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1 Introduction

An American option with maturity 7, is an option whose holder can exercise his
right of option in any time up to 7. Let X, denote the underlying asset price process,
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here modeled as a diffusion process:

dXt = b(t, Xt)dt + 0'(t7 Xt)th

Xo— g (1)

where b and o denote a vector and a matrix field on R? and W is a d-dimensional
Brownian motion. Let ®(X,) denote the ¢ ash-flow associated with the option. The

Npe | Price  True Price A True A | CPU

500 4.806 -0.378 4.1
1000 | 4.795 4.918 -0.386  -0.387 16.2
5000 | 4.804 -0.384 405.2
10000 | 4.804 -0.384 405.2

Table 1: Standard American Put, 20 exercise periods

price as seen at time ¢ of such an American option is given by

P(t,X;) = sup E(e_ftersds@(Xg)’}"t)
0T, T

where T, r stands for the set of all the stopping times taking values on [¢t,7] and r
denotes the spot rate process, which is here supposed to be deterministic.
provided The solution of this optimal stopping problem has been provided by El
Karoui and others [6] by using the theory of the Snell envelopes: the optimal stopping
time is given by

0; =inf{s € [t,T]; P(s,X;) = ®(Xs)}.

Moreover, the function P(t,z), giving the price of the option, can be characterized
as follows. We define the stopping region, also called exercise region, as

Es={(t,x) € [0,T] xRy : P(t,x) = D(x)}
and the continuation region as its complement, that is
E={(t,x) € [0,T] xRy : P(t,z) > ®(x)}.

By using the Ito’s Lemma, one can prove that P(t,z) solves the following partial differential
equation: setting £ as the infinitesimal generator of X (acting on the space variable only), that is

LSt P b (2) 29
o) =5 32 )50+ 3 b))

i,7=1

being a = oo*, then

(t,x)+ LP(t,x) —r(t)P(t,x) =
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whenever P(t,z) > ®(x), with the final condition P(T,z) = ®(x). The rigorous formulation of
this problem is given by means of variational inequalities (see Bensoussan and Lions, [4]).

Thus, the problem of the pricing of an American option is a strongly nonlinear problem, and there
is non hope to find closed formulas. In order to numerically compute the price of an American
option, one can use either a deterministic or a stochastic algorithm.

Concerning the deterministic methods, they can be based on finite elements methods for variational
inequalities. But here, we are interested in a stochastic approach, that is in a Monte Carlo algorithm
for the pricing of American options. It turns out from a dynamic programming principle, but let
us firstly start by formalizing better the framework.

Let (Q, F,P) be a filtered probability space where a d-dimensional Browinan motion W is defined
and set F; = o(Wy : s <t). Let X; denote the underlying asset prices, which evolve according
to (1). The price at time ¢ of an associated American option with maturity 7" and payoff function
P . Ri—)Risthen

P(t,x) = sup E;, (e_r(g_t)(l)(Xg)> (2)

0cT, T

where we have supposed that the spot rate is constant. In order to numerically evaluate P(0,z),
that is the price as seen at time 0, it is possible to set up a Bellman dynamic programming principle.
Indeed, let 0 =ty < t; < ... <t, =T be a discretization of the time interval [0, T], with step size
equal to At = T'/n, and let (XkAt)k:0717___7n an approximation of (X¢)e(o,7], that is Xiar >~ Xpaz.
The price P(kAt, Xjat) can be approximated by means of the quantity PkAt()_(kAt), given by the
following recurrence equality:

Theorem 1.1. For any At = T/n € (0,1), then Puai(Xpa:) = ®(Xpa¢) and for any k =
n—1n-—2,...,1,0, one has
Xear) )

As a consequence, one can numerically evaluate the delta A(t,z) of an American option, that is
the derivative of the price with respect to the initial value of the underlying asset price: A(t,z) =
0. P(t,z). Recall that this is important since it gives the sensibility of the price with respect to
the initial underlying asset price and also for the hedging of the option. By considering the case
t =0, as in Theorem 1.1, then the following approximation Ag(z) of A(0,z) can be stated.

PkAt(XkAt) = max (‘I)(ka) s e At E(P(k+1)At(X(k+l)At)

Proposition 1.2. For any At =T/n € (0,1), set
Tar={a € RY; Pa(a) < (o)},
where Pa,(a) is defined as in Theorem 1.1, that is
PAt(a) = max (@(a) , e*TAtE(PgAt(XgAt) ’ X = a)).
Then, by setting

A(a) = 0y ®(a) 11, + 7720, E(P(kJrl)At(X(kJrl)At)

Xiar = Ot) 1Ffm

where 0, denotes the gradient, one has
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Such results state that in order to numerically compute the price P(0,z) and its delta A(0,x),
it is sufficient to approximate a family of conditional expectations and of their derivatives, thus
allowing one to set up Monte Carlo simulations.

Existing Monte Carlo methods applied to this context, consist in the numerical evaluation of the
conditional expectations by means of a stratification of the path space for the approximation of
the transition density of the process X, as the quantization algorithm by Bally, Pagés, Printemp
[10], the algorithm by Broadie and Glassermann [2] or the one by Barraquand and Martineau [3].
Another Monte Carlo approach makes use of regression methods to perform the approximation of
the conditional expectation, as made by Longstaff and Schwartz [9] or by Tsitsiklis and VanRoy
[11]

Also in order to overcome the problem of the discretization of the path space, another method can
be used. It has been introduced by Lions and Regnier [3] and uses formulas allowing to represent
conditional expectations like E(F(X;) | Xs; = a) and its derivative 0,E(F(X;) | Xs = «) written in
terms of a suitable ratio of non-conditioned expectations, that is

E(F(X)| X, =a) = IW
l,« 770‘ i 71'0‘ 7-(1@‘ (3)
ao(E(F(Xt)’Xs —a) = E(F(Xe) my ) E( ?E)(ng)Ez(F(Xt) O)E(rie)

being 7¢ and 71 suitable weights, which could also depend on suitable localizing functions. Such
representations can be proved by using Malliavin calculus techniques. A review of the main results
providing the formulas as in (3) can be found in Section 2, in the framework of the Black and
Scholes model; the main reference is the paper by Lions and Regnier [8] but a little different
approach (mainly for the multidimensional case) is developed here and can be found in Bally,
Caramellino and Zanette [1].

Therefore, representation (3) can be used for the practical purpose of the pricing of American op-
tions. In fact, since the weights 7% and 71 can be written explicitly, expectations like E( f(X;) %)
or E(f(X;)71®) can be approximated through the associated empirical means and used to numer-
ically compute the price P(0, ) and its delta A(0, z) by using Theorem (1.1) and Proposition 1.2,
thus avoiding the problem of the approximation of the transition density and of the discretization
of the path space. But this plan gives also another considerable gain, because it provides a Monte
Carlo algorithm for the evaluation of P(0,z) and A(0, ) which makes use of only one set of sim-
ulated trajectories for the computation of any conditional expectation appearing in Theorem 1.1
and in Proposition 1.2. Let us finally remark that, using this approach, the valuation of the delta is
not made through finite difference approximations but it is performed by means of representation
formulas written in terms of expectations. We postpone to Section 3 a comprehensive presentation
of the Lions and Regnier algorithm.

2 Formulas for the conditional expectation and
its gradient

In this section we summarize the formulas for the conditional expectation and its first derivatives
which will be used in the pricing algorithm. We restrict our attention to the Black and Scholes
model.
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2.1 The one dimensional case

Let X be a single underlying asset price process, driven by the Black and Scholes model, i.e. it
solves the following stochastic differential equation (sde)

dXt = (’I" — U)Xtdt + O'Xtth
XO =T

where: x > 0; r,n € R, being r the (constant) spot rate and 7 the dividend of the option; o > 0
denotes the volatility; W is a 1-dimensional Brownian motion. Thus,

1
X; =zexp (ht—!—aWt), where h =r —n — 502. (4)
The aim is to study the conditional expectation
E(F(Xy) | Xs = )

and its first derivatives, where 0 < s < t, a € Ri and F' is a function with polynomial growth,
that is belonging to

E(R) = {f € M(R) : there exist C > 0 and m € N such that |f(y)| < C(1+ |y|™)}

where M(R) = {f : R — R : f is measurable}. In such a case one can state the following result
(Lions and Regnier [8], Lemme 2.1.1 and Lemme 2.1.5):

Theorem 2.1. (Representation formulas I: without localization)
i) For any 0 < s <t, F €&, and a > 0, one has

E(F(X0)| X, =) = 111;‘:;[[[1?]} ((2‘))
where
T olfl(e) = B(£00) S aw,) )

being H(§) = 1520, £ eR, and
AWy = (t —s)(Ws 4+ 0s) — s(Wy — Wy).

it) For any 0 < s <t, ® € & and o > 0, one has

_ Y = Rl FI(@)Ts 1 [1] (@) = Ts 1 [F(a)Rs ¢ [1](e)
OuE(F(X,) | X, = ) = AT
where Ty ([f] is defined above and
-« s,t 2
et = (i B BT
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Let us point out that, for any fixed function f, the operator Ry ¢[f](«) is simply the derivative of
Ts,t[f](a): Rsﬂf[f](a) = aaTs,t[f](a)'
In the proof of Theorem 2.1 it is shown the existence of a process 7 ; € L?*() such that, roughly
speaking,

“B(F(X)d(X, — a)) " = E(F(X)H(X, - a)m,,)

where §p stands for the Dirac measure in 0 (notice that H is actually the distribution function
associated with dg). Obviously, the Dirac mass is something “very irregular'. In some sense, the
Malliavin integration by parts formula allows to regularize it, thus to overcome the problem of
handling a Dirac mass, but it is worth to point out that this procedure provides an high variance
because of the presence of the Heaviside function H. Thus, it is very useful to give a localization
method for the computation of conditional expectations, as made in the following Lemma (similarly
to Lions and Regnier [8], Lemme 2.1.1 and Lemme 2.1.6).

Lemma 2.2. Let ) : R — [0,+00) be such that [, (§)dé = 1. Then the operators Tsy and Ry,
defined in (5) and (6) respectively, can be localized as follows:

Toolfl(@) = Tos[fl(@)  and  Ryu[f]() =R [f)()

where
and
RV, /(@) = ~E(f(X)u(X, - Q)M)
s (8)
H(X, — ) - ¥(X, — o) [(AW,,)? t
—~E(f(x2) X [Us(t_s) +aw,, - ).

where ¥ denotes the probability distribution function associated with v: ¥(y) = ffoo P(&)dE.

By using the localized version for the operators, we can immediately set up localized representation
formulas:

Theorem 2.3. (Representation formulas II: with localization) For any 0 < s <t, F € &,
a >0 and for any v : R — [0, +00), such that f]R Y;(&)dé =1, one has

E(F(Xt)

and
RY,[F](a)TY,[1](a) — T, [F]()RY,[1)(c)
aalE(F(Xt) ‘Xs - a) - AT :

where the operators Tﬁt[f](a) and Rit[f](a) are defined in (7) and (8) respectively.

We postpone to Section 2.3 a discussion on the choice of the localizing function .
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2.2 The multidimensional case

Let X be process giving the dynamics of d underlying asset prices, driven by the Black and Scholes
model, i.e. it solves the following stochastic differential equation (sde)

dXt = (’F — U)Xtdt + O'Xtth
Xog=zx € R¢

where:

° xeRi;

o #,m € R with #; = r for any i = 1,...,d, being r the (constant) spot rate, and with 1 the
vector of the dividends of the option;

e o denotes the d x d volatility matrix which we suppose to be non-degenerate;

e W is a d-dimensional correlated Brownian motion.

Without loss of generality, one can suppose that o is a sub-triangular matrix, that is o;; = 0
whenever 7 < j, and that W is a standard d-dimensional Brownian motion. Thus, any component
of X; can be written as

Xi=wiesp (hit+ Yoy Wi),  i=1...d o)
j=1

where from now on we set

1 ¢ .
hi=r—mi—gY oh i=1l...d
Jj=1

The aim is to study the conditional expectation
E(F(X:) | Xs = )
where 0 < s < t, a € Ri and F' is a function with polynomial growth, that is belonging to
E(RY) = {f € M(R?) : there exist C > 0 and m € N such that |f(y)| < C(1+ |y|™)}

where M(R?) = {f : R? - R : f is measurable}.

In the case of the geometric Brownian motion, that is whenever X evolves as in (9), it is quite easy
to state formulas for the conditional expectation as a direct application of the formulas provided
in the one-dimensional case. In few words, to this goal it suffices to consider an auxiliary process
X with independent components for which a formula for the conditional expectation immediately
follows as a product. In a second step, such a formula can be adapted to the original process X
by means of an (inversible) function giving X from the auxiliary process X. We present here an
approach slightly different from the one developed by Lions and Regnier [8], which is detailed in
Bally et al. [1] (where all the proofs can be found).
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To our purposes, let ¢, = (¢},...,¢%) be a fixed C! function and let us set

Xtizxiexp(hit—l-éi—konwti), i=1,....d (10)
which obviously satisfies the sde

dX; = (7 —n+ ) Xydt + 6 X, dW,

%=z (11)

being o the diagonal matrix whose entries are given by o;, @ = 1,...,d. As a first result, we study
a transformation allowing to handle the new process X in place of the original process X. We set

Gj=-2,ij=1,....,d and G=5" (12)

It is worth noticing that o is easy to compute because o is a triangular matrix. Moreover, & is
itself triangular and &;; = 1 for any ¢. Thus,

Lemma 2.4. The function F; and its inverse Gy = F{l such that X; = Ft()}t) and X; = Gi(Xy)
are given by

. ~ . i—1
. _ B o . Oij
Fi(y)= e Zi:lg]ztyi |[(%eihﬂ) Yi=1,...,d, ye R,
j=1

i—1 ~
. i 2i o\ .
Gi(z) = eE‘ZiH(m—]_e hﬂt) , i=1,....d, ze RL.
o L
J=1

Remark 2.5. In principle one could take ¢ arbitrarily. In Bally et al. [1], a detailed discussion
about possible choices for £ shows that standard methods (e.g. minimization of the variance) do not
allow to optimize with respect to €. Therefore, for practical purposes the simple choice £(t) = (t
seems to be good enough. Concerning the (now) constant ¢, two main possibilities for ¢ can be
suggested:

o (= 0: this simplifies the process )Z';

o (= /(*, with {* chosen such that @ = G4(@) = a (where « will stand for the value of X at
time s, see next Theorem 2.06), that is

i—1
. ~ 1.«
;=0 and, ast=2,...,d, Z’{—Zlaij(hjslnxj). (13)
=
Such a choice gives a formula for the conditional expectation in point of fact identical to
that provided by Lions and Reigner [S].

