Premia 18

1. STANDARD EUROPEAN OPTION

1.1. Localization and Discretization. Let us consider a stock S described by
the following stochastic equation:

So =1y

(1.1)
45 = pdt + odBy + d(Zj‘V:tl Uj),

=

where y is the price spot at time 0, (B;);>0 is a Brownian motion, (Ny);>o is
a Poisson process with deterministic jump intensity A, (U);>1 is a sequence of
positive, independent stochastic variables with, at most, time-dependent density
&(.,t) and g and o are two constants, such that ¢ > 0. Then, we have

N, ,
(1.2) S, = SO(H(Uj + 1)) o= )t+oB:

j=1
We suppose that r is a deterministic risk-free interest rate such that
(1.3) w=r—AEU;.

We recall that the price of an European option in the Merton’s model can be for-
mulated in terms of the solution to a Partial Integro-Differential Equation (PIDE).
After logarithmic transformation X; = log(S;), the price at time ¢ of the option is
Vi = u(t, X;) where u solves the integro-parabolic equation

9u L Au+Bu=0 [0,T)xR

(1.4)

u(T,x) = () r € R,
where

b2 0%u ou
(15) Au = 5@4‘&@ —ru,
(1.6) a=(r—86—AEU, - %), b=o,
and
(1.7) Bu =\ / (ult, z + 2) — ut, 2))(dz).
R

The notations are

x is the logarithm of the stock price

o is the volatility

r is the interest rate

¢ is the instantaneous rate of dividend
1 is the pay-off

T is the maturity

R is the real line (—o0, +00)

We start by limiting the domain in space: the problem will be solved in the finite
interval € := [x — [,z +[]. One chooses [ so that

(1.8) P(3s € [0,T], [X7| 2 1) <e.
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Once € is chosen, we solve the following local problem:

9u 4 Au+ Bu=0 (t,z) € [0,T] x
(1.9) u(t,z) = o(t,x) (t,z) €[0,7] x Qf

w(T,z) = (T,x) =1¢(x) xR,
where the differential operator A is defined in (1.5) and B; is such that
Biu= A le (ult,z +2) — u(t, 2)v(dz)+
(1.10)
+A lec (QD(t, T+ Z) - U(t, x))y(dz),
with
Yo={zeR : z+2zeQ}.

We suppose now that the jump variable U; is log-normal distributed. Then the
density function v(dz) = £(z)dz is of the following form:

1 _mw?
(1.11) £(z) = e B

\/2my?

In this case, we can select the finite interval [zmin, Zmax] such that

(1.12) V' 2 € [Zmin, Zmax)Ss | €(2) <€ e 1.

More in general, we can take [Zmin, Zmax), Such that

/Zmaxf(z)dZ%/_OO E(2)dz—e=1—¢, e< 1.

Zmin

From (1.12), we get

1

ey/2my2

Zmin = 0 — /272 1n
(1.13)

— 2 1
Zmax = [+ /27 IHG\/W’
Then, we can solve the numerical problem (1.9), in the following interval:
[Imina xmax] = [57 - l + HliIl(O, Zmin)7 x + l + max(O, zmax)]a

where T is an input stock value, x = Ins.
We define,
Tmax — Lmin
=N

We write u(t,,z;) = u} and we set

Lj = Tmin -|—jh j == 0,...,N

Qh:{l’jER‘.’lﬁjGQl},

i = [| min(()l;zmin) |}7

| max (0, Zmax) |}

h:N’[ h
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1.2. B, approximation. We set v(dz) = £(t, z)dz then the B; operator is

Biu = [/\/Q u(t,z + 2)E(t, z)dz — Au(t, m)} +

l,x

+ [)\/Q o(t,x + 2)&(t, 2)dz| = Bu(t,z) + ¢(t, ).

c
l,x

o Standard approximation

For j =0,...,N,
_ _ ]uf.]
Biu(.,z;) = Bpu(.,z;) = A\h Z u(., xj4)E(, i) — Au(., xj),
i=ji1—J

G m) ~ dn( ) = A D> @l ai4i)E( ).
i3 <
i+5> 5
e F'T approximation

The discrete correlation of two functions g;, h;, each periodic with period
N, is defined by

N—-1
Corr(g,h); = > gjtihi-
=0

The discrete correlation theorem says that the discrete Fourier transform
of the discrete correlation of two real function g and h is such that

(1.14) < Corr(g,h); >=< g, >< hj >

where < . > is the discrete Fourier transforms operator, and the asterisk
denotes complex conjugation. Then, we can compute correlation using the
FFT as follows: FFT the two data sets, multiply one resulting transform
by the complex conjugate of the other and inverse transform the product.
The result will formally be a complex vector of length N. However, it will
turn out to have all its imaginary parts zero since the original data sets
were both real.

We can apply this procedure to the B, and ¢, operator.

