Two Alternatives to SABR

PREMIA Documentation

The article [3] contains two new stochastic—volatility models ALSABR1 and
ALSABR2 in which option prices for European plain vanilla options have closed—
form expressions. The models are motivated by the well-known SABR model,
see [1], but use modified dynamics of the underlying asset.
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1 First Model: ALSABRI1

2

1
The discounted asset price process is given by S; =Y, = (Ufzt) , where z

and o are diffusions satisfying
dz = (a1 — agz)dt + 2v/zdW, do = nodB,

where 0 < n and 0 < v < 2 are constants and W and B are two independent
Brownian motions. The constants a; and ag are given by a; = 2(y — 1)/,
az = (2 —v)n?/v, values which make S a martingale. The process z is a CIR
process. If a; < 0 the process z will hit 0 almost surely. In that case the
stopped process is considered where the stopping time is the first hitting time
of 0. The transition density of the process z is well-known. For ¢ < T, we
define ¢ := 2as(4(1 — exp(—aa(T — 1)), u = czpexp(—az(T — 1)), v := czr,
q := a1/2 — 1. Then given z;, zr is distributed as % times a noncentral x?
random variable with a; degrees of freedom and noncentrality parameter 2u.
For a; > 0 the transition density from z; to zr is given by

v

pleezr) = cesp(-u—v) (2) " I 2vim),

where I,(-) denotes the modified Bessel function of the first kind of order ¢. If
ay; < 0 the CIR process will hit 0 a.s. and it is assumed that it is then absorbed
at 0. Hence the distribution of z has point mass A :=1 — fooo p(zt,2)dz > 0 at
zero. For a; < 0 the transition density is given by

v

pleezr) = cesp(-u ) (2)" 1y 2v/m).

o
-

Suppose S; = ofzf. Let 7 denote the interest rate and S; := e"*S, is the
underlying asset price. Then the time-0-prices of a European put option PV
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and of a European call option C'°V'! with expiry T  and strike price K are given
by

PSV1(507T7 Ka o, ZOafY) =E [(e—T‘TK - ST)J'_} = / hl(’z)pT(Z)dZ + ]I{G.1<O}A6_TTK7
0

CSV1(507T7 K7 T77772077) =E [(ST - e—TTK)-‘r} = / h?(z)pT(Z)dZa
0

where
2 2T (2
hi(z) = e T K®(—dy) — 0 27 exp (n7 ('y - 1)) P (—d1),
PN 2T (2
ho(z) :== 0§ 27 exp (77 ( - 1)) ®(dy) — e "TKD(dy).
v v
Here
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2
dy = d2+7n\/f7 ds :

®(+) is the cumulative distribution function of the standard normal distribution
and pr(z) := p(z0, 27) is the probability density function of the non—central x?2
distribution as specified before.

2 Second Model: ALSABR?2

The discounted stock price S is a product of a geometric Brownian motion
and a general function of a CIR process: S; = o0.g(2;), where o is a geometric
Brownian motion and z is a CIR—process, i.e.

do = o(udt +ndB), dz = (a1 — agz)dt + 2v/zdW.

The two Brownian motions B and W are assumed to be independent. The
function g solves the following second order ODE

229" (2) + (a1 — a22)g'(2) + ng(z) = 0. (1)

The ODE (1) can be solved in terms of the Kummer functions M (-,-,-) and
U(-,-,-), see [2]. A solution g to the ODE (1) is given by

Mnooar a2

9(z,a1, a2, p) = CrM (—%>2>2> + U (_52,6;1,622> ) (2)
for some constants C7,C5. It is required that p < 0 and a1 > 2,a2 > 0. With
this choice of parameters the CIR-process z stays away from zero. For p < 0
the Kummer function M stays positive. In the empirical analysis one needs to
choose the constants C7, Cy such that the asset price stays positive. With this
choice of g the process S; = 01g(2¢) is a martingale. Let r denote the interest
rate and Sy := 'S, is the underlying asset price process. Then the time0-
prices of a European put option P5V? and of a European call option C'°V? with
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expiry 1" and strike price K are given by

PSV2(SO,T7 K,r,a1,a2,20,p,m) =E [(e_TTK — ST)+] :/ iLl(z)pT(z)dz
0
CSV2(507 T, Ka T, a1, az, 20, K, 77) =E [(ST - eirTK)Jr] = / BQ(Z)pT(z)dZ7
0
where
hi(z) == e "TK®(—dy) — 0og(2)e"Td (—Jl) ,
hy(z) == 0og(2)etT® (Jl) — e "TK®(dy).
Here

5 1 oog(z)erT n? -
_ T09\2)e” " - do = dy — VT
d 77T(log( = +(r+5)T). o =di — VT,

and ®(-) is the cumulative distribution function of the standard normal distri-
bution and pr(z) := p(zo, 2z7) is again the probability density function of the
non-central x? distribution.
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