In the following, we refer to the choice ¢(¢) = £t. In particular, in such a case the transformation
Gy giving X; = G4(X}) can be rewritten as

1:_1 /\v'.
Gi(z)=¢e""t 2 H (%efh-”t) 7, i=1,...,d, z€eRL (14)
j=1 "

By using the process X , mainly the fact that its components are independent, we can easily obtain
a first formula for the conditional expectation and its gradient starting from the one-dimensional
one.
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Theorem 2.6. (Representation formulas I: without localization)
i) Let 0 < s < t be fized. For any function F € E,(R?) and o € RY, one has

T..[F)(a
B(F(X01X. =) = 5 i)
where
B d H(X — Q) i
Toolf)(@) = E(f(X0) ] sl ‘) (15)

being Xy = G4(X,) and & = Gs(a) [Gy being defined in (14)], H(E) = leso, €€ R, and
AW! =t —s)Wi+ous)—sW =W, i=1,....d

ii) Let 0 < s < t be fized. For any function ® € &(RY), one has, for j =1,...,d,

aa]»E( (X)) | X, = a) _ zj: a R t;k[F](a)Tsyt[l](a) - Ts,t[F](a)Rs,t;kM(a)

T2, T, [1](a)? ’

where Ty [ f](c) is defined above and, as k =1,...,d,

o H()?f _ ak) (AW‘f’t)z k L
Reklf] (@) = E(f(Xt ons(t — s)()?f)Q [gkks(t —5) + AW, o’kk:| X )
d Yi_ o~
. G280 Aws).
O'“'S(t - S)Xi l

i=1,i#k

Remark 2.7. If no correlation is assumed among the assets, that is if the volatility matrix o is
diagonal, then & = Idgxq. Thus, the sum appearing for the evaluation of 0o, E(F(X:)| X, = «)
reduces to the single term with k = j, with coefficient &;/a; = et’s
whenever ¢ = 0.

, which in turn is equal to 1

Let us now discuss formulas for the conditional expectation involving localization functions. If
we restrict our attention to product-type localizing function, then we can first state a localized
formula for the operators T, [f](c) and Ry 4,;[f](«) and then for the conditional expectation and
its gradient. In fact, one first has

Lemma 2.8. Let ¢(x) = H?:l Vi(z;), © = (21,...,2q) € R, with 1; > 0 and [ 1;(€)dé = 1.
Then the operators Ts and Ry 4,5, defined in (15) and (16) respectively, can be localized as follows:

T, lfl(@) = T (fl(a)  and  Ryulfl(@) =RY;(fl(@), k=1,....d

where

d ~i_a',_ ,~z‘_&‘ ]
T, [1)(0) = (R T (X — 0 4 LRSI 20z ) )

bt} oiis(t — )X}
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and
> AWE
» — ~ s,t
RS eulfll0) = ~E(7050| vl Rr - e
H(XF - &%) — W (XE—ak) , (AWE,)? et
’ orrs(t — 5)(XE)? (Ukks(tfs) AW Ukk)} .

o T HEE) G )
- i)
i=1,i#k oiis(t — s) X}
(18)

where U; denotes the probability distribution function associated with v;: U;(y) = ffoo ;i (§)dE.

By using the localized version for the operators, the localized representation formulas for the
conditional expectation and its gradient immediately follows:

Theorem 2.9. (Representation formulas II: with localization) For any 0 < s <t, F € &,
a € Ri and for any v € L4, one has

T [Fl(a)
E(F(X;) | Xs=a) =—
( ( ) ) T,7t[1](o¢)
and, as j=1,...,d,
J ~ P a)T? o) — TY a)RY a
aajE(F(Xt) Xs _ a) _ Zakj% « Rs,t;k[F]( )Té7t[1!};w)[1}(Tb)7;[F]( )Rs}t;k[l]( )’
k=1 J sl

where the operators ’]I"s/it[f](a) and Rg’,t;k[f](a) are defined in (17) and (18) respectively.

Remark 2.10. In principle, one could take different localizing functions for each operator, that
1s:

E(F(Xt) Xs = a) = W
Zj a R?i F)(a)T[1](a) — TV3[F aRZ’i_ 1](a
ao/]E(F(Xt) ,Xg—*oz) = kila-\kjaijx "’k[ ]( ) 2 [ 21(‘1/}73[1](0[)’2[ ]( ) i) »k[ ]( )

Furthermore, what observed in Remark 2.7 holds here as well: when o is diagonal, the sum giving
9o, E(F(X¢) | X5 = ) reduces to the single term with k = j, with coefficient a;/c; = €', which
in turn is equal to 1 if £ = 0.