1.3. Finite Differences. For the differential operator A, we write:
v,
Ahu(~a xj) = [Eémz +ad; — T]u('a xj)a

where

2 _ou(hzipr)—2u(z)tulL,xzj_1)
62 u(., xj) = Pt =,

5mu(~,$]’) _ U(-@j)*;j(-@j—l) + au(-vfl’j+1)*QU(-};I]’HU(-@j—l)

where « is chosen such that:

II N

a>0
a<0

b2
=2
b

—— Q2
joRe}
— O
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1.4. The "#-scheme". We define the time grid size k& > 0 such that
T = {tn | ta =kn, n=0,...,M—1}.

Then we consider the following discrete operator,

n+1 n
S Aplfau? + (1= 0a)ul T+
(1.15)

+0p[Bru} + ¢ )+ (1= 0)[Bruj ™ + o,

where 04, 0p € [0,1]. We set the two following choices:

1.5. Explicit scheme. 84 = 0 = 0, computationally feasible but potentially un-
stable and suffer from the drawback that their convergence in the time domain are
only of O(k).
For every n = M — 1, ...,0 we solve,
(1.16)

uip =%, j=0,.,0—-1and j=j,+1,...N

T pluj 1 +p2un+1 +p3u;j:11 + k)\(h Zz ll ;Lj:zl u?—i_l)’ .] = jla "'a.juy
where
b? a > a b? a
o2 )=t k(00 1), o= k(L )
p1="k(55 + h( —a)), po 2 + h( a)+r), p3 5 T R

1.6. “Asymmetric” scheme. 4 = 1/2, O = 0, stable and efficient but accuracy is
lost due to the asymmetric treatment of the continuous and jump part.
We have to solve, for n = M — 1, ...,0, the following linear system

(1.17) Ay™ =B,
where u” = (uf, e WUl e uli) T
L0
(1.18) A= A :
0 1,

I; and I,, are two identity matrix, (j;—1) % (j;—1) and (N —(j,+1)) x (N —(j,+1))
respectively, and A is a (j, — j1) X (ju — Ji) tridiagonal matrix such that

2
a az 0 - - 0 aoz—g(gbw—k%(l—a))
apg a1 a2 0 0
~ 0 0 .
A= 660 ar Gz 0 a1_1+§<%+%(1—2a)+r)
0 ap ai; ap )
0 0 ap Qi a2 —g (Qbhg ZO()
and
(119) B = (g e P T e e T

where, for j = j;, ..., ju,

n+1 __ n+1 n+1 n+1 n+l n+1
[ = —aouj™ +(27a1)uj — agulyy +I<:>\< Z& ufy; ! )

Z’L]
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1.7. The ADI-FFT scheme (Andersen and Andreasen). In the article [1],
Andersen and Andreasen propose an FFT-ADI (Fast Fourier Transform - Alternat-
ing Tmplicit Direction) scheme to avoid instability problem of the explicit methods.
The FEFT technique is applied to the correlation term and coupled with an ADI
method, where each time step is split into two half-steps.
step 1) tny1 — toy1yo
We set in (1.15) 04 = 1 and 0p = 0, which gives us

(1.20) [f—Amﬂ%:ﬂ%—A+M%w@Jm“H

that can be solved by first computing the correlation Corr(£,u™1) in the
discrete Fourier space, where by (1.14),

< Corr(&,u™™) >=< & >< ™ > .

If we observe that < £ > only needs to be compute once, the computational
cost associated with the correlation part is one FFT and one inverse FFT,
i.e. O(Nlogy N). Second, by solving the tridiagonal system.

step 2) t, 112 — tn
We set in (1.15) 84 = 0 and 6 = 1, whereby
2 2
(1.21) [E+A—ACwM§ﬂM%ﬂ%+AﬂM+5

If we let 9
Yy = [E + Ah]u"+%

we can write the Fourier transform of (1.21) to arrive at
2
(%+)\)<u”>—)\<£><un >=<y> =
<y>
(Z+A-A<E>)
We can now transform the equation back to obtain u”. All in all this

requires one tridiagonal matrix multiplication, one FFT and one inverse
FFT, i.e. a procedure with a computational burden of O(N log, N).

= <u" >=

1.8. Boundary conditions for the PIDE arising in the jump-diffusion
models. The question is: how to choose the function ¢(¢, ) in the PIDE equation
(1.9)7

A good choice is, of course, to get ¢(t,z) as the payoff function (x). More in
general (see [1]), we could assume ¢(¢, ) to be linear in ¢ and we could write

p(t,x) = [gi(t)e” + ()] Lpcz 1y + [gu()e” + hu(O)]1zszry
where ¢g;, hi, gu, h, are deterministic functions. Those technique is only directly
possible when we explicitly know the asymptotic behavior of u, i.e. the coefficients
g1, hi, gu, hy. However, if we assume asymptotic linearity of u in e*, we have that

| u(t,z) — f(t,x) |— 0 when |z |— oo,
where f solves the Balck-Scholes PDE

of af  b?
1.22 - AEU ) =~ + — — =
subject to the same boundary as (1.9). Hence we can make the approximation
(1.23) o~ [lizez—ta+i)}-

Using this we can solve (1.22) on a wide and possibly coