this norm and we say
that F' € D2 if there exists a sequence F, € & that converges to F in L?(2)
and that D, F,, is a Cauchy sequence in L*(Q2 x [0,T7).

Now we use the duality property between § and D to define the Skorohod
integral 5. We say that the process U € Dom/(6) if VF € D2

T
E(/ Ut-Dtht>
0

where C(U) is a positive constant that depends on the process U. If U €
Dom(§), we define the Skorohod integral §(U) = [ U;6W, by

< CU)FIh.2,

VFeD'? FE (F/T U - 5Wt> =E(FS(U)=F (/T U -Dtht> . (7
0 0

() is the inner scalar product on R%.

Below, we give some standard properties of the operators D and §:
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1. If the process U, is adapted, 6(U) = [ U,6W; coincides with the Itd integral
J U aw,.

2. The Chain Rule: Let F = (Fy, Fy,....,F) € (D¥?)* and ¢ : R — R
a continuously differentiable function with bounded partial derivatives.
Then:
¢(F1,F2,...,Fk) €D1’2 and i

0
Dt¢(F17F27"'7Fk): a_ji(FlvFQV"ka)DtFi-
i=1

3. The Integration by Parts: The IP formula will be extensively used in the
next section on the time intervals I = (0,s) and I = (s,t) with s <
t €]0,T): Assume F € DY2, U is an adapted process in Dom(§) and
FU € Dom(9). For each 1 <1 < d we have the following equality

E (/1 FUu(SiWu) =F (F/IUude> - E (/l UuD;qu> . (8)

To simplify the notations, we denote H;(S!) = H(S! — x;) for the Heaviside
function of the difference between the i*" stock and the i*" coordinate of the
positive vector x.

Throughout this article, we will suppose that g € &(R?) is a measurable
function with polynomial growth

ERN={fe MR?Y) : 3C >0 and meN; |f(y)| <CA+|yla)™}. (9)

where M(R?) is the set of measurable functions on R? and |- |4 is the euclidean
norm. The elements of the set & (R?) satisfy the finiteness of the expectations
computed in this article.

2 The expression of the continuation value for
multidimensional exponential diffusions with
deterministic coefficients

The process S; models the price of a vector of assets S}, ..., S¢ which constitute
the solution of the following stochastic differential equation

dsi ‘ , ,

?it Z’f‘idt-i-ZUij(t)thJ, Sé =z, 1=1,..,d, (10)
t j=1

where 7; are constants and o(t) = {0;(t) }1<i j<a is a deterministic triangular

matrix ({o4;(t) }i<j = 0). We suppose that the matrix o(t) is invertible, bounded

and uniformly elliptic which ensures the existence of the inverse matrix p(t) =

o~ 1(t) and its boundedness. Dynamics (10) is widely used for equity models,
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HJM interest rate models and variance swap models. Moreover, one should
note that in the case where the dynamics of S is given by local volatility model,
we can use a discretization scheme to reduce it to an SDE of type (10) on
subintervals.

The first theorem of this section provides the expression of the continuation
value (3) when using Malliavin calculus for MEDC models. This theorem can
be considered as an extension of the results on the continuation value for the
multidimensional model with constant parameters detailed in [6]. In Theorem 2,
we provide a closed-form expression for F’;)t, introduced in Theorem 1. Corollary
1 treats the special case 0;;(t) = 0;0(¢ — j) (04; is a constant) that will be used,
with other models, to test numerically our nonparametric variance reduction
methods detailed in section 4 and section 5.

Theorem 1. For any s €]0,t[, g € &(R?) and x = (21, ..., xq) with z; > 0,

Ts.1lg)(x)
Tse[1](x)’

where Ty 4[f](x) is defined for every function' f € E,(RY) by

E (9(S1) (11)

Sszx):

d k
T.lflw) = B <f(St)Fs,t 11 H;?) , (12)
k=1 s

Is: = F;t and F;t can be computed by the following induction scheme

d t
re, =xdl fork<d-1. 15, =Tzl - H° / DITE T D] du(13)
0

u+ s,t u'ts,t
j=k+1

with

d t
) 1 1
Tl =1+ Z/ ik (w)dW;,  @j(u) = ;pjk(u)lue]o,s[ . Spjk(u)lue]s,t[u
=k "0

where p is the inverse matriz p(u) = o~ (u).

Hy.(S%) is the Heaviside function of the difference between the k" stock and
the k'" coordinate of the positive vector x, &,(R?) is defined in (9).
From this theorem we obtain

Ftkﬁtk+1
el T Td ar (14)
Hi:l Stk
To prove Theorem 1, we need the following two lemmas which are proved in
the appendix. It follows from Lemma 1 that the sum Z?:k pir(w) D% g(S;) does
not depend on u.

n our case f=gor f=1
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Lemma 1. For any u €]0,t[, f € C*(R?) and S given by the SDE (10), we
have

The second lemma is based on the duality property of the Malliavin calculus.
Lemma 2. For any I C|0,t[, h € C;°(R), z € RY, F € D2 and S given by
the SDE (10), we have

Fth(S’“ o i
B (f, Fo ) = B (n (Sk>Fz =i Sy (W)W, (16)
- ( (SHYS2 i kf[plk w) D! Fdu

Proof. of Theorem 1 We will prove that for h;, € Ci°(R), 0 < k < d and
f €& (Rd)

a 1(Qi _ k+1 1 Qi a hi(Sé)
E| f(S)]]ri(sh) ) =E Al Hh sH 11 o (17)
i=1 i=k+1 S

and that Theorem 1 is obtained directly from (17) by setting k = 0.

Step 1: ((17) with k =0) = (11).
Heuristically E (g(St) ) can be viewed as E (g(S:)ex(Ss)) /E (£2(Ss))
where €, is the Dirac distribution at  and we know that e,, = H/. In order to
make our reasoning rigorous, we will replace the expectation of £,(Ss) by the
density of S evaluated at x.

Let ¢ E C2°(R) be a mollifier function with support equal to [—1, 1] and such
that [, ¢(u)du = 1, then for any v € R we define

hink(w) = (Hi % om)(u) € GF(R), ¢ (u) = me(mu).

If the equality (17) is correct for any k, then it is correct for k& = 0 which means

d d k
E <f(5t) I1 thf)) =5 (f(sars,t 11 —h”’;(fs) ) . (18)
k=1 k=1 S

On the one hand, hp,(u) converges to Hy(u) except at u = x, and the absolute
continuity of the law of S¥ ensures that h,,;(S¥) converges almost surely to
Hy,(S%). Using the dominated convergence theorem, we prove the convergence
of My (S¥) to Hy(S*) in LP(Q) for p > 1. By Cauchy-Schwarz inequality, we

prove the convergence
H;(S¥)
Sk '

d

k d
E <f(st)rs¢ h’”gi(ksv — E (f(st)rs,t I1
S k=1

k=1




7?7 pages 8

On the other hand, A/, (ux) = [ Hi(vr) @}, (ur — vp)dvg = ¢ (ur —x1). More-
over, we observe that, according to our assumption, the distribution of the
vector (S, ..., 99, S} ..., S%) admits a log-normal joint density with respect to
the Lebesgue measure on RY x R? we denote it by ps ¢ (u, v) with u = (ug, ..., uq)
and v = (v1, ..., vq) such that

d d
! k = v Up — T t(u,v)duy...du V...
E<f<st>ghmk<ss>> = |1 )(/der_[lw = @0)pa (u,v)dus...d d>d

Because f]Rd szl G (Ur, — Tk)Ds,t (U, v)duy ...dug converges to ps ¢(x,v) and due
to the regularity properties of the density and the growth condition on f, we
easily have

d
E (f(S’t) H h;nk(Sf)> —>/ F(0)ps (@, v)dvy ...dvg,
k=1 R

which concludes this step of the proof.