2.3 A short discussion on the localizing functions

Let us conclude this “theoretical” section with a brief analysis on the choice of the localizing
functions.

Let us first discuss the one dimensional case. By referring to Theorem 2.3, in order to compute
E(F(X;)|Xs = «) one has to evaluate

H(X, —a) - U(X, — a)
os(t — s)Xs

T, [f](0) = B(£(X0) [p(X — @)+ AW.]),
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with f = F and f = 1. Such an expectation is practically evaluated by means of the empirical
mean obtained through many independent replication:

N (9) ()
v ~ L (a) (@ _ oy HXSY —a) = U(XY — o) o)
T) 2 5 3D B )+ T X awy].

The aim is now to choose the localizing function v in order to reduce the variance as well as
possible. To this purpose, let us introduce the quantity

HX;—a)—¥(X; —«
os(t — s)Xs

Hw) = [ BP0 [ -+ L aw,,|"da,

which gives the integrated variance up to the constant (with respect to 1) term Tit[ flla) =
Ts,[f](c). Then one has

Proposition 2.11. Setting £, = {1 : R — [0,400); ¢ € C*(R), t(+00) = 0 and [, ¥(t)dt =
1}, then
inf I () = I{ ("),

YeEL

where ¥* = *(€), £ € R, is a Laplace-type probability density function:

B(72(%) (st 8.) )

VO = e ML with A = A[f] =
E(fQ(Xt))

2

Remark 2.12. The optimal value of the parameter X\ corresponding to f = 1 can be explicitly
written (see Bally et al. [1] - recall that x denotes the starting underlying asset price):

MN[] =2t e~hsto®s tHovslt =~ 5) o?s(t — 3) .
o2s(t — s)
The above optimization criterium has been introduced by Kohatsu-Higa and Petterson [7]. In

principle, one could consider a measure more general than the Lebesgue one, namely to replace da
with p(de) in the expression for I7 (1), but in such a case it is not possible to write down explicitly
the optimal localizing function.

Such an approach can be generalized to the multidimensional case [5], where the functional I { has
to be obviously replaced by

u

I () = / (f2 X)) 1:[1[ L d) + (HU“\IZ)Q:X )Awgt] )da.

Then the following result holds:

Proposition 2.13. Setting L4 = {1 : R? — [0,4+00); ¥(z) = H?:l Yi(x;), where; € Ly, for
any i}, then

Jof Ihw) = 1]
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* * : * AT AT g *
where 7 (€) =TT ¥5(§), € = (€1, &a) € RY, with ¢5(§) = 5 e N0, ¢ € R and X =
Aj [f], enjoys the following system of nonlinear equations:

]E<f2(xt) [%r 11 [A;‘2+ (L&)QD

e 0j;8(t—s ik oiis(t — $) X i i
7 4 5 =1,...,d.
s(ree TT [+ (a..sffsi)xf])
iii#] 2 s

Remark 2.14. If ¢ = 0 (see Remark 2.5 for details), for f =1 the corresponding optimal values
of the parameters \; are given by (recall that x1,. .., x4 are the starting underlying asset prices)

2
t+ojs(t—s)

2 b
of;s(t —s)

Ni[l] = a5 te s taie j=1,...,d.

It is worth to point out that similar arguments could be used in order to handle the problem

of minimizing the variance coming out from the expectation giving the operator Rfﬁt[ fl(a) (and

Rit; wLf](c), see (7) and (17)). Anyway, for practical purposes, numerical evidences show that the

choice \* = 1/4/s works good enough (thus avoiding to weight the algorithm with the computation
of further expectations).

Finally, let us conclude with a short consideration. For simplicity, let us consider the one dimen-
sional case. The main problem is a good estimate of E(®(X;)|Xs; = «), which can be written as
the ratio between Tit[@](a) and Tﬁt[l](a) but also in the following way:

»

Tt ) »

, T = P( Xy —a) +
E(’/T;[it) ot W )

H(X, —a) - U(X, —a)
os(t —s) X,

E(®(X,)| X, = a) = IE((I)(Xt) AW,

(one could also complicate things by considering two different localizing functions in the above
ratio...). So, another reasonable way to proceed might take into account the variance coming out
from the weight Wit. But since it is written in terms of a ratio, at this stage it does not seem
reasonably feasible to obtain results giving the associated optimal localizing function .

3 The algorithm for the pricing of American op-
tions

We give here first a detailed presentation of the use of the representation formulas in the ap-
plied context of the pricing and hedging of American options. Secondly, we summarize the pric-
ing/hedging algorithm.

