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1 The Black and Scholes model

Suppose the underlying asset price (S, t > 0) evolves according to the Black
and Scholes model with continuous yield ¢, that is

dSs = S5 ((r —6)ds + odBs), Si==x
From now on, we denote by
e T = maturity date (T%)
e O=T—1
e b=r—9
e K = strike price

In the following, we state the closed form solutions for the price of options
whose payoff is given by f(Sr), being f a suitable function, i.e. for the
quantity

F(t,z)=FE [e_ref(ST(x))] .

2 Standard European Options

We have the general version of the Black-Sholes Formula [1] to price European
options on stocks paying a continuos dividend yieald. In this section, we set:

- log (£)+ (b+5)0
_ 7

d1 dzzdl—O'\/é

and N as the cumulative normal distribution function:

1 pd
N(d) = Vo /_Oo e Pdx.
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2.1 Call Options
Payorr  Cr = (Sr— K)4
PRICE Ct,z;K) =2e N(d,) — Ke "N (dy)

oC(t, z; K)
ox

DELTA = e N(d,)

Routine cf_call.c

2.2 Put Options
PAYOFF  Pr= (K — Sr)+
PRICE Pt,z; K) = Ke "N (—dy) — xe ** N(—d;)

OP(t, )

D A
ELT e

= —eN(—dy)

Routine cf_put.c

2.3 Call Spread Options
PAavyorr  CSr= (St — Ky)y — (St — K3)+
PRICE CS(t,z) =C(t,x: K1) — C(t,z; K»)
oCS(t,x) 0C(t,x:Ky) OC(x: Ky)
ox ox ox

Routine cf_callspread.c

DELTA

2.4 Digit Options

. [ K if SrK,
Pavorr:  Cr = { 0 otherwise
PRICE : C(t,x) = Ke ™ N(d)

—d3/2
DELTA : oC(t, z) ) G
ox V2rlox

Routine cf_digit.c
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3 European Barrier Options

Barrier options are known as knock-out if the value of the option nullifies if
the underlying asset price reaches a fixed barrier before the maturity date and
knock-in if it does not. We use the names up-out and up-in call/put options,
or down-out and down-in call/put options, to stress if the considered barrier
is an upper or lower one. Reiner-Rubinstein [3] have developed formulas for

pricing standard barrier options with cash rebate R.
We set here:

and

o A= ¢ze N(¢pz,) — pKe " N(¢px, — pov/0)

o B = ¢ze " N(pzy) — ¢Ke " N(pxy — ¢po/0)

o C=gx(L)X Ve N(ny) — 9Ke (L) N(nys — no/0)
o D= u(L) Ve N (nyy) — 9K e (L)% N (ny, — nov/8)
o E=Re " [N(nzs —novb) — (£)N(ny, — nov0)|

o F=R(E)PANnz)+ ()" AN(nz = 2nAoV0))

dA = ge " N(¢ay)

dB = ¢e " N(pxs) + 6_59’;(—3%)(1 — %)

C= o2 [%)Q# (ze LN () — Ke ™ N(nyy — nov/0)—

2

o (£)" N ()|

2
dD = —2u% [£)™" (se " LN (o) — Ke" N (ny2) x

x

x N <77y2 — 770\/5 — (5)2;& e‘”) N(nys) — ¢n ( )2M+2 650} X

3 -1)

B =23 ()" [N(U?h oV +1) ’””ff)}

dF = =B [+ NN (2) + (= N(2)?] = 2mR(2)0 1

oV 0
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where
) xlzloi(f//gm—l—(l%—u)a\/a xgzbi(j/ém+(1+u)0ﬁ
.gu:bﬁi%%”+u+uw¢é m=J%£gw+ﬂ+uW¢5
_ log(L/z) |
o = U\/g + A \/g

b—o0?/2 2r
* N:“?L A Ve
o o

and 7, ¢ are suitable numbers belonging to {—1,1} (see next sections for
details).
Let

