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This document describes the Term-Structure-of-Skew forward Libor model proposed
by V.Piterbarg and a C implementation in PREMIA of the calibration of this model
using market swaptions volatilities and skews.

NB : To know how to run the program, read the file README.

1 Libor market model with stochastic volatility

Let us consider a set of dates T0, T1, ..., TN with 0 = T0 < T1 < ... < TN and Tk+1 −Tk =
τ .

We note Lk(t), for a certain date t ≤ Tk, the value at date t of the Libor rate settled
at Tk and payed at Tk+1. We extend this definition to t > Tk simply by Lk(t) = Lk(Tk).

By absence of arbitrage, the Libor rates are related to Zero Coupon bond by :

Lk(t) =
1
τ

(

P (t, Tk)
P (t, Tk+1)

− 1

)
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and a swap rate with starting date Tn and last payment date Tm:

Sn,m(t) =
P (t, Tn) − P (t, Tm)

m
∑

i=n+1

τP (t, Ti)

Under the swap measure Qn,m, a European swaption can be viewed as a European
option on the swap rate Sn,m(t). In fact, if we note this price Swptn,m(t), then:

Swptn,m(t) = NtE

[

(Sn,m(Tn) − K)+

NTn

]

where Nt is the numeraire related to the swap measure Qn,m. i.e. Nt =
m
∑

i=n+1

τP (t, Ti).

1.1 Simple model

One possible way to price this contract is to model the swap rate Sn,m(t) only. This
kind of model is called “simple model” because it does not describe the evolution the
whole interest rate curve. A classic example is the Black model for European swaptions,
and a way to extends this model is to introduce stochastic volatility

dSn,m(t) = λ (bSn,m(t) + (1 − b)Sn,m(0))
√

z(t)dWt

dz(t) = κ(z0 − z(t))dt + η
√

z(t)dV (t)
z(0) = z0

< dV, dW > = 0

(1)

The parameter λ is responsible of the overall level of volatility smile, b for the slope
of the volatility smile at-the-money. With this dynamic, the pricing of a European
swaption is straightforward using Fourier transform based methods. (cf appendix)

Each swap rate dynamic is calibrated to the swaption smile across different strikes,
witch gives in final a set of parameters {(λn,m, bn,m, ηn,m)}N

n,m=1
1.

Notice also that z0 can be chosen equal to 1. In fact, if we define η̃ =
η√
z0

, z̃(t) =
z(t)√

z0

and λ̃ =
√

z0λ, then:

dSn,m(t) = λ̃ (bSn,m(t) + (1 − b)Sn,m(0))
√

z̃(t)dWt

dz̃(t) = κ(1 − z̃(t))dt + η̃
√

z̃(t)dV (t)
z̃(0) = 1

1The author suggest to consider κ as a global parameter. With a “good“ choice of κ, the parameters

ηn,m can also be chosen constant ηn,m = η.
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This set of parameters {(λn,m, bn,m)}, inferred from market prices of swaptions, will
play the role of implied volatility, and a model that we want to calibrate will be fitted
to these market values

{

(λmkt
n,m, bmkt

n,m)
}

. So, the first step is to estimate the corresponding

values
{

(λmod
n,m , bmod

n,m )
}

for the chosen model. This can be done using approximate dynam-
ics for the swap rate, and averaging techniques as developed in the article of Piterbarg,
and as we will recall in the following sections.

1.2 Extension : A stochastic volatility forward Libor model

The model proposed above describes separately the swap rates and is not suitable to
price exotic interest rate derivatives that depend on the term structure information. A
possible way to include this information is to model forward Libor rates with stochastic
volatility in the following way, under some measure P:

dLn(t) = (βLn(t) + (1 − β)Ln(0))
√

z(t)
K
∑

k=1

σk(t; n)
(

√

z(t)µk(t; n) + dWk(t)
)

(2)

The stochastic variance process z(t) is defined by the same SDE an in 11 :

dz(t) = κ(z0 − z(t))dt + η
√

z(t)dV (t)
z(0) = z0

W (t) = (Wk(t))1≤k≤K is a K-dimensional P-Brownian motion independent of V .

