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1. Heston model

Let the asset price process St follows the Heston stochastic volatility model with mean-
reversion κ > 0, long-run variance θ > 0, volatility of volatility σ > 0, current variance
v0 > 0 and correlation ρ ∈ (−1; 1).

Introduce φ as the characteristic function of Xt = log St. It is known in a closed form
and can be used to compute standard call and put prices by the aid of Fourier inversion
as in Lord&Kahl, 2007.

Let Qt be a process of quadratic variation,

Qt =
∑

s≤t

(∆Xs)
2 ,

then the Variance Swap price with maturity T and strike K is given by

W̃T = E [QT ] − K.

Typically, the expectation of quadratic variation process is given in "annual volatility
points", i.e.

ṼT =

√

1

T
E [QT ] ∗ 100.

In what follows, we use "Variance Swap" to refer to "the expectation of quadratic variation
process in annual volatility points".

For the Heston model the expectation of QT is expressed by a very simple closed
formula:

E [QT ] = TV (T ; κ, θ, v0),

where

V (T ; κ, θ, v0) = θ + (v0 − θ)
1 − e−κT

κT
.

Note that for given T the expression for V (T ; ...) depends on κ, θ and v0 only.
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2. Calibration

We assume that both vanilla options prices and variance swaps are available at the
market. Then we can fit model to the data in two steps: first, we estimate κ, θ and v0 by
variance swaps prices, we fix this values and use them together with some initial values
of σ and ρ as an initial guess for the algorithm of 5-dimensional minimization of square
error of vanilla prices.

2.1. Variance swaps fitting. Assume that we observe variance swaps prices W̃i for a
set of maturities Ti, i = 1, 2, .., N , and we derive from them the observed values of the
expectation of quadratic variation:

di =
(

W̃i/100
)

2

.

Introduce the cost function f(κ, θ, v0) by

f(κ, θ, v0) =
N
∑

i=1

(Vi − di)
2 ,

where Vi = V (Ti; κ, θ, v0). To minimize f , we find its partial derivatives using partial
derivatives of Vi:

∂Vi

∂θ
= 1 −

1 − e−κTi

κTi

,

∂Vi

∂v0

=
1 − e−κTi

κTi

,

∂Vi

∂κ
=

v0 − θ

κ

(

e−κTi −
1 − e−κTi

κTi

)

,

and obtain the system of equations:

N
∑

i=1

(Vi − di) −
N
∑

i=1

(Vi − di)
1 − e−κTi

κTi

= 0,

N
∑

i=1

(Vi − di)
1 − e−κTi

κTi

= 0,

N
∑

i=1

(Vi − di) e−κTi −
N
∑

i=1

(Vi − di)
1 − e−κTi

κTi

= 0.
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The system may be simplified further to be written as:

N
∑

i=1

(Vi − di) = 0,

N
∑

i=1

(Vi − di) e−κTi = 0,

N
∑

i=1

(Vi − di)
1 − e−κTi

κTi

= 0.

Substitute the expression of Vi to obtain

θ

(

N −
N
∑

i=1

1 − e−κTi

κTi

)

+ v0

N
∑

i=1

1 − e−κTi

κTi

=
N
∑

i=1

di,

θ

(

N
∑

i=1

e−κTi −
N
∑

i=1

1 − e−κTi

κTi

e−κTi

)

+ v0

N
∑

i=1

1 − e−κTi

κTi

e−κTi =
N
∑

i=1

die
−κTi ,

θ





N
∑

i=1

1 − e−κTi

κTi

−
N
∑

i=1

(

1 − e−κTi

κTi

)

2


+ v0

N
∑

i=1

(

1 − e−κTi

κTi

)

2

=
N
∑

i=1

di

1 − e−κTi

κTi

.

The system is linear in θ and v0. To write it in a short notation, let us introduce

A =
N
∑

i=1

1 − e−κTi

κTi

, B =
N
∑

i=1

1 − e−κTi

κTi

e−κTi , C =
N
∑

i=1

e−κTi ,

D1 =
N
∑

i=1

di, D2 =
N
∑

i=1

die
−κTi , D3 =

N
∑

i=1

di

1 − e−κTi

κTi

G =
N
∑

i=1

(

1 − e−κTi

κTi

)

2

.