Step 2: We prove (17). Note that by a standard density argument of & in
L?(Q), we can assume f € C1(RY) N &,(RY).
We prove (17) by induction, we introduce the following notations:

k

7d Thilz) o /
hk(:v):H —, h’k(x):Hhi(xi), x = (T1,..., Ta)-

i=1

When k = d, we have by the chain rule h/,(S%) = Dﬁ%ﬁf) and DIS? =
oaa(u)Se, thus

E (f(St)}?d(S5>) - (% fos f(St) h 1(55)?%5;??‘) du)

B '
M) bisy

B (L a5 Zttio).

Using Lemma 2 with

S, d—1 _ S,) ~
F= féd> th(sg) = f(d)h/d,l(ss)
=1 S

S

S

and the fact that f?’d_l(SS) does not depend on the d*" coordinate of the Brow-
nian motion yields

s 2 Dhy (S du
K (% Jo f(St)h’d—l(Ss)—gddd((ql)gg )

s JO oga(u) oqa(u)

dvd

= E(th(sg)l s _dwy ) —E(hd(Sj)%fos Dghfrl(g;)f(&) du ) (19)

= B (Fhasht f; dWS)—E(ﬁ’d,l(SS)hd(Sf)%fsbdf(st) 4.

; 0 a'dd(u) 0 u Sg o’dd(u)
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Besides using Lemma 1 for the Malliavin derivative of f(S;), we get for v €]s, t[

L [f(St)] 1 f(Sh)

oaa(u) Sd | Sdoga(v) S¢

Thus, the value of the last term of (19) is given by

DIf(Sy) —

u ST ogq(u)

E(ﬁld 1(Ss)ha(SHL [ pd L) _du )_ —-E (l?’d 1(Ss)ha(S9)
+2 (h/dfl(ss)hd(S) e f Ddf St)ddd 'U))

f(&))
S¢

And by duality (7) we remove the Malliavin derivative of f(.S;) in the last term
of the previous equality

P a(S)ha(8Y) 1t DEf(S)de)  _ R a_1(So)ha(S2) b DLl(S)dv
E( B = Ny ) - E(SiE{%IT@)f})
W a !
~ B <%§’”(55>E{ﬂ5t) =N E}) -

Regrouping all terms together gives
E (£SO a(S,)) = B (F(SOTL M a(SORY(S,)) , T, =7

Now, let us suppose that (17) is satisfied for k and prove it for k — 1. We

have by the chain rule b} (S¥) = %éf) and D¥S* = o1, (u)S¥, thus

E(f(&)f?dfl(ss)) - (f<st>r’;#7zz+l<ss>f?k<ss>
~ k
( fo Fk+1hz+1(SS)h/kfl(SS)%du)
_ E<_ sf<st>rk+1th(ss)f?kfl(sS)Dghk<s§>du

0 Sk o’kk(u)

Using Lemma 2 with N
f(St)FthzH(Ss)h/k—l(Ss)
St

and the fact that 7/y_1(S) does not depend on the j** coordinate (j > k) of
the Brownian motion yields

s k k
B (4 fy "Rty u) = Sio B (Fhe(S5)E o (w)aivy)
~ (20)
~ s i | F(SORTL (SoHTFHT
YL E (hkwﬁ)h%_lws)% Ji D | PP ) ya)
/};i+1(1)
Tk

Besides, if for x = (21, ..., x4) we denote II(x) = , the Malliavin derivative

of the last term of (20) provides

Dj, [T5TI(S,) f(Sh)] = DITETMI(S,) £(S)) +  Thi'DITI(S,) f(S:)
+ TUUI(S,) D f(S)).
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Using Lemma 1 for the Malliavin derivative in the two last terms, we get

> pje(w)DITI(S,) = S¥0,, T1(S,) = —TI(S,), (21)

Zpak )D3,f(St) = S0z, (). (22)

From (21), we deduce that

_ . R'k-1(S:)hi(Ss) F(S)TEE!
W1 (Ss)hi(SE)F (ST~ / ijk(u)DiH(SS)duz - kSk -
]{} S
Thus, (1211(§)roducmg the random variable 7 td =1+ %Z?:k fos pjk(u)dVV& and
using
s FDFhi (s R (S )Rk <ss>f<st>r’:tl~ :
e o

_ E k(S )h k 1(5 )f(St) 1 fo kpjk( )D]ul—\lsc}rldu> (23)

Ss h —1(Ss Fst j
B E( HED) ksgl( )T, ifs Ej_kpjk(U)Dif(St)dU),

where we used the fact (22) that E?:k pik(w)DI f(S;) does not depend on wu.
Let us develop the last term of (23)

E( HSOMSOTL 1 U5 () DL (Si)du
- E<7hk<53>’;’gl<sﬁ SB[ T o DL (S0 7))
s (%(sgggmss) S [f(s)t sf T4 ()OW fD
s E<f<st>ﬁz< DRI 4yt dWa>

I kE< SRS RS 1t DJF’S“Jtrldu>.

We applied (7) in the third equality to remove the Malliavin derivative of f(.S;).
We also used (8) in the last equality. To complete the proof, we should remark
that

/ DITHH (1)

k,d
Hp (o / DITE Di ey
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FhtLd i

) . nd
and because I";f{l is an F -measurable random variable (F,"“ defined

in section 1)

d t d t
k _ pkt+l_kd jrk+l g kd 3 pk+l_kd Jk+1l g k.d
Fs,t _Fs,t Trs,t - Dqu,t DuTrs,t du = Fs,t Trs,t - Dqu,t DuTrs,t du.
j=k "0 j=k+1"0

Although Diﬂ'i’td = @ji(u), note that the Malliavin derivative of F];J{l in-
tervenes in the induction (13) which is difficult to compute numerically. Con-
sequently, we propose in Theorem 2 a new formula which enables us to get rid
of the Malliavin derivatives and its computation can be easily done using (27).

We will use in Theorem 2 the set of the second order permutations Py g
defined as the following

Pra={p € Pra; pop=Id}, (24)

where Py, 4 is the set of permutations on {k, ...,d} and Id is the identity appli-
cation. By induction, one can easily prove that

Pra={m8op; p € Prs1,a} U{Th op; p € Pitr,a, p() =1, 1 € {k+1,...,d}}, (25)

with Tg : i — j as the transposition application on {k, ..., d}._We also denote by
A the determinant that involves only the permutations of Py, 4, that is to say,
the A associated to the matrix C' = {C} ; }x<i j<a is given by

d

A= Z E(p)HCi,p(i)

PEPk.q i=1
where ¢(p) is the signature of the permutation p.

Theorem 2. Based on the assumptions of Theorem 1, for k € {1,...,d} the
value of I‘fyt is given by

d
TF = > €0 Akp) Aottty Aapay = > €0 [ Aipy  (26)
PEPk.a PEPk.a i=k

with €(p) as the signature of the permutation p € Pk a, Pr.a defined in (24) and

1,d

ey Ciz2 Ciz - Cia

2.d
1 7wy Caz o oo Ca4
A= ) : ;
d—1,d

1 1 sit Ci—1,d
1 1 1 el

. . k,d l.d
where Cy; is the covariance of Tt and Tt
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C11 C12 Ci3

C21 C2 Ca3|=  €@@)C11An +  €m)Ci2Cat App  + €(713) C13C31 Aq3
C31 C32 Cs3

Ct—C1—Cr3 GC++—Cro—E1s
= C11|C21 C22 C23| = C12C21|[-B2+@22—C23| + C13C31|C21 C22 C23
31 C32 Cs3 C31 C32 Css E3+—C3—G33

= C11(C22C33= C32C23) = C12C21C33 + C13C31C22

Figure 1: Tllustration of the computation of A (27) for d = 3 and k = 1.

Remark: In the theorem above, Cj; admits a closed-form expression be-
k,d Ld . .
cause 7,y and 7.y are two correlated Gaussian variables whose general value
is given in Theorem 1. Please remark that l";_’t =TI, is a determinant that in-
volves only the permutations of 517(1 and for a determinant A, associated to an
arbitrary (d—k+1) x (d—k+1) matrix C' = {C; ; }k<i,j<d, whose permutations
are in Py q, we use (25) to prove easily that

d
A =Cr Ak + Z (1) C; 1 Cri D s, (27)
=kt 1

where Ay ; is the A associated to the C** obtained from C by suppressing
the line and the column i as well as the line and the column k. Based on
the development according to the first line, relation (27) provides a recursive
formula which is even more efficient than the determinant formula. Of course,
we can generalize the relation (27) to the one that involves the development
according to a j*" line or a j** column with k < j < d. In Figure 1, we provide
an illustration of the computation of A when C' is a 3 x 3 matrix.

Proof. of Theorem 2 We prove (26) by a decreasing induction. For k = d,
the expression (26) is clearly satisfied. We suppose that (26) is satisfied for

k + 1 and we prove it for k. According to Theorem 1, I‘fyt = I";f{lwk’d —

s,t

d t niTk+1l i k.d

Zj:k+l fo Dil—‘s;r D mg)y du, but
jpk+1 d d .

Dirs,t = Zl:kJrl Zpefkﬂ,d €(p) Hi:kJrl,i;ﬁl Ai,p(i)D%Al,p(l)

d d j
Zl:kJrl Zpeﬂﬂ,d,p(l):l e(p) Hi:kJrl,i;él Ai-,p(i) D} A,

the second equality is due to the fact that A; ;) is a constant except for p(l) = I.
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Subsequently
d t k+1 kd
=2 i=kt1 Jo DiT{} Dy du

d d d t o i kd
- Zl:k+1 Zpefkﬂ,d,p(z):l e(p) Hi:lﬁ—l,i;&l Ai,p(i) Zj:k+1 fo DjuAl,lDfﬂTs,t

d d
= - Zl:k-‘,—l Zpeﬂ%d_,p(l):l e(p) Hi:k-‘,—l,i;ﬁl Ai (i) Ok

Finally

rh, =Tkl — Z /DJF’““DJ ol du

u— s,t u st
j=k+1

d d
=ait Y elp) H Aipiy— > Cor D>, e I Ais

PEPk+1,a =kl I=k+1 PEPk+1,a:p(1)=1 =kt 1Ll
d
= > @[] A0
PEPK.4 i=Fk

The last equality is due to the development of 3 7  €(p) H'Z: i Ai p(i) accord-

ing to the k' line of A which can be justified by (25).
As a corollary of Theorem 1 and Theorem 2, we obtain the following result
for the multidimensional Black & Scholes model with independent coordinates

Corollary 1. For any s €]0,t[, g € &(R?) and x = (21, ..., xq) with x; > 0, if
0i;(t) = 0;6(i — j) then

T ¢[g](x)
E (Q(St) Ss = UC) = Wa
with
d Wkt
Tl f)(w) = ( Nk m) (28)
=1 @
and

Wk =@t—s)(WE+ops) —s(WF=WF), k=1,..d

3 Extension to the multidimensional Heston model

In this section, we consider the multidimensional Heston model

dvi = ri(0; = vi)dt +nin/vidZi, v =y,

1<i<d D 17 i
forlsis< dS;:SZ(ndtJr\/V—%dZtZ), So = 2",
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where (Z1, ..., Ze, Zl, ...72‘1) is a vector of correlated Brownian motions with
R as a non-singular correlation matrix. The first step is to rewrite (29) using
independent Brownian motions by the Cholesky decomposition of R = LL'
where L is a lower triangular matrix which provides

dytl K1 (91 — th) UiRY; th dwtl

dvd | | ka0 —v) . nav/ Vi dwtd vh =yt

st | = 1 dt + diag VIS L awp | osy=z (30)
ds¢ raS§ /vdsd dw

where (Wl, ...,Wd, wht ., Wd) is a vector of independent Brownian motions.
Because the matrix L is a lower triangular matrix, conditionally to the Brownian
motions (W1, ..., W9), the dynamics of the asset vector S = (S, ..., 5%) is similar
to the one given in (10). This basic argument is the first we use to extend the
results of the previous section to the multidimensional Heston model and it can
also be used with other stochastic volatility models. Indeed, it allows us to use
the Malliavin calculus directly on (W1, ..., W%) as in the previous section and to
completely forget the dependence on (Wl, ceny ﬁ//d). The second argument used
in our extension is based on the following result, proved in [12].

Lemma 3. F Kfot VédS)T:| is finite for allr € R and i € {1,...,d}.

Before stating Theorem 3, we decompose the matrix L into three d x d blocks
and we define the matrix o(u) using the third block o.

\/V_io'll 0 0

/ 0 .. . .
L= ( U// )7 U(U): ' ' ) (31)
a9 Vvitog oo Vi loaaa 0
\/V{fddl \/Vgodd—l \/V{fddd
Theorem 3. For any s €]0,1[ let
d
Tor= > eApmyAzpe-Adpawy = P, €©0) ][] Ais) (32)
pEP1,4 PEP1,a i=1

with €(p) as the signature of the permutation p € P14, P1.a defined in (24) and

1,d
sy Ciz2 Ciz - Cia
2.d
1 7y Cas o oo Ca4
d—1,d
1 1 gt Ci_14

1 1 1 ndi
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d t
. 1 1
k.d Pik 4 _Pik_y
wt =143 [ oWl i) = S g — DL, (39
=k 0 S — S
and
d
PjikPjl PikPjl
Ck,l—‘ . 32 / I+Zk =5 / kal (34)
J= u-u J=

p is the inverse matriz p = o' and o is the third-block matriz in the decompo-
sition (31). If there is 1 < q < oo such that T's, € L9(Q) then, for g € &(R?)
and x = (21, ...,xq) with z; >0

o Ts,t[g](x)
) - Ta[1)(x)’ (3%)

where T [f](x) is defined for every function f € &(RY) by

d k
Toilf)@) = E <f<st>rs,t 11 %) . (36)

k=1 s

E (Q(St)

Proof. of Theorem 3 To prove Theorem 3, it is sufficient to prove the following
recursive relation for k = 0, h; € C°(R) and f € &,(RY)
d

E(E >_E< rk+1Hh’ sH 1] %fg)ftb,(?ﬂ)
i=k+1 s

where F, is the completed filtration generated by (Wl, ...,ﬁ//d) until ¢. If we
subdivide this proof into two steps, Step 2 is similar to the one in the proof

d

f(Se) H hi(SH)|

i=1

of Theorem 1 because, as we said earlier, conditionally to (ﬁ//l, ceey Wd), the
processes {V} }1<i<q can be considered as deterministic. Moreover the expression
of I'; + can be found in the same fashion as for Theorem 2.

Step 1: ((37) with k =0) = (35).
Let ¢ € C°°( ) be a mollifier function with support equal to [—1,1] and such
that [ ¢(u)du = 1, then for any u € R we define

hink(uw) = (Hi % om)(u) € CG(R), ¢ (u) = me(mu).

If the equality (37) is correct for any k, then it is correct for k& = 0 which means

d d .
E (f(&) [1 h:nk(s@) —F ( 5T ] hme> |
k=1

k=1 s

The proof of the convergence

d k d k
E <.f(St)Fs,t H hmgi(ks“g)> — F <f(5t)rs,t H %)

k=1 S k=1 s
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is also similar to the one in the proof of Theorem 1, the only difference is due
to the replacement of the Cauchy-Schwartz inequality by the Holder inequality
that uses the L9- boundedness of I' 4.

Besides, h!, = [ Hi(vr) @), (ur — v )dvg = ¢ (ur, — x) and the distri-
bution of the Vector (Ssl, ., 84,81 ..., 8%), conditionally to (Wl, ey Wd), admits
a log-normal joint density with respect to the Lebesgue measure on Ri X Ri,
we denote it by ps ¢ (u,v) with u = (uq, ..., uq) and v = (vy,...,v4) where

o () ! (4, )
s,t\W, V) = U,V
bt (det(S) det(So)) %
and
d —
i=1 Lui>0,0:>0 —lhu—-d))27 (lnu—d
)= Rt e (e )
(27T) Hi*l uiHi,1U1 (D’U nu 2) (D’U nuw 2)

1
2
d1 (srl——El sy ST — 1Edd) — (t—s rl——E sy (E=8)T d——Edd)
= [ ol w)dw, Yo = f o(w)o’ (w)dw and o(w) is given in (31), thus

E <f(5’t) ﬁ h k ]_:t> :fRdf(U)(fRd Hi:1 Om(ur — x)q (u,v)dul...dud)dvl...dvd
k=1

(det(2;) det(22))2
To prove the convergence

d
E <f(5’t) H h;nk(Sf)> — F ( f(v)ﬁs,t(x,v)dvl...dvd) :
k=1 R

we should first remove the term (det(X;) det(32))? using the Cauchy-Schwarz

inequality thanks to Lemma 3, then we use the convergence of fRd HZ:1 o
x)q(u,v)duy ...dug to g(z,v) as in Step 1 of the proof of Theorem 1.

In Theorem 3, we made the assumption that I's , € L9(€2) and one should
find the parameters k;, §; and n; of v that fulfill this condition. In this article,
we test only the one-dimensional Heston model for which the Feller conditions
are sufficient to ensure that I's ; € L*(Q2). Indeed, if d = 1, T's; = 7T;tl and it

is sufficient to prove that fo & € L'(2) which is given in the following lemma.

u

Because d = 1, in the lemma below, we remove the dimension index.

Lemma 4. If K > 0 and 2k0 > n? then E (fot i—:) 1s finite.

Proof. of Lemma 4 According to Lemma A.2. in [8]

FEexp < 00

2
772(27%29_1) /tdu
0

8 Vy,

and the finiteness of F ( f ¢ i:) follows directly from the application of the

Jensen’s inequality on the logarithmic function.
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4 Variance reduction method based on condi-
tioning

As was said in the previous section, conditionally to the Brownian motions that
generate the volatilities, studying the stochastic volatility model (30) is equiva-
lent to studying the MEDC model (10). Thus, except for Theorem 6, in this sec-
tion we suppose that the price of the asset S; is given by (10) for which we show

that one can reduce the variance by a projection on L? ({fot Oij (u)de} )
0.

and by using the closed-form expression of T ¢[1](z).
We begin with T ,[1](z), we can compute the explicit value of this function
of z. The T ,[1](z) closed formula can be got, for instance, from a change of

probability. Indeed, we define the probability P = N, ff(HZ:l Sk /S*) P which

yields
Fs,t) )

Neoeyy is a deterministic normalization coefficient such that M, = Ncoeff(HZ:l Sk/SF)
is an exponential martingale with E(M,) = 1. Under P, I's ; has the same law

as a polynomial of Gaussian variables which is sufficient to conduct the compu-
tations.

T, [1](x) = ! E <

Ncoeff

d
H H,(Sh)
k=1

Let us now denote
d ¢
Hy.(Sh) '
o | / o (u)dW; ={wijhi<j<i<a | (38)
5 0 1<j<i<d

In what follows, we are going to prove that the function h(x, {w;;}1<j<i<d)
can be explicitly known if, for each j, the (d — k) x (d — k) matrix ¥;; =

h(I, wij) = E <F51t
k=1

{z% iciked = {fg Uij(u)akj(u)du}jﬁ e is invertible. First, please note
that according to our notations ¢ — j +1and k — j + 1 are the indices of the
element E;’; in the matrix ¥;; (we will use a similar convention for A7, BJ,
U, and ®j;). Also, we notice that the invertibility condition of ¥j; is not an
important constraint, because one can choose a time discretization {t,,} such
that the matrices {¥;4,, }, ., fulfill this condition?.

The computation of h(x, {w;; }1<j<i<ad) is based on a regression of Gaussian
variables according to the Gaussian variables Y;; = fot oij(u)dWj. First, we

perform a linear regression of fot @ik (w)dW according to Y;;

t d
/ eie(W)dWi =" al | Yi; + X, (39)
0 :

i=j

2Nevertheless, this is a difficult task when the dimension is sufficiently big.
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where { X}, o) <, 18 a Gaussian vector NV (0, Cy) orthogonal to Y. Using Itd
isometry twice and the orthogonality of Y and X, we obtain

t t n ‘
E (/ sﬂjk(u)dWiYU) :/ ir(woy(wdu =" ¥hal .
0 0 j=k

If we denote A7 = {aik}jgi,kgd and U, = {fot cpjk(u)olj(u)du}k ;) e get
AT =5y,

In the same way, we perform a linear regression of [ o;(u)dW according to
}/Z- .

s a
/ o (w)dW; = Zbg,kY;j + Zi;j, (40)
0 ’

1=y

where {Zj;}, <)<, 18 a Gaussian vector (0, Cz) orthogonal to Y. Using Itd
isometry twice and the orthogonality of Y and Z, we obtain

d

E< / akjw)dwgylj)— | st tudu= Sl
0 0

i=j
If we denote B = {b{ﬁk}jgi,kgdu we get
j 1
BJ = E]t EJS

Now using (39), (40) and the value of A and B, the covariance matrices Cx,
Cz and Cxz = E(XZ) are given by (@;f = fg wji(u)pjx(u)du)

(Cx} ) = B(XjiX) = B — (AW, — (A]) W), + (A])'S;, A,
(Coll ), = E(ZijZr;) = 55 — (BL)'S, — (BI)Sh, + (BL)'S;:B],

(Cxzl ) = B(X;iZk;) = W5k — (A})'Sh, — (BY)' Wk, + (A])'5;, B!,

Employing (39) and (40), we express I's; and S¥ according to Yi;, Z;; and
Xj; then we conduct standard Gaussian computations to obtain the expression
of h(z,w;;) 3. In Theorem 4, we give an explicit expression of T} [1](z) and
h(x,w;;) in the case of multidimensional B&S models with independent coordi-
nates.

30ne can use Mathematica to compute it formally.
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Regarding the model (10), we see that now that we know the explicit value
of Ts¢[1](x) and h(z, {w;;}1<j<i<d), subsequently, we should choose between
the simulation of:

P1) N paths of g(Si)h ( {fo oij(w)dWit; J) then set the continuation value

to

() NZZ 19 (St)h ( {fo i (w)dW} }1<]<7,<d)
) = )
T [1)()
P2) N’ paths of g(S;) h(x {fo oij(u)dW} }”) and N paths ofh( {fo oij(w)dWil, J)
then set the continuation value to

N’ Zl 19 (St)h ( {fo oij(u)dW; }1<]<7,<d)
%21:1 ( {fo"'w dW“}1<]<z<d)

Based on a variance reduction argument, Proposition 1 will indicate asymp-
totically, for some cases, the preferable method to use. In the case of the mul-
tidimensional Heston model, please note that T .[1](x) is not given explicitly,
however we explicitly know the value of the function

W, {wij}j<i)=FE (15321Fs,t [i=1 s§§ FNV Sy VVidWili<i ={wij}j§i) , (41)

for 1 < j,i < d. Thus, we will exclusively use a P2) alike procedure, that
is to say, simulate N’ paths of g(S:)h ( {fo VVEdW I} ,j) and N paths of

h (x, {fo \/Vﬁde}i)j) then set the continuation value to

NLZZ 19 (St)h ( {fo \/VTdW }1<]<z<d)
%Zl:l ( v{fo \/Zqu}lgggzgd)

In this approximation of the continuation value, the trajectory index [ is on
the function h because it resulted from a conditioning according to F; and
consequently h is not deterministic.

We provide in Theorem 4, Theorem 5 and Theorem 6 the expression of the
conditioning for three cases that will be tested in section 6. The proofs of these
theorems are given in the appendix. Unlike in the Theorem 4, in Theorem 5
and Theorem 6 we only give the expression of the function h because we will
only use the procedure P2) for the simulation.

xT) =

C(x) :=

Theorem 4. We suppose that S, has the dynamics (10) and o;;(t) = 04;0(i —
J) then, by conditioning, the function h defined in (38) and the denominator
Ts.1[1](x) given in Theorem 1 have the following values

3Uk5

d e(o’i—rk)s 1 _;%_k ~ In (Sk) — LS +
kT ok\/g
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and

4 elor—ri)s t _30% (S0% (da, (wp))?
h(z, {wi}1<k<d) = kl;[l s St = s)2n exp ( " (T + wk) — 5 ) ,
with

dy, (wi) = (ln (;—(’,}) — RS + 3055 — (sog +wk)%) / (Uk s(t — s)/t) .

Theorem 5. We suppose that S; has the dynamics (10) and that d = 2 with p,
o1 and oo three constants such that

() ( o 0 ) ol <1
o(u) = , .
poa /1 —poy r

By conditioning, the expression of the function h defined in (38) is given by

2 Hi(SH) |yt 2
h(z, wr, ws) = E (Fw T2, 2o W = wy, W2 = wy
(rited) $(t=)(0§+200195+03) (01 4pog)swi+aay/1-p%swy (42)
— 3z T2 st o7 - T
__ €
- sésg Awl,wz,whwzv
with

A _ tp(oa—o01) 1 + t((l—P2)02+P201) 2
T1,2,W1L,W2 T 5(t—s)(1—p?)ojos " T1,T2,W1,W2 S(tfs)dldSQﬂ’\/lfpz T1,T2,W1,W2

t  plo1—o2) day/1—p? t 1 3
+ s(t—s) 011022 |:1 + o2 \/ s(t—s):| ﬁAihlﬂ%wlwa’

and
3 _ujtui—2euiug
Aalcl,mg,wl,wg = ﬁff; ff;\/ P T ) duydus,
(1-p%)a3 U _pdy B pdiay 3
: = 67_2#[_\/@ e T du, A2 —e - T i 2
T1,T2,W1,W2 \/ﬁ o0 5 Z1,L2,Ww1,We ,

where di and dy are functions of x1,r9,w1 and wsy

1 2
S, 2 s(3t—2s)o —
0 g1swi 1 s(t—s)pojog
ln(zl ) T18 t 2t t

o1 \/ s(t;s) ’

2 . o2
In( 20 st Z2PswL | T2V 1—p2swy  S(3t=28)05  s(t—s)pojoy
Zo 2 t t t

2t
Vimpas/ 22

di(zy,wi) =

da(x2, w1, ws) =
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Theorem 6. For d = 1, we suppose that S has the dynamics (29), o(u) =
V1 — p2\/vy with |p| < 1 and k > 0, 2k6 > n?. By conditioning, the expression
of the function h defined in (41) is given by

2 f v, du
p(JL vt [rvae) [ 0 =7 I = g

exp
Soy/2m(1—07) (- )fo vudu — 18 (ff uf;)
o Vu U

h(z,w) =

with

el ° :
In(20) 4rsty/1-p2 (}i quu) wtp [*rdWat(p?-3) [ ”“d“+w7(tf—osw
v/ T " v

VI (fy v ([ vatn) = (J; ) 13 [ v

dy(w) =

[t
¢ s vy du
F (/ Vudu,/ Vudu) = fo
0 0

\/fot Vydu fos Vydu — fos vy du fos Vydu

5 Advanced variance reduction method

In this section, we present a less intuitive variance reduction method that is
based on an appropriate relation between N and N’ in (6). This method can
be applied independently of conditioning detailed in the previous section.

Let us denote ) as the quotient given by

1
N7 D ie1 Xi
Q== Zg,—l . (43)

N Zi:l Y;
where {X;}i<i<n’ and {Yi}i<i<n are respectively independent copies of the
square integrable random variables X, Y. If |E(Y;)] > € > 0, @ converges to
E(X;)/E(Y;). In the following two theorems we will prove asymptotically that
we can speed up the convergence when acting on the relation between N and
N'.

We will use the notations

A=E(X), B=E(Y), 02 =Var(X), 02 = Var(Y) and p = Cov(X,Y)/ (o),
and we consider the two cases:

case 1: N’ = [\ N] with A\; €]0, 1], then (43) becomes

N/
%Zi 1X'

Q:
1 N—N’ \~N
N( Zz 1Y+ N-N’ Zi:N/-i—l Yi)

= g1(An', BN/, Bn,N7),
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where

g1z, y,2) =x/(My + (1 = A1)2),
1 N’ 1 N’ 1 N (45)
Ay = N7 Ei:l X;, By = N7 Ei:l Yi, Bnn = N—N’ Zi:N/H Yi.

case 2: N = [X\2N'] with Ay €]0, 1], then (43) becomes

1 (NN | N'=N N
W(WZizlxl"'N/—N i=N+1

N
% Zi:l Y;

XZ-)
Q= = 92(AN, An' N, Bn),

where

92(x7y7 Z) = ()‘2‘T + (1 . )‘2)3/)/27

46
Ay = %sz\il Xi, Ann = N’—l—Nzij\iN-H Xi, By = %Efvzl Y. (46)

Theorem 7. Based on the notations (44) and the variables defined in (45) and
(46), if |B| > 0 then as N — oo and N — oo

A A
91(An+, Bnr, By onr) 45 5 VN’ (QI(ANUBNUBN,N’) - E) la_)w N(0,%1(A\1)),

2 2 2
_ o1 4A%03 1 Boip
Ei(A) = B2 TN pT (4 5oy ) (47)
and
A A
gQ(ANvAN',NaBN) (g Ev \/N(QQ(ANaAN',N;BN)_§> m—u)} N(OaEQ()\2>)5
A%q2 402 (1 Aoap
22(h) = T A (Z N 2301) ' (48)

Asymptotically (N and N’ sufficiently large), Theorem 7 tells us that one
should use either \; < 1 or Ay < 1 depending on the positivity of the terms

(% - B‘Tlp) and (i - A‘”p) in (47) and (48). In this paper, we will take

2A09 2Bo;
1 Boip . 1 Aoap .
M=t 2oy if A%02 > B%0? and Xy = 5+ 2B if A%02 < B%0?.(49)

This choice allows A\; €]0,1[ and Ay €]0, 1[ depending on the value of p. More-
over, if we replace the (49) given value of A\; and A2 in ¥1(A\1) and X3(A2)
respectively, we obtain

i) = Gl 4 40— An,
= )A20'2 o2 A (50)
22(/\2) — PB 2 4 21 71020

T 2BZ © T 2B3
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From (50), we conclude that if

p? < (51)

N =

then £1(\1) < Xa(A2) if and only if A%20% > B?07, which means that one should
use \; for the simulation if 4262 > B2?0? and Ay otherwise. We also point out
that the condition (51) is numerically always satisfied in our simulations.

Proof. of Theorem 7 Since the computations are similar for the case 2, we give
only the proof associated to the case 1. First, the variables Ayn/, By and By, n-
are square integrable thanks to the fact that the variables X, Y that intervene
in @ are square integrable. The almost sure convergence of g1 (An+, Bn/, BN .N')
follows from the law of large numbers and from the continuity of g1 at (4, B, B).
For the same reasons, the gradient vector Vg1 (An+, By, By, n/) converges a.s.
to Vg1 (A4, B, B). Besides

v N/(gl(ANlaBvaBN-,N/) - gl(AaBaB))
= VN'(An: — A) %2 (A, B, B) + VN'(By: — B)%2(A, B, B)
+ /e VN = N(By,y' — B)9 (A, B, B) + VN'(Ay/ — A)e(An: — A)
+ V N/(BN/ - B)E(BN/ — B) + v N/(BN_’N/ — B)E(BNJV/ — B)

Using the Slutsky Theorem, with G ~ N(0, C) and the continuity of (z,y) — xy
and (z,y) — x + y provide

%(A,B,B)
VNl(gl(AN’uBN’aBN,N’)_gl(AuB7B)) la—>w OLJ(A’B’B) 'Gu
Vi %2 (A, B, B)
where U% G109p 0
C = 01020 0% 0 )
0 0 o3

which allows us to compute X1 ().

In order to use the values (49), we should have a "sufficiently good" approx-
imation of o1, 09, A, B and p. Consequently, we can implement one of the two
methods below:

MO) If B = Ts[1](z) and o2 are explicitly known, using all the simulated paths
Niaz, we approximate the values of o1, A and p then we compute \; or
A2 given in (49) that we use to re-simulate Q.

M1) Using all the simulated paths Ny,.., we approximate the values of oy,
o2, A, B and p then we compute A\; or Ay given in (49) that we use to
re-simulate Q.

Procedure P2 (see section 4) is implemented using MO0) in subsection 6.2,
when it is implemented using M1) in subsections 6.3 and 6.4.
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When the model allows the choice between P1 and P2, the following theorem
tells us which one to take.

Proposition 1. Based on the assumption (51) and the values (50), if
1. A%03 > B%0? and p > —1/2 then (B*S1(\) — 0%) < 0.
2. 8A%0% < TB%0} then (B?Sa(\2) — 07) < 0.

Proposition 1 tells us that, when T ;[1](x) is known explicitly, one can accel-
erate the convergence when using the quotient of two Monte Carlo estimators.
The proof of Proposition 1 is straightforward.

6 Simulation and numerical results

In this section, we perform three sets of tests that involve the results of Theorem
4, Theorem 5 and Theorem 6. But before that, we study the parallel adaptability
of MCM as well as some considerations that one should respect when using
GPUs to reduce the execution time.

6.1 Parallel considerations

To manage CPU (Central Processing Unit) power dissipation, the processor
makers have oriented their architectures to multi-cores. This switch in technol-
ogy led us to study the pricing algorithms based on Monte Carlo for multi-core
and many-core architectures using CPUs and GPUs (Graphics Processing Units)
in [2] and [1]. In the latter articles we basically studied the impact of using GPUs
instead of CPUs for pricing European options using MC and American options
using the Longstaff and Schwartz algorithm [16]. The results of this study prove
that we can greatly decrease the execution time and the energy consumed dur-
ing the simulation. Unlike the LS method that uses a regression phase which
is difficult to parallelize according to [1], the MCM is a squared* Monte Carlo
method which is more adapted to multi-core and many-core environments than
the LS method. Moreover, since using MCM without localization does not in-
volve any parametric regression, higher dimensional problems can be dealt with
more easily and the accuracy of results depends only on the number of simulated
trajectories.

Let us study the parallel adaptability of MCM for parallel architectures.
In Figure 2, we present the speedup of parallelizing® MCM on the four cores
of the CPU instead of implementing it on only one core. We notice that the
speedup increases quickly according to the number of simulated trajectories and
it reaches a saturation state for > 9000 trajectories. For a large dimensional
problem, the maximum speedup obtained is greater than the number of physical

4What we mean by squared Monte Carlo is not necessarily simulating a square number of
trajectories, but a Monte Carlo simulation that requires a Monte Carlo estimation, for each
path, of an intermediate value (here the continuation value) and this can be done by using
the same set of trajectories as the first Monte Carlo simulation.

5We use OpenMP directives.
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cores® on the CPU which indicates that MCM is very appropriate for parallel
architectures. We point out, however, that our parallelization of MCM is done
on the trajectories”, so the speedup is invariable according to dimensions and
time steps.
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Figure 2: The speedup of using all the CPU cores according to the number of
trajectories.

Regarding GPU implementation, we also use a path parallelization of simu-
lations. In Figure 3, we present the speedup of parallelizing® MCM on the GPU
instead of implementing it on the four cores of the CPU. The speedup increases
quickly not only according to the number of simulated trajectories, but also ac-
cording to the dimension of the contract. The latter fact can be easily explained
by the memory hierarchy of the GPU [18]. The speedups provided in Figure 3
prove, once again, the high adaptability of MCM on parallel architectures.

MCM is well suited to parallel architecture because it is completely based on
Monte Carlo, unlike the Longstaff-Schwartz algorithm that performs a regression
which cannot be efficiently parallelized. Indeed, for a regression that uses less
than 10 polynomials, the Longstaff-Schwartz algorithm have almost the same
behavior on the CPU as the one described for MCM in Figure 2. However, the
many-core GPU implementation of the Longstaff-Schwartz algorithm is at most
two times faster than its multi-core CPU implementation. For more details, we

Swhich is due to hyper-threading.
“which is the most natural procedure of parallelizing Monte Carlo.
8We use CUDA language.
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Figure 3: The speedup of using the GPU instead of the CPU cores according
to the number of trajectories.

refer the reader to [1] which compares the GPU implementation of the Longstaff-
Schwartz algorithm to its one-core CPU implementation.

Although MCM is based on Monte Carlo, one should, at least, respect the
four points below when programming MCM on GPUs:

e Reduce the communication between CPU and GPU to its minimum, even
more when implementing MCM whose trajectories are coupled, that is to
say, one needs the other trajectories’ data to simulate one value associated

to one trajectory.

e Ensure the maximum coalescence of the data on the GPU because it affects
greatly the execution time.

e Find the right compromise between the number of threads on each block
and the number of blocks on the GPU when implementing MCM using
less than 216 trajectories.

e Saturate the GPU with as many instructions as possible thanks to the use
of multi-streaming.

We refer the reader to [18] and [17] for more details on programming GPUs
using CUDA.
6.2 Geometric average on independent B&S model

In this part, we simulate the prices associated to Theorem 4 and we test our
simulations on a geometric average payoff that has the following expression

d
Pgeo(S1) = <K - H(S?r)l/d> : (52)
+

i=1
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The parameters of the simulations are the following: The strike K = 100, the
maturity 7" = 1, the risk neutral interest rate » = In(1.1), the time discretization
is defined using the time steps that is given as a parameter in each simulation,
S8 =100 and 0;;(t) = 05(t)d(j —i) with o;; = 0.2. The true values, to which we
compare our simulation results, are set using the one-dimensional equivalence
and a tree method [9], available in Premia [15].

In Figure 4, we compare the P2 (#) version of MCM with a standard LS
algorithm. The LS is implemented using linear regression for multidimensional
contracts and using up to three degree monomials for the one-dimensional con-
tract. The reason behind the choice of linear regression in the multidimensional
case is the fact that the regression phase of LS can really increase the execution
time without a significant improvement of the prices tested.