(σk(t; n), t ≤ Tn)k=1:K
n=1:N−1 is instantaneous volatility functions.

(µk(t; n), t ≤ Tn)k=1:K
n=1:N−1 is a P-dependant drift that ensures absence of arbitrage

within the model. In particular, under the forward measure with numeraire P (., Tn+1),
µk(t; n) = 0.

In this model, noted (FL-SV), Sn,m(t) can be shown to follow the approximate dy-
namics

dSn,m(t) = σ(t) (βSn,m(t) + (1 − β)Sn,m(0))
√

z(t)dU(t) (3)

for some Brownian motion U(t) and some time-dependent volatility function σ(t). We
remark that β does not depend on the swap rate we are considering; This imply that the
(FL-SV) model cannot reproduce all swaption volatility smile parameters

{

(λmkt
n,m, bmkt

n,m)
}

.

We then have to expand this model to take into account the variability in swaption
skews across expiries/maturities. The model described in the next session proposes a
solution to this problem.
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2 Term-Structure-of-Skew Libor model, by Piter-

barg

The intuition behind this model is to add some flexibility to account for the variability
in swaption skews, by assuming a time-dependant skew {β(t; n), t ≥ 0}N−1

n=1 in the Libor
dynamic.

2.1 The model

The Libor rates are supposed to follow the dynamic (noted FL-TSS):

dLn(t) = (β(t; n)Ln(t) + (1 − β(t; n))Ln(0))
√

z(t)
K
∑

k=1

σk(t; n)
(

√

z(t)µk(t; n) + dWk(t)
)

(4)

As we noted before, model will be calibrated to the market-inferred parameters
(λmkt

n,m, bmkt
n,m). To do that, we have to estimate the model-inferred parameters (λmod

n,m , bmod
n,m ).

The first step then to derive approximate dynamics of swap rates.
In fact, [1] derives the following approximate dynamic for the swap rate under the

swap measure Qn,m that makes Sn,m(t) a martingale:

dSn,m(t) = (β(t; n, m)Sn,m(t) + (1 − β(t; n, m))Sn,m(0))
√

z(t)
K
∑

k=1

σk(t; n, m)dW n,m
k (t) (5)

where

σk(t; n, m) =
m
∑

i=n+1

qi(n, m)σk(t, i)

β(t; n, m) =
m
∑

i=n+1

pi(n, m)β(t, i)

qi(n, m) =
Li(0)

Sn,m(0)
∂Sn,m(0)
∂Li(0)

pi(n, m) =
∑

k σk(t; i)σk(t; n, m)
(m − n)

∑

k σ2
k(t; n, m)

We note that this dynamic is similar to the approximate dynamic under (FL-SV)
as given in 3 with a major difference that the skew in 5 is now time-dependant, witch
permits a term structure expiries/maturities calibration of the market skew bn,m.

The calibration of this model can be done in two way. The first one is use fast
European option pricing formulas (or approximations) and try to fit the market prices
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of these European options. This means that we try to minimise the error function
between market and model price of swaptions:







min
∑

n,m

(Swptmod
n,m − Swptmkt

n,m)2

over σk(t; i), β(t; i)

The second possibility is to use, if available, formulas that relates the model param-
eters σk(t; i) and β(t; i) to the ”effective”, constant parameters λn,m and bn,m such that
the equations 5 can be approximated by the SDE:

dSn,m(t) = λn,m (bn,mSn,m(t) + (1 − bn,m)Sn,m(0))
√

z(t)dU(t) (6)

Then the fitting procedure can be done directly over the market-values (λmkt
n,m, bmkt

n,m),
without the need for option valuations during calibrationâĂŹs non-linear search.

The problem of finding good ”effective” λn,m and bn,m such that the equations 5 can
be approximated with constant parameters is explained in the next session.