M, 7= sup S, and myr = inf S,
’ t<r<T ’ t<r<T

3.1 Down-Out Call Options

Sr— K if myrlL,
PAYOFF Cr = (51 M+ ot
R otherwise
A-C+F if KL
PRICE C(t,z) =
B — D+ F otherwise
DELTA =

oC(t, x) dA —dC +dF if KL
Ox dB — dD + dF otherwise

and take

Routine cf_calldownout.c
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3.2 Down-Out Put Options

(K — ST)+ if m,;TL,
PAYOFF Pr=

R otherwise

A-B+C—-D+F if KL,
PRICE P(t,z) =

F otherwise

OP(t,r) dA —dB +dC —dD +dF if KL,
DELTA =
Oz dF otherwise
and take

Routine cf_putdownout.c

3.3 Up-Out Call Options

(ST — K)+ if Mt,T < L,
PAYOFF Cr =
R otherwise.
F if KL,
PRICE Ct,x) =
A—B+C—-D+ F otherwise
oC(t, x) dF if KL,
DELTA =
Ox dA —dB + dC —dD + dF otherwise
and take

Routine cf_callupout.c
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3.4 Up-Out Put Options

(K — ST)+ if Mt,T < L,
PAYOFF Pr=

R otherwise.

B—-D+F if KL,
PRICE P(t,x) =

A—C+ F otherwise

OP(t,z) dB —dD +dF if KL,
DELTA L=

dA — dC + dF otherwise
and take

Routine cf_putupout.c

3.5 Down-In Call Options

R if mt,TL,
PAYOFF Cr =

(St — K); otherwise.

C+FE if KL,
PRICE C(t,z) =

A— B+ D+ E otherwise

OP(t,x) dC + dE if KL,
DELTA L=
Ox dA —dB 4+ dD + dE otherwise
and take

Routine cf calldownin.c
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3.6 Down-In Put Options

R if mt7TL,
PAYOFF Pr=
(K — Sr)+ otherwise.

B-C+D+F if KL,
PRICE P(t,z) =
A+ FE otherwise
OP(t,x) dB —dC +dD+dE if KL,
DELTA L=
Oz dA + dFE otherwise
and take

Routine cf_putdownin.c

3.7 Up-In Call Options

R if Mt,T < L,
PAYOFF Cr =

(St — K)4 otherwise.

A+ E if KL,
PRICE P(t,x) =

B—-C+ D+ E otherwise

oC(t, x) dA + dFE if KL,
DELTA 17 =
Ox dB — dC 4+ dD + dE otherwise
and take

Routine cf_callupin.c
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3.8 Up-In Put Options

R if Mt,T < L,
PAYOFF P =

(K — St)y otherwise.

A—-B+D+FE if KL,
PRICE P(t,z) =

C+FE otherwise

o0(t, ) dA —dB+dD +dE if KL,
DELTA R St A
Oz dC + dFE otherwise
and take

Routine cf_putupin.c

4 Double Barrier European Option

A double barrier option is knock-in or knock-out if the underlying price
reaches or not a lower and/or an upper boundary prior to expiration. The
exact value for double barrier call/put knock-out options is given by the
Tkeda-Kunitomo formula [5], which allows to compute exactly the price when
the boundaries suitably depend on the time variable ¢. More precisely, set

U(s) = Ue’* L(s) = Le®*

where the constants U, L, d1, doin are such that L(s) < U(s), for every s €
[t,T]. The functions U(s) and L(s) play the role of upper and lower barrier
respectively. 0; and d, determine the curvature and the case of 9; = 0 and
02 = 0 corresponds to two flat boundaries.

The numerical studies suggest that in most cases it suffices to calculate
the leading five terms of the series giving the price of the knock-out and
knock-in double barrier call options.

Let 7 stand for the first time at which the underlying asset price S reaches
at least one barrier, i.e.

7 =1inf{st; Sy < L(s) or Sy > U(s)}.