3.1 How to use the formulas in practice

The algorithm is devoted to the numerical evaluation of the price P(0, ) and the delta A(0,z) of
an American option with payoff function ® and maturity 7', on underlying assets whose price X
evolves following the Black-Scholes model, that is as in (9). It has been briefly described in the
Introduction, let us now go into the details.



7?7 pages 13

Let 0 =ty <t <...<t, =T be a discretization of the time interval [0, T, with step size equal to
€ = T'/n. By using Theorem 1.1 and Proposition 1.2, the price P(0,z) is approximated by means
of Py(x), where Pro(Xje), as k =0,1,...,n, is iteratively defined as:

Pne(an) = (I)(XHE) = (I)(XT)

_ _ 19
k=n—1,...,1,0:  Pu(Xp) = max {@(Xke) , e*TEE(P(kH)E(X(kH)s) Xk)} (19)

and the delta A(0,x) is approximated by using the following plan:

Do @ () if P.(X.) < ®(X.)

a=X.

setting  A(X.) = -
e O, E(PQE(XQE)

if P(X:)>®(Xe)  (20)

nga)

a=X.
then Ao(z) = E, (A(xg).

The conditional expectation E(P(k+1)a(X(k+1)e) | X1c) and the derivative 0, E(Pae(Xoc) | X. =
a)|a=x_ will be computed through the formulas given in the previous section, by means of suitable
empirical means evaluated over N simulated paths.

Remark 3.1. In the context of the geometric Brownian motion, the process X can be exactly
simulated at each instant t, = ke. So, in this particular case we do not need an approximation
Xe of Xge, and thus we write directly X.. Furthermore, it is worth remarking that the algorithm
allows to use the same sample in order to simulate all the involved conditional expectations, as it
will follows from the next description.

Ask=n,n—1,...,0 we need
i r—n;—% : o2 Vke+ ‘ a’i'Wj .
X} = 6( T3 Zj:l i) Zj:l ke i=1,...,d.

In order to have Xy, we simply need Wj,.. Since the algorithm is of backward-type, for the above
simulation we consider the following backward approach, which uses the Brownian bridge law.
Indeed, at time 7" = ne, we can simulate W,,. in the classical way:

Whe = V/nelU,, with U, = (UL,...,U%), U! ~N(0,1),i=1,...,d, independent,

which gives X,.. Now, in order to simulate X(,_1)., we need W, _1)., which in turn can be
simulated by using the Brownian bridge: since W, is known, W(,,_1). can be simulated by using
the conditional law of W, _1). given the observed value for W,.. It is well known that the law
of Wy given that W; = y for 0 < s < t is given by a gaussian law with mean s/ty and variance

s(t —s)/t1. Thus,
n—1 /n—1
W(n—l)s = Whe + eUpn1
n n

with U,—1 = (U}_,..., U2 ), Ui_; ~N(0,1), i = 1,...,d, are all independent. Obviously, we

n—1 n—1
can proceed similarly for the simulation of Wy, as k=n—2,...,1:

k k
Wie = Pl Wik+1)e +1/ Pl Uk,

with Uy = (UL,...,U), Ul ~ N(0,1), i = 1,...,d, independent. Thus, the basic data in the
algorithm are given by

U= {U;’q; E=1,...,n (time), : =1,...,d (dimension), ¢ = 1,..., N (sample)} (21)

and the simulation algorithm can be summarized step by step as follows.
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1. Computation of the samples (WZ;q)i:L...,d; k=1,..m, ¢ = 1,...,N: for any fixed sample
qg=1,...,N, set
for k=mn: Wf;’sq =/neUk, i=1,...,d, and
k k

fork:nfl,...,l: leaq:mw(zl;il)s+ mEU]?q, Z:L,d

2. Computation of the samples (X;i’g)izl,.“,d; k=0,...ns ¢ = 1,..., N: for any fixed sample ¢ =
1,...,N,set fork=n,n—1,...,1
D Pl PIRE A LD DL S L T (23)

and Xé’q =x;,1=1,...,d. As an example, Figure 1 shows a set of simulated paths of X.

time=1

time=0

Figure 1 An example of the tree turning out by simulating 10 paths of the process X
on [0, 1].

3. Computation of (fif)izlw,d; k=0,..n, ¢ = 1,..., N, allowing to numerically evaluate the
conditional expectations involved in (19). In order to do this, if d > 1 one needs to introduce
the drift ¢, which could vary according to the time interval of interest [ke, (k + 1)e], that is
one has something like ¢}, for k = 1,...,n—1 (time) and s = 1,...,d (dimension). As a first
stage, the £1’s can be chosen arbitrarily. But since one could also choose £, = (£}, . .. ,Eg)
depending on the position of X at time ke, the weight ¢, could also depend on the ¢'"
sample, as suggested in Remark 2.5. So let us consider the set

L={0% k=1,...,n—1 (time), i = 1,...,d (dimension), ¢ = 1,..., N (sample)}. (24)
Once L is given or computed, one can compute the sample ()Z’,i’sq)izl ,,,,, d; k=0,....n: for any
fixed sample g =1,...,N,set for k=n,n—1,...,1

v r=ni—1 S 02 ) ketlD9 ketos Wi .
X;’Eq:xie( P IL ke i=1,....,d, (25)

and Xg7=ua;,i=1,...,d.