In Figure 4, even if all the prices are sufficiently good, we see that MCM
provides better prices than those of LS. Also when we increase the time steps,
MCM is more stable than LS. However, for n = 10 and time steps > 10, we
remark that one should simulate 2'4 trajectories to stablize MCM. This fact is
expected due to the high variance of the ten dimension contract and that one
should simulate more trajectories, on the one hand, to obtain an asymptotically
good approximation of the relation between N and N’ and, on the other, to have
a sufficient number of trajectories for the approximation of the continuation
value. The executions of MCM and LS with 2!° trajectories are carried out
in less than one second. Moreover, using 2'4 trajectories the LS and MCM are
executed within seconds (< 5s). As a conclusion from this figure, MCM provides
better results than LS in approximately the same execution time. When we
increase the simulated trajectories to 2'4, the MCM prices are stabilized for
high dimensions and are always better than LS prices.

In Table 1, we remain with the same payoff @geo(ST) but this time we
compare the different nonparametric methods of implementing MCM. In P2(=)
and P2(#), we use the same P2 method but with N = N’ for the first one
and N # N’ for the second (The relation between N and N’ is detailed in
pages 19 and 20). First, due to the high variance, we notice that P2(=) is
not stable in the multidimensional case and can give wrong results if the time
steps > 10. This kind of bad results are also obtained for different values of the
model parameters. However the P2 method is stabilized when we implement
the version N # N’ of the advanced variance reduction method detailed in
section 5. Also when we use 210 trajectories, P1 and P2(#) are almost similar.
Nevertheless, with 24 trajectories, P2(#) outperforms P1 which indicates that
the conditions of Proposition 1 are fulfilled and we have an asymptotically good
approximation of the relation between N and N’. As far as the execution time
is concerned, the time consumed by P2(#) is not very different from P1 when
we use 29 trajectories. In addition, using 2'* trajectories, the computations
of the relation between N and N’ is performed on the GPU independently on
each trajectory and P2(#) is < 5% slower than P1 for the tests that we have
implemented.
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Figure 4: MCM Vs. LS for @geo(ST): PR is the real price. PM and PL are

the prices obtained respectively by MCM and LS represented with their standard
deviations.

6.3 Call on max and put on min on two-dimensional B&S
model

In this part, we simulate the prices associated to Theorem 5 and we test our

simulations on the American put on minimum and on the American call on
maximum that have the following payoffs

P pnin(S7) = (K — min(S7, S%))+ ;. Prnax(Sr) = (max(Sp, S7) — K) , . (53)

4+
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Table 1: P1 Vs. P2 for ®¢, (S7): The real values are equal to 4.918, 1.583 and

geo
0.890 for dimensions one, five and ten respectively

Simulated Dim  Time Price Std Deviation
Paths d Steps Pl  P2(=) P2(#) Pl P2(=) P2(#)

210 1 10 4.750 4.826 4.789 0.213 0.167 0.160
210 1 20 4.729 4.880 4.800 0.270 0.226 0.216
210 1 30 4.679 4.909 4.853 0.270 0.179 0.190
210 ) 10 1.548 1.681 1.526 0.071 0.073 0.067
210 ) 20 1.632 > 2.0 1.588 0.070 0.048
210 5 30 1.650 > 2.3 1.619 0.074 0.069
210 10 10 0.900 1.112 0.869 0.039 0.045 0.044
210 10 20 0.921 > 1.3 0.936 0.043 0.047
210 10 30 0.908 > 1.5 0.949 0.035 0.046
214 1 10 4.738 4.812 4.807 0.057 0.046 0.047
214 1 20 4.675 4.869 4.825 0.047 0.044 0.043
214 1 30 4.638 4.876 4.856 0.072 0.059 0.058
211 5 10 1.487 1.526 1.506  0.057 0.012 0.012
214 5 20 1.504 1.639 1.534 0.047 0.021 0.016
214 5 30 1.508 > 1.8 1.543 0.072 0.015
211 10 10 0.845 0.938 0.842 0.013 0.015 0.012
214 10 20 0.901 > 1.2 0.893 0.012 0.014
214 10 30 0.923 > 1.3 0.916 0.015 0.016

The parameters of the simulations are the following: The strike K = 100, the
maturity 7 = 1, the risk neutral interest rate r = In(1.1), the time discretization
is defined using the time steps that is given as a parameter in each simulation,
S¢ = 100.

The true values, to which we compare our simulation results, are set using
the Premia implementation of a finite difference algorithm [20] in two dimen-

sions. Besides, we use the approximation presented in [11] for the bivariate cu-
mulative distribution in the expression of Aihxzywhw (Theorem 5). For higher

dimensions, we refer the reader to [13] for the approximation of the multivariate
normal cumulative distribution.

Because of the bad results obtained previously with P2(=), we eliminate
this method and we only consider P2(#) and P1. In Table 2, we analyze the
American put on minimum and the American call on maximum in two dimen-
sions. As far as ®,,;,, is concerned, P2(#) outperforms P1 even when we use
only 21°. Regarding ®,,4., P1 performs better than P2(#) for 219 trajectories
which indicates that, because of the big variance produced by ®,,,, relatively
t0 Dynin, the relation between N and N’ is not well estimated. Simulating 214
trajectories, we obtain similar results for P1 and P2(#) for ®,,4..

In Table 3, we show that our results are accurate even when p # 0 and when
simulating only 210 trajectories with P2(#).
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Table 2: P1 Vs. P2 for ®,,;, and ®,,4,: Simulations for p =0 and o1 = 09 =
0.2. The real values are equal to 8.262 and 21.15 respectively

Simulated The Time Price Std Deviation
Paths Payoff Steps P1 P2(#) Pl P2(#)
210 Din 10 7.734 7.986 0.190 0.248
210 Din 20 7.618 7.895 0.257 0.270
210 Din 30 7.564 7.920 0.224 0.263
210 D raz 10 21.03 20.33  0.66 0.86
210 D raz 20 20.46 19.38  0.61 0.73
210 Draz 30 19.73 18.13  0.73 0.93
214 Din 10 7.755 8.088 0.058 0.067
214 Din 20 7.584 8.098 0.098 0.052
214 Din 30 7.467 8.087 0.082 0.043
214 Draz 10 20.96 20.91 0.09 0.24
214 Draz 20 20.58 20.56  0.16 0.16
214 D raz 30 20.36 20.05  0.15 0.22

Table 3: ®,,;, and D, qs:

Simulations for p # 0 and 01 = 0y = 0.2 using 2'°

trajectories
Real The  Time Price Std Deviation
values Payoff Steps p=05 p=-05 p=05 p=-05
(+)7.23  Ppin 10 7.31 9.10 0.06 0.03
D,in 20 7.47 9.29 0.07 0.06
(=)9.05  Pin 30 7.64 9.48 0.09 0.08
(+)18.74  Dppan 10 18.78 23.23 0.53 0.35
Dnax 20 19.03 23.57 0.37 0.12
(—)23.08  Pan 30 19.29 23.94 0.19 0.20

Table 4: ®,,,,: Simulations for p # 0, oy = 0.1 and o, = 0.2 using 2'°

trajectories

Time Price Std Deviation
Steps p=03 -03 0.7 -071] 03 -03 07 =07
10 17.17 19.07 1544 20.20 0.29 0.24 0.29 0.22
20 17.17 19.24 15.37 20.36 0.20 0.23 0.27 0.27
30 1722 19.30 15.40 2044 0.15 0.18 0.25 0.19