17 pages 10

We define the following coefficients:
b— 52 — TL((Sl — 52)

° = 2 = +1
° M2:2n(510;52)
. M3:2b—52+:2(51—52) 1

4.1 Knock-Out Call Options

(ST - K)+ it 7T
PAYOFF Cr = 0

otherwise

Price  Clta)—ae 3 [(Un> (L>“2 (N(d}) = N(d)))

B - (%) (v - wap)|
K z [ O ( )" () - N(a))

£l
() - o)

where F' = Ue? and

log(xU"/KL*) + (b+ % ) 6 log(zU*"/FL*) + (b+ %) 0

d:t — 2 + _ 2
' oo ? vl

o 10g(L2n+2/KIU2n) + (b 4 L;) 0 o 10g(L2n+2/FIU2n) + (b + %2) 0
’ oV ! o6

Routine cf_callout_kunitomoikeda.c
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4.2 Knock-Out Put Options
(K - ST)_|_ if 7T

PAYOFF Pr =
0 otherwise

PRICE P(t,x) = Ke™" +ZOO [(Un>m_2 (i)m (N(yr) = Nw))

2
(B (v - N(yn)]

" z“; [(Z) (5)" (¥ei) - )
- (4) (o) - ve)]

where E = Le%? and

o log(zU>" /EL*) + (b % ) 6 o log(xU?"/KL*) + (b+ %) 6
1 O\/@ 2 0\/@
. log(L?/Exl®) + (b£5)0 _ log(L>"?/Kal™") + (b+2%)0

Ys O_\/g Ya U\/@

Routine cf_putout_kunitomoikeda.c

4.3 Knock-In Call Options

The double barrier knock-in call option is priced via the no-arbitrage rela-
tionship between knock-out and knock-in option:
European “IN” 4+ European “OUT” = European Standard

Routine «c¢f_callin_kunitomoikeda.c

4.4 Knock-In Put Options

The double barrier knock-in call option is priced via the no-arbitrage rela-
tionship between knock-out and knock-in option:
European “IN” 4+ European “OUT” = European Standard
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Routine «cf_putin_kunitomoikeda.c

5 Lookback European Options

Floating strike lookback options can be priced using Goldman-Sosin-Gatto

formula [2] while fixed strike lookback options can be priced using Conze-

Viswanathen formula[7].
Weset,as 0 <u<v<T,

M, , = sup S; and My, = inf S;

u<r<v UST<Y
and ,
. d1:10g<K>:\/(g+2)9 dy = dy — o\/8
° 61:log(Mxo,t)or—\i_/g(bjL02>(9 er =1 —0oV0
. o %’t);ﬂ(b 1) LA

5.1 Fixed Lookback Call Options
PAYOFF Cr=(Mor—K),
Both price and delta depend on K and M.

o IF K > M, THEN

PrRICE  C(t,x) = xe " N(d;) — Ke " N(dy)
o? AN 2b
tae T [— () "N (dl - \/§> + ebHN(dl)]
o

2b K
2) +6—59”(d1) e_regn(dﬁ

oC(t, ) _ e—EGN(dl) (1 + 9

Xz

a\/§ x 0\/5

2b 2

te? (;)32 N (d; — 2/7) (1 - gb)

DELTA
2b
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o I K < Mj; THEN

Price  C(t,x) = e " (My; — K) + ze % N(ey) — Myse "N (es)

2 -
L I O _% 0
ey [ (Mo,t) N (el o @> e N(el)]

2
3C(t,x) _ e—é@N(61>(1 + i) _'_6—5071(6\/15) _e—rﬁj\ﬁ)ﬂfn(\i%)
g g

52 2
—rf o 7 _ 2 _ 1
+e <M07t> N (61 p t) (1 2[))

Routine cf_fixed_calllookback.c

DELTA

5.2 Fixed Lookback Put Options

PAYOFF Pr= (K —m7)4
Both price and delta depend on K and my .

o IF K < mg; THEN

PrICE  P(t,r) = Ke "N (—dy) — e N (—d,)
2 _2b
o2 2b
tre T [<x> N <—d1 + \/§> - ebeN(—dl)]
o

OP(t,x) 50 ( 02> son(di) oK n(dy)
= N(d) [1+ = | + —e "=
x ‘ ( 1) ‘ O’\/g ‘ x 0\/5
€x _2*5 0'2
—r0 o 2b o2 —60
+e <K> N (—d1 —+ ;\/l_f) (% — 1) — € (2[) — 1)
o IF K > mg,; THEN