Let us point out some remarks:

(a) in the one dimensional case, the auxiliary process X does not need, so one can drop
; ; Y4 — y4q.
this computation or else set X,/ = X}/ ;

(b) each )?,i’q has to be evaluated in terms of its corresponding é;;;q, g=1,...,N;
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(c) there are two main differences between X,)? and X%
X,’C’Eq does not contain Zj 10345 T/Vks but only U“W,CE As a consequence, st .

X% are independent, for any fixed ¢ and k;

ke
X ,;q contains the term ¢, which does not appear in X,
n—-1,¢q=1,..., N, defined as

dy k=1,...,

4. Computation of the weights {AW,*9},_;
- tk(Wthrl

(trg1 — t) W — WS + e (thpr — tr) i

AWZ = AWZkZHI =
1

N,set fork=n—1,..
W,z’eq) +k€20'ii,

(26)

So, for any fixed sample ¢ = 1,
1,...,d.

iq _ a
AW = W,C — ke(W, (k+1)5
Once we have all the previous ingredients, we can proceed to the computation of Py (Xy.) given

by (19). To this purpose, let us set
PulFI(X}.) = B(P(X(esn)e)

Xke = Oé>
a=X]
€

where
XL = (X9, ..
which has to be considered here as a datum. Notice that for each fixed (time) k, we have a random

Xd *4) = the ¢'" sample, given by (23)
X1y € R and we compute Py[F](X}.) for each point of the grid

space grid X = (X,iéq,...,
By Theorem 2.6, P, [F|(X}[,) is given by

In this practical context, such

where, for £ € R, H({) = 1if £ > 0 and h(§) = 0 otherwise
expectations are computed and thus replaced by the associated empirical means, that is we set in

practice
N d Sid i
: HX = X0 o
PORIETNRY | (SN
q=1 i=1 ke
(27)

A X0 i

|~

5) and (26) respectively. Finally, we can set up

Here, )N(,i’sq, and AW,i’q, are computed through (2
the dynamic programming principle

N
=1,...,N.

un(X2,) =0(X1), ¢=1,..
(X}.) = max (S(XL), Prluia] (X7.)). 4

fork=n—1,...,1,0 then
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Obviously, uy, gives the Monte Carlo estimate for Py in (19) and finally the price Py is approximated
by uo(X{) = uo(z) = max(®(x), Polu1](X2)), where in practice we set

Polunl(w) = 3 Y us (X2).

This procedure gives the price. Concerning the delta, everything starts at the final steps, that is
when time ¢ is considered. Indeed, by (20) we can approximate Ag(z) = (Ag.1(2), ..., Aga(z))
through its Monte Carlo estimate vo(z) = (vo.1(2), ..., vo.a(x)) given by, for j =1,....d,

N
1
voy;(x) = N Z”l;j(Xg)
g=1

where v1,;(XZ) = O0a; ®()]p=xe if uc(XZ) < ®(X7) and vy(X7) = €7 0q, E(ua(Xoc) | X =
)|aexe if us(X7) > ®(X2) (recall that us is the estimate for Pa.). The gradient d,®(a) should
obviously be considered as given in input. Concerning the gradient of the conditional expectation,
by using Theorem 2.6 one has to evaluate

Hy () (X9) = 00, B (w(Xo0) | Xe = )|
L X Rapnlua (KT [1(X2) — T fu) (X R s [1](X2) (28)
= D iy T, (X2

where T,, and Ry, are given by (15) and (16) respectively. Now, since they are weighted
expectations of random variables for which we have N samples, they can be practically evaluated
by means of the associated empirical mean: by taking into account (15) and (16), we write, for
f = ug or f =1 (more precisely, by replacing f(Xgé) = UQ(Xg;) or f(Xgé) = 1 in the formulas
below),

N ~. ~ .
1 / H(XPT — X5) i
T = = 37 s [T R X2 Ay
s € N q/z::l € 71;[1 0'“6‘2 Xe’q
N i ’ o ’
1 f H(XMT — Xma) (AW™4)2 , "
Rs m XH = —— Xq = _£ 1 A m,q
el XD = =5 DS (XE) - ST [amms@_s) + AW amm]x
q'=1 mm e
d Sid i
H(X0 — Xia .
x H (E—Niq/) AW
i=1im Oiis(t — s)Xe

(29)
This concludes the analysis of the pricing/hedging algorithm.