Real values 17.27 19.11 15.70 20.21

When 01 = 03, the terms AL . ., and A3 . of (42) do not in-

tervene, thus in Table 4, we show that our results are also accurate even when
o1 # 09 and when simulating only 20 trajectories with P2(#). We also con-
sidered, in Table 3, the case of highly correlated assets |p| = 0.7.
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6.4 Put on Heston model

In this part, we simulate the prices associated to Theorem 6. Unlike the previ-
ous tests, in this part we do not know the real price of the American options.
Thus, we will test the coherency of the results obtained with MCM to the re-
sults obtained using two different algorithms in Premia [15] (version 13). The
methods to which we compare MCM are: The Longstaff-Schwartz(LS) method
[16] implemented with a second order discretization scheme for the CIR process
[3] and the Andersen-Broadie(AB) method [4] also implemented with a second
order discretization scheme for the CIR process. We take the default parameters
given in Premia for the two methods and we have tested various model param-
eters configurations including the one associated to Table 5: Dimension d = 1,
maturity 7' = 1, strike K = Sy = 100, vp = 0.01, kK =2, § = 0.01, n = 0.2 and
r = In(1.1). Moreover, we have implemented MCM using the Milstein scheme
for the CIR process and we used only 219 trajectories with P2(#) because we
judged it sufficient for our simulations.

According to Table 5, the results obtained with MCM are coherent to the
one obtained with LS and AB. In Table 5, we only present the results for the
put option, but we obtained the same kind of coherence for the call option and
even for high values of vy, # and n but always under the Feller conditions.

Table 5: Put option using 2'0 trajectories and 50 time steps

Correlation(p) Price(MCM)  Std Deviation(MCM) LS  AB
—-0.5 1.79 0.05 1.78 1.74
0.0 1.60 0.05 1.61 1.59
0.5 1.41 0.05 141 1.35

7 Conclusion and Future Work

In this article we provided, on the one hand, theoretical results that deal with
the computation of the continuation value using the Malliavin calculus and how
one can reduce the Monte Carlo variance when simulating this value. On the
other hand, we presented numerical results related to the accuracy of the prices
obtained and the parallel adaptability of the MCM method on multi-core and
many-core architectures.

As far as the theoretical results are concerned, based on the Malliavin calcu-
lus, we provided a generalization of the value of the continuation for the multidi-
mensional models with deterministic and nonconstant triangular matrix o(t) as
well as for the multidimensional Heston model. Moreover, we pointed out that
one can judiciously reduce the variance by a simple conditioning method. Fi-
nally, we presented a less intuitive but very effective variance reduction method
based on an appropriate choice of the number of trajectories used to approxi-
mate the quotient of two expectations.

Regarding the numerical part, we proved that instantaneous simulations on
the CPU can be obtained using only 219 trajectories and the results got with
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MCM are sufficient and better than with LS. Also, unlike LS, our nonpara-
metric variance reduction implementation of MCM does not require parametric
regression. Thus we improve the results of the simulation by only increasing
the number of trajectories. Finally, increasing the number of trajectories is
time consuming but MCM can be effectively parallelized on CPUs and GPUs.
Indeed, for all the implemented tests, the MCM simulation of 2'* trajectories
using the GTX 480 GPU can be performed within seconds (< 5s).

As future work, we plan to extend the results presented for the multidimen-
sional Heston model to other stochastic volatility models. We will also look
for a weaker and sufficient condition than the one presented in Lemma 4 for
the Heston model and to extend it for the multidimensional case. Regarding
the parallelization aspects, we are working on the parallelization of MCM on a
CPU/GPU cluster using MPI+OpenMP+CUDA.

Appendix

Proof. of Lemma 1 The equality (15) can be easily proved. Indeed, using the
chain rule

Zapk )SPd,, f(St)

Besides, we assumed that p(u) = o~ !(u) which completes the proof.

Proof. of Lemma 2 Using duality (7) we have
B (h(S5F Sy [y palw)dWi) = B (S, [, Dy [1(S)F] pae(u)du)

= B (h(S5) 2Ly J; DiFpa(w)du) + B (F L, [ H(SE)owi (w)pis(u) Shdu)

Moreover, the fact that o(u) and p(u) are two triangular matrices such that
prk(u) = 1/okk(u) simplifies the last term which can be also rewritten using the
Malliavin derivative

E (F/Ih’(Sf)Sfdu> =F <F/I%((i;€>du>

This provides the required result.

Proof. of Theorem 4 Let us begin with T ;[1](x), by independence of the coor-
dinates we obtain

d SFYW. d SEy,
B e —— )

k=1
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Afterwards, we use the independence of the increments to obtain

E( (St )Wft) _E(HMS e3[4 — 5)(WE + ays) — s(WF — Wf)])
=(t—s)E (Hk(s LWk + UkS)) —sb (%) EWE -W)
= (1= )8 (L2 (56 + ous))

where the random variable G has a standard normal distribution. Moreover we
have the following equality in distribution

2
Sfisgexp(( k—7)8+0k\/_G)

By computing the expectation, we obtain the requested result.
Regarding function h, we condition according to W} = w;, and we use the
independence of coordinates

hk(a:k,wk) (Hk(Sk)Wkt/Sk

)

Knowing W§ = 0 and W} = wj, when we fix s the random variable WF =
t s(t=s)
g felts

following equahty in distribution for Wkt' W’“t = ops(t — s) + /ts(t — s)G

G and G has a standard normal distribution. Also, we have the

2

and S* = Skexp ((m - —) s+ Rt + gy S’“TSG) Then we compute
hi (2, wy) which yields:

hi(zg, wi) =

(@8 [ —9) eXp<—sak (3% 1) - M).

Sk 27 i\ T 2

Proof. of Theorem 5 For this model I'y ; = w; fwgf — (2 with

12 gy \/1—P2W51—PW52 o vl—PQ(th — W) = p(W¢ = W)
- o1/ 1 — p? (t—s)o1y/1—p? ,

22 w2 _ (W7 = W3) Cr o= —tp
Mot oo /1—p2  (t—8)oa\/1—p? b2 s(t—s)(1—p?)oroy

For k = 1,2, knowing W} = 0 and W} = wy, when we fix s the random

variable Wsk = Tk — S(t—sGk where G; and G5 are two independent with
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standard normal distribution. In addition, we obtain the following equalities in
distribution

; (—02-02) V1—p2s S(-s
H?:l S; . (712 = +T1+T2)S+(Ul+p02)sw1t02 e 2/ (tt )((01+P02)G1+a’2\/17p2G2)

S5
pGQ Gl 1— t GQ _012
S(t—8)021/1—p2 =

t
Ise=(1+ _ ==
T < S(t_s) 0'2\/1—p2 01
which allows us to compute h(x,w;,ws) and obtain the result of Theorem 5

Proof. of Theorem 6 We perform the regression presented in pages 15 and 16
that provides the following equalities in distribution when we condition accord-
ing to F; and fg VedW, =w

S AWy tdW, -

\/—fm m\/—f N Wﬁ\/ ~9)

[t A U vaatn) (Jy va) ([ vean)”
Jo VrudW, = TN adu \/J"t Vo du Gz,

S du tdu
2o 525 w6

where the Gaussian vector (G1,G2) ~ N(0,T) with

s(t— 5)1/f vy du

(1 R _
b= ( R 1 ) A \/(fot uudu) (fos vudu - fo uudu \/(t—s)2 fos du i g2 f: g—z'
Thus T} .[g](z) = E( ( (Si)h ( i Srd W, ) ’}‘t)) with

h(z,w)=E <H(SS) <1 s(i— s)\/ﬁ\/ ) 5_3 + 52 ;%Gl)’ft\/fg\/Zqu—w)

and after Gaussian computations we get the requested result.
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