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1 Model specification

This paper presents a new approximation formulae of European options in local volatility model with stochas-
tic interest rates. More precisely, we consider the one factor Hull and white model for interest rates (rt)t≥0,
the CEV diffusion for the spot process (St)t≥0 and constant correlation ρ. The dynamics of (St, rt)t≥0 are
given by







St = S0 +
∫ t

0
ruSudu +

∫ t

0
νSβ

u dWu

rt = f(0, t) −
∫ t

0
γ(u, t)Γ(u, t)du +

∫ t

0
γ(u, t)dBu,

(1)

where γ(t, T ) = ξe−κ(T −t) and Γ(t, T ) = ξ
κ

(

e−κ(T −t) − 1
)

.

2 Second order approximation formula for pricing European call

In the following, we introduce the log discounted process (Xt)t≥0 given by Xt = log(St) −
∫ t

0
rsds. We use

the smart expansion introduced by Benhamou et al [1] to give an analytical accurate approximation of a
call european price, written as the expected value under the risk neutral probability measure of the payoff
function h(x) = (ex − K)+ evaluated at the maturity time T:

Call Price = E

[

e
−
∫

T

0
rsds

h

(

∫ T

0

rsds + XT

)]

.

More precisely, we use the second order approximation price formula, given by Theorem 3.6 of [1], to
write

Call Price = B(0, T )

{

ET

[

h

(

∫ T

0

rsds + XB
T

)]

+

3
∑

i=1

αi,T Greekh
i

(

∫ T

0

rsds + XB
T

)

+ Resid2

}

(2)

where ET is the expectation under the forward neutral probability QT , B(0, T ) is the zero coupon bond
paying 1 Euro at time T . The process XB

T is given by

XB
T = log(S0) +

∫ T

0

σtdWt − 1

2

∫ T

0

σ2
t dt, σt ≡ νS

β
0 .

The leading order in this approximation is given by the quantity A = B(0, T )ET

[

h
(

∫ T

0
rsds + XB

T

)]

which

is given by the Black formula

A = S0N
(

1

σBlack
√

T
log(

S0

B(0, T )K
) +

1

2
σBlack

√
T

)

− KB(0, T )N
(

1

σBlack
√

T
log(

S0

B(0, T )K
) − 1

2
σBlack

√
T

)

.
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The quantity Greekh
i

(

∫ T

0
rsds + XB

T

)

is the ith derivative of the leading term w.r.t. the initial value x0 =

log(S0) and the error term Resid2 is well analyzed in [1]. In the particular case of model (1) the coefficients
αi,T are explicit.

α1,T =
e−2κT (β − 1)ν2S

2(β−1)
0

4κ4
[2ρ2ξ2 + 2eκT ρ(κνS

β−1
0 (2κT + 1) + 2ρ(κT − 1)ξ)ξ +

e2κT (ν2S
2(β−1)
0 T 2κ4 + ρνS

β−1
0 (κT (3κT − 2) − 2)ξκ + 2ρ2(κT − 1)2ξ2)],

α2,T = −α1,T − α3,T ,

α3,T =
e−2κT (β − 1)ν2S

2(β−1)
0

2κ4
[ρξ + eκT (νS

β−1
0 Tκ2 + ρTξκ − ρξ)]2.

Finally, the Call price, given by the approximation formula (2), is computed by the Premia code source
function.
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