Let us point out that, for the sake of simplicity, in the above description we have taken into account
the non localized formulas. In practice, it is much better to use localizing functions in order to
reduce the variance, so one should use the formulas coming from Theorem 2.9. Obviously, nothing
changes except for the choice of the localizing functions, for which we refer to the discussion in
Section 2.3.

Finally, let us observe that one could use a further technique allowing to reduce the variance: the
introduction of a control variable. Unfortunately, there is not a standard way to proceed in this
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direction. For example, one could use as a control variable the price of the associated European
option. The idea is the following. For a fixed initial time ¢ and underlying asset price x, let us set
P2 (¢ x) and P°(t,x) as the price of an American and European option respectively, with the
same payoff & and maturity 7. We define

P(t,x) = P (t,z) — P®(t, z).
Then it is easy to see that

P(t,X;) = sup E(e*’“(‘)*t@(e,){g) ]—"t>
0T,

where T; 1 stands for the set of all the stopping times taking values on [t, 7] and d is defined by

~

O(t,x) = ®(x) — P (¢, x)

(notice the obstacle <T>(t7 x) is now dependent on the time variable also, and is such that ZI;(T, x) =
0). Thus, for the numerical valuation of P(0,z), one can set up a dynamic programming principle
in point of fact identical to the one previously described, provided that the obstacle ® is replaced

by the new obstacle ®(t,z). Once the estimated “price” Py(z) and “delta” Ay(z) are computed,
the approximation of the price and delta of the American option is then given by

Py™(x) = Py(x) + P**(0,2) and Agm(z) = Ao(x) + A0, )

respectively. Notice that the new obstacle has to be evaluated at each time step: in order to set up
this program, it should be possible to compute the price/delta of an European option on ®. This
happens for some call or put options, for which prices and deltas are known in closed form. But
one could think also to proceed by simulation for their computation, by using the formulas given
in Theorem 2.1 and Theorem 2.6.

3.2 Sketch of the pricing/hedging algorithm

The algorithm itself can be stated as follows. We refer here to the simplest case: we do not consider
localizing functions (but we underline in footnote where they should be) and control variables.

e Set the diffusion and option parameters: the dimension d, the starting point x, the interest
rate  and the dividends 7;, the volatility matrix o and the auxiliary matrices o and o, the
maturity 7', the payoff ® and its first derivatives 9;®, j =1,...d.

e Choose n and set € = T'/n.

e STEP n

Produce UZ ~N(0,I),¢=1,...,N.
— Using (22), compute Wi, ¢=1,...,N.

Using (23), compute X4_, ¢=1,...,N.
Initialization: set u,(X2.) = ®(X4,).

e STEP k, for k=n-1,...,1
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— Produce U} ~N(0,I),q=1,...,N.

— Using (22), compute W, ¢=1,...,N.
— Using (23), compute X/, ¢=1,...,N.
— Do the following®.

* Choose (], ¢=1,...,N. For example:
choice 1: /] = 0;
choice 2: (] = ¢*(X]) as in (13) (with o = X}, and s = ke):
i1 j
4 1, xie
G =0 andfori=2,....d: 47 =3 (k- k=),

k T;
=1 £

* Using (25), compute )?ZE, qg=1,...,N.
— Using (26), compute AW}, ¢ =1,...,N.
— Using (27)?, compute Pylupr1](XL), ¢=1,...,N.
— Compute for any g =1,..., N,

wk(X) = max (D(XL), e Pylunia] (X))

— If k=1 then add the following®.
+ Using (29)* and (28), compute H,[us](X2), j=1,...,d,¢=1,...,N.
x Compute for any j=1,...,dand ¢=1,..., N,

v1(X9) = 9;0(X9) 1y (xry <oy + e " H w2l (X9) L, (xoysa(xay-

Xq

Remark. For ¢ =1,...,N, Ul ,, W} (k1)

(k+1)e’ o, X1, AW and gy (XE), will

not be employed anymore.

e STEP 0:
— Compute
1N
Polw](z) = > uy(X7)
g=1
and set

up(z) = max <<I>(ac),e_rE 730[”1]@))7

which finally approximates the price P(0, ).

IThis step is devoted to the multidimensional case: recall that X = X in the one dimensional
case.

20r: first choose the localizing (=probability density) functions 1;, i = 1,...,d, compute the
U,’s as the associated probability distribution functions and after use the localized version of (27),
coming from part i) of Theorem 2.9 (or Theorem 2.3 if d = 1).

3This step is devoted to the computation of the delta.

40r: first choose the localizing (=probability density) functions v;, i = 1,...,d, compute the
U,’s as the associated probability distribution functions and after use the localized version of (29),
coming from part i) of Theorem 2.9 (or Theorem 2.3 if d = 1).
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— Compute for any j =1,...,d
| X
voii (2) = > vn(X9),
q=1

which finally approximates the 5" component of the delta vector A0, ).
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