Now the system may be written in a very simple view:

θ (N − A) + v0A = D1,

θ (C − B) + v0B = D2,

θ (A − G) + v0G = D3.

From the first two equations we can find θ and v0: provided NB − CA 6= 0 we have

(2.1) θ =
D1B − D2A

NB − CA
, v0 =

ND2 − CD1

NB − CA
+ θ.

Substitute it to the last equation and obtain an equation with only one variable κ.
We solve this equation numerically to find κ, then find θ and v0 from (2.1)

If NB − CA = 0 or the derived values are not correct then we minimize the cost
function f(κ, θ, v0) using numerical optimization similar to the scheme described in the
next subsection.
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2.2. Vanilla options fitting. Assume that we observe vanilla options prices Ỹi for a
set of maturities Ti, strikes Ki, interest rates ri and dividends di, i = 1, 2, .., M , and let
Pi = Pi(κ, θ, v0, σ, ρ) be correspondant theoretical options prices.

To estimate the parameters of the Heston model we minimize some cost function
g = g(κ, θ, v0, σ, ρ). The error of estimation can be measured by different types of norm,
and we can choose one of the correspondant cost functions:

(a) the sum of squared absolute errors in prices,

ga,p(κ, θ, v0, σ, ρ) =
N
∑

i=1

(

Pi − Ỹi

)

2

;

(b) the sum of squared relative errors in prices,

gr,p(κ, θ, v0, σ, ρ) =
N
∑

i=1

(

Pi − Ỹi

Ỹi

)2

;

(c) the sum of squared absolute errors in implied volatility,

ga,v(κ, θ, v0, σ, ρ) =
N
∑

i=1

(

V oli − ˜V oli

)

2

,

where V oli and ˜V oli are theoretical and observed implied volatilities.
(d) the sum of log-difference errors in prices,

gl,p(κ, θ, v0, σ, ρ) =
N
∑

i=1

(Pi − Ỹi) log
Pi

Ỹi

.

As an initial guess for minimization routine we use values of κ̃, θ̃ and ṽ0 derived
from Variance swaps together with some values σ̃ and ρ̃ for volatility of volatility and
correlation.

Fortunately, Heston model allows semi-analitical computation of vanilla options prices
together with its partial derivatives on each parameter, this makes the minimization algo-
rithms be efficient in most cases. It may occur however that current values of parameters
come out of the reasonable range. In this case we suggest to use change of parameters
that guarantee them to stay in a certain interval. For example, to be sure that ρ stays
in (−1; 1) we may express it as

(2.2) ρ =
2

π
arctan t, t ∈ R.

The range of values for other parameters may be fixed by a similar change. Of course,
such a change in parameters leads to changes in expressions for cost function and its
gradient.
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2.3. Calibration schemes. We suggest a number of calibration schemes. To fix a
certain scheme, one should provide the following information:

1. The source of the data. We can use either market data to be read from a file
(see a structure of input files in the next section) or synthetic data (both vanilla prices
and variance swaps) produced by a routine for some certain values of parameters. The
latter may be useful to test the convergence of minimization algorithm for different initial
guesses.

2. Change of parameters. One can choose to change parameters of the model as in
(2.2) to be sure that they take values in a reasonable interval.

3. Calibration scheme. If there are no variance swaps prices available, one can choose
to calibrate model using vanilla prices only. Otherwise, we can fit κ, θ, and v0 to variance
swaps, fix their values and then fit only two parameters σ and ρ to vanillas prices. Finally,
we can κ, θ, and v0 fitted to variance swaps as an initial guess to fit all five parameters
to vanillas prices.

4. Type of cost function. One can choose a cost function to be minimized from the
list in the previous subsection. In our tests, the best results were obtained with ga,p

(absolute error in prices) and gl,p (log-difference error in prices).

3. Implementation

3.1. Input files. One can set all parameters of calibration scheme in dialog, an alter-
native is to set them in the file in.dat as a sequence of numbers as described below.

in.dat

1. Calibration scheme: Possible values:

1: data from file, fit to options prices only, without change of parameters.
11: data from file, fit to variance swaps first, then fit to options prices with κ, θ, v0

beeing fixed, without change of parameters.
111: data from file, fit to variance swaps first, then fit to options prices with κ, θ, v0

not fixed, without change of parameters.
2: data from file, fit to options prices only, with change of parameters as in (2.2).