2.2 Averaging techniques

From equation 5, each swap rate in the FL-TSS model follows, each one under its
appropriate measure, an SDE of the form

dS(t) = σ(t) (β(t)S(t) + (1 − β(t))S(0))
√

z(t)dU(t) (7)

where U(t) is a Brownian motion.
The ”main” technical contribution in [1] is to give formulas to approximate the

equation above by an equation with constant parameters.
This can be done in two steps:

dS(t) = σ(t) (β(t)S(t) + (1 − β(t))S(0))
√

z(t)dU(t) (8)
⇓ β(t) is replaced with “skew average” b

dS(t) = σ(t) (bS(t) + (1 − b)S(0))
√

z(t)dU(t) (9)
⇓ σ(t) is replaced with “volatility average” λ

dS(t) = λ (bS(t) + (1 − b)S(0))
√

z(t)dU(t) (10)

First, equation 8 is approximated by equation 9 with constant skew and volatility
still time-dependant. Then the second step is to replace equation 9 with equation 10
with constant skew and constant volatility.
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• Effective skew

The average parameter b is the effective skew for the equation 7 over a time horizon
[0, T ], and it’s given by

b =
∫ T

0
β(t)ω(t) dt

The weights ω(t) are given by

ω(t) =
v2(t)σ2(t)

∫ T
0 v2(u)σ2(u) du

v(t) = z2
0

∫ t
0 σ2(u) du + z0η

2e−κt
∫ t

0 σ2(u)
eκu − e−κu

2κ
du

• Effective volatility

The effective volatility parameter λ is chosen such that the price of ATM option on
S(t), maturing at T , given by the dynamic 9 and 10 are the same. This gives to σ(t)
the role of capturing the ATM implied volatility.

Using some approximations, we can find that λ is given as a solution to the equation

ϕ0

(

−g′′(ζ)
g′(ζ)

λ2

)

= ϕ

(

−g′′(ζ)
g′(ζ)

)

where

g(x) =
S0

b

(

2N (b
√

x/2) − 1
)

ζ = z0

∫ T

0
σ2(t) dt

ϕ0(µ) = E

[

exp

(

−µ
∫ T

0
z(t) dt

)]

ϕ(µ) = E

[

exp

(

−µ
∫ T

0
σ2(t)z(t) dt

)]

The function ϕ0 is known explicitly, and ϕ is given by a system of two ode, that we
can estimate with some Runge-Kutta method. See Appendix E in [1] for more details.
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2.3 Model Calibration

We suppose that we have at hand the market data {(λmkt
n,m, bmkt

n,m)}n,m inferred from
swaption implied volatilities. Then the goal of the model calibration is to obtain model
parameters {σk(t; n), t ≥ 0}n,k and {β(t; n), t ≥ 0}n such that {(λmod

n,m , bmod
n,m )}n,m, given

by the model parameters using averaging techniques developed above, are as close as
possible to their market values.

The author in [1] proposes to separate the fitting procedure into two subproblems.
One is the fitting of the term structure of swaption skews {bn,m}n,m . The other is the
fitting of the term structure of swaption volatilities {λn,m}n,m. However, the equation
for bn,m involves both {σk(t; n), t ≥ 0}n,k and {β(t; n), t ≥ 0}n, and the same is true
for λn,m.

As a solution to this difficulty, the author suggests to solve this problem sequentially
in three steps:

• Step 1: We set all model skews {β(t; n), t ≥ 0}n to the same value β̄ (for example,
the average of bn,m over the whole swaption grid). Then the model volatilities
{σk(t; n), t ≥ 0}n,k are given by fitting problem:







min
∑

n,m

(λmod
n,m − λmkt

n,m)2

over {σk(t; n), t ≥ 0}n,k

• Step 2 With {σk(t; n), t ≥ 0}n,k obtained from the previous step, the model skews
{β(t; n), t ≥ 0}n are given by a similar fitting criterion:







min
∑

n,m

(bmod
n,m − bmkt

n,m)2

over {β(t; n), t ≥ 0}n

• Step 3 (Optional) Using the model skews from the previous step, we re-calibrate
{σk(t; n), t ≥ 0}n,k as in the first step.