PRICE  P(t,r) = e "(K —mg;) — 2’ N(=f1) + mo e "' N(—f,)

tre T [(aj - N (—f1 + ib\/g> — ebeN(_fl)]

DELTA

OP(t,x) s o _son(f1) g Mogn(ds)
DELTA o C <1+21)>(N(f1)—1)+e 07\/5—6 -

) 2
e (Aj’o) N (=fi+ 2VA) (;’b - 1)
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Routine cf_fixed_putlookback.c

5.3 Floating Lookback Call Options
Payorr  Cp =Sy —myr
PRICE C(t,z) = 2e ' N(f)) — moe " N(f2)

_2b

tre 0 {(m) TN (—f1 + %b\/g) — e N(—f)

mot

aC(t, x) _ 50 Uj _sen(a1)
DELTA 9w © N(f1) 1+2b +e v/

2b

|

14

2 52 2
L0 o (T T (g 2 ) (T
‘ 26+€ (mo,) ( f1+0\/_ 2b

Routine cf_floating calllookback.c

5.4 Floating Lookback Put Options
PAayorr  Pr= M7 — Sr
PRICE P(t,z) = Mye " N(—e3) — 2e %N (—e)

2b

—l—xe"”ag—z [— (]\; ) TN (61 -2 (9) + ebeN(bﬂ]
0,t

2b
o? x| 2 2b
prnn 2 e (14 )+ (1) T (o= 2

) () e ()

Routine cf_floating_putlookback.c
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6 Standard 2D European Options

Consider the pair of processes S; = (S}, 5?) solution to
dS! = SM((r — 6,)dt + o1 dW}), SL = a!
dStQ = SE((T — (52)dt + 0_2th2), Sg = .172.

where (W}, t > 0) and (W2, t > 0) denote two real-valued Brownian motions
with istantaneous correlation p. The price of option with payoff f is:

F(t,x',2%) = E [e 7" f (Sh(a), S3(2%))] -

Here, closed formulas due to Johnson and Stulz are presented [1],[6].
We set
10g%+ (52—51—1-%2)9
ovtheta

o o= \/O‘% + 03 — 2poi0y

. o2
log(%)+ (r—5i+2’>9
® dz: s 7,21,2
0'1\/5

o d=

01 — Po2
o
02 — PO1
o

[ p2:

and M as the cumulative bivariate normal distribution function:

_ 22 —2pay+y?

M (a,b; p) = 200" dxdy.

1 a b
21— /_oo /_oo ¢
6.1 Call On the Maximum

PAYOFF  Cr = (max(St,S%) — K),
PRICE C(t,x1,29) = 21"V M (dy, d; p1) + 2672 M (dy, —d + o\/0; p2)
—Ke™? (1 — M(—dy + 01\/5, —dy + 02\/5; P))

GC(t, Xy, Zlfg)
8I1
80(75, X1, Ig)
8352

DELTA = e "M(dy, d; py)

= e %' M(dy, —d + ov/0; p2)
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Routine cf_callmax.c

6.2 Put On the Minimum
PAYOFF  Pr = (K — min(S}, S3))

PRICE P(t,z1,15) = Ke™™ — ¢y + ¢
P(t
Drory  PEIIE 01 N (@) 4 e OM (s, )
4o
OP(t
(éxl’x?) — e IN(d = o) + e~ M(dy, d — oV/B: —po)
o)

where
o co=x1%1 = N(d)) + 226 2N (d — 5/0)
o ¢y =21 "M(dy, —d, —p1) + 22 2 M(dy, d — o\ 0; —p3)
—Ke "M (d; — o1V 0, dy — 59V/0; )

Routine cf_putmin.c

6.3 Exchange Options
PAYOFF  Er = (S} — AS%)),
PRrICE E(t, T, $2) = $16—519N(C/i\1) — )\%26_6291\7((/{2)

where
o log (&) + (-0 +5%)6

d, = . dy=d,— oVl
1 0\/5 2 1—0

Routine cf_exchange.c

6.4 Best Of Option
The payoff is By = (max(S} — Ky, 57 — K3)))+.
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