22: data from file, fit to variance swaps first, then fit to options prices with κ, θ, v0

beeing fixed, with change of parameters.
222: data from file, fit to variance swaps first, then fit to options prices with κ, θ, v0

not fixed, with change of parameters.
3: synthetic data, fit to options prices only, without change of parameters.

33: synthetic data, fit to variance swaps first, then fit to options prices with κ, θ, v0

beeing fixed, without change of parameters.
333: synthetic data, fit to variance swaps first, then fit to options prices with κ, θ, v0

not fixed, without change of parameters.
4: synthetic data, fit to options prices only, with change of parameters.
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44: synthetic data, fit to variance swaps first, then fit to options prices with κ, θ, v0

beeing fixed, with change of parameters.
444: synthetic data, fit to variance swaps first, then fit to options prices with κ, θ, v0

not fixed, with change of parameters.

2. Cost function:
Possible values:

1: the sum of squared absolute errors in prices;
2: the sum of squared relative errors in prices;
3: the sum of squared absolute errors in implied volatility;
4: the sum of log-difference errors in prices.

3. Number of data in the file with options prices: the number of lines to be read from
the file DataMarket.dat.

4. Number of data in the file with options prices: the number of lines to be read from
the file VSMarket.dat.

5. Initial guess: the sequence of five numbers considered as an initial guess for Heston
parameters v0, κ, θ, σ, ρ.

Example of in.dat file:

11
4
76
4
0.195565 7.0575 0.203 0.35 -0.4

This example settings are: to read data from file, to fit to variance swaps first, then
to options prices with κ, θ, v0 beeing fixed, without change of parameters, to compute
the cost function as the sum of log-difference errors in prices, to read 76 lines from the
file DataMarket.dat, to read 4 lines from the file VSMarket.dat, and set initial guess of
parameters: v0 = 0.195565, κ = 7.0575, θ = 0.203, σ = 0.35, ρ = −0.4.

DataMarket.dat

Contains observed implied volatilities of standard calls and puts, the prices to be
derived from implied volatilities using Black&Scholes formula.

Columns:

1 Type of an Option: ’1’ indicates call and ’-1’ indicates put.
2 Maturity: should be measured in years.
3 Strike: normilized by spot price, a positive real number. If Strike is too small or too

large with respect to Spot, it may cause computational problems.
4 Sigma implicite: implied volatility value.
5 Interest rate: instantaneous annual interest rate.
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6 Dividend rate: instantaneous annual dividend rate.
7 Weighting factor: typically is equal to 1, but one can use any positive real numbers to

be used as weights of corresponding option prices in the cost function.

VSMarket.dat

Contains observed variance swaps prices in annual volatility points.
Columns:

1 Maturity measured in years.
2 Variance swap price in annual volatility points.

3.2. Output files. As a results of calibration we print out the values of Heston model
parameters fitted, the final value of cost function and its gradient, the observed and
theoretical prices for vanilla options and variance swaps together with implied volatilities,
absolute and relative errors. One can find outputs in three files:

CalibResParams.txt
Containes the fitted values of the Heston model parameters v0, κ, θ, σ, ρ (in this

order), and the final values of cost function and its gradient.

CalibRes.txt
Containes observed and theoretical prices for vanilla options together with observed

and theoretical implied volatilities, and percentage errors of pricing as well.

CalibResVS.txt
Containes observed and theoretical prices for variance swaps together with percentage

errors of pricing.

3.3. Main routines.

• calib_heston.c: is the main file with function main() that realizes calibration
schemes.

• calibration1.c: containes routines to set parameters of minimization, to compute
cost function and its gradient and to call Scilab optimization routine.

• costfunction.c: containes routines to compute vanilla options prices and cost
function.

• gradfunction.c: containes routines to compute the gradient of vanilla options
prices and the gradient of the cost function.

• bsvanillas.c: containes routines to compute Black&Scholes prices and implied
volatilities.

• utils1.c: containes routines to deal with input and output files and DataMarket
structure.
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• varswaps.c: containes routines to deal with input and output files with Variance
Swaps, the routines for computation of variance swap prices, fitting to a Variance
Swap Market, computation of cost function and its gradient (for variance swaps).

• ./utils1/*.c: the folder containes routines that implement optimization algo-
rithm, and routines for numerical integration.
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