We can, of course, add some penalty function to the objective function to account for
some restrictions, like time-homogeneity in the time-dependant functions {β(t; n), t ≥
0}n and {σk(t; n), t ≥ 0}n,k.

We note also that the effective skew bmod
n,m can be written as:

bmod
n,m =

∫ T

0
β(t; n, m)ωn,m(t) dt

=
∫ T

0





m
∑

i=n+1

pi(n, m)β(t, i)



ωn,m(t) dt
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where the functions ωn,m(t) are independents from β(t, i), so they can be pre-
computed before the optimization routine.

Skew and volatility parametrization: The calibration procedure is done over
the functions β(t, i) and σk(t, i). We then have to suppose some parametric form for
these variables. As proposed in [1], we will adopt a parametrization by time/offset and
we denote by β∗(t, T ) and σ∗

k(t, T ) the corresponding functions.

β(t, i) = β∗(t, Ti − t), σk(t, i) = σ∗
k(t, Ti − t)

We then choose a time/offset grid where these functions are defined, and for the
other knot points (ti, Tj) we use bilinear interpolation.

To illustrate the model, we have chosen the following parametrization for the skew
volatility functions

β(t, i) = (a(Ti − t) + b)e−c(Ti−t) + d

σk(t, i) = (ā(Ti − t) + b̄)e−c̄(Ti−t) + d̄

For a case of model calibration, with richer structure for the skew and volatility
functions, you can see the program in /scilab/Calibration_LmmStochVol_Piterbarg.
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Appendix A. Pricing of a swaption under “Simple Model”

We recall the dynamic of the “Simple model”. The swap rate is supposed to follow the
SDE, under swap measure

dSt = λ (bSt + (1 − b)S0)
√

ztdWt

dzt = κ(z0 − zt)dt + η
√

ztdVt

where W and V are two independent Brownian motions.

We want to compute the following expectation C0 = E

[

(ST − K)+
]

. This can be
rewritten as



















C0 =
1
|b|E [(ζT − K ′)+] if b > 0

C0 =
1
|b|E [(K ′ − ζT )+] if b < 0

where ζt = bSt + (1 − b)S0 and K ′ = bK + (1 − b)S0. The process ζt follows the SDE

dζt = ζt

√
z̃tdWt

dz̃t = κ(z̃0 − z̃t)dt + η̃
√

z̃tdVt

where z̃0 = (bλ)2z0 and η̃ = |b|λη.
Then (ζt, z̃t) follow the dynamic as in the very known Heston model. So we can use

transform-based formulas, with the known characteristic function of the log spot.
In particular, we can use Lewis formula (In the case of b > 0):

C0 =
1
b

[

ζ0 −
√

ζ0K ′

π

∫ ∞

0
Re

(

eiu log(
ζ0

K′
)φT (u − i

2
)
) du

u2 + 1
4

]

(11)

where φT (u − i
2
) = E

[

e
i(u− i

2
) log(

ζT
ζ0

)
]

. cf [Lewis 2001].

Because there is no correlation between W and V , the quantity φT (u − i
2
) is in R.

In fact, we have

φT (u − i

2
) = exp(A + Bz̃0)
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where

A =
κz̃0

ǫ̃2

(

κ − d)T − 2 log(
ge−dT − 1

g − 1
)

)

B =
κ − d

ǫ̃2

(

e−dT − 1
ge−dT − 1

)

g =
κ − d

κ + d

d =
√

κ2 − 4αγ

α = −1
2

(u2 +
1
4

)

γ =
1
2

ǫ̃2

Remark:

If λ is now time-dependant λ = σ(t), one can always use the formula 11, with the
characteristic function φT (u− i

2
) = exp(A(0, T )+B(0, T )z̃0) where A and B are solutions

of the ODE

A′(t, T ) = −κz̃0B(t, T )

B′(t, T ) = κB(t, T ) +
1
2

(u2 +
1
4

)σ2(t) − 1
2

ǫ̃2B2(t, T )

A(T, T ) = B(T, T ) = 0

To estimate A(0, T ) and B(0, T ), we can use Runge-Kutta method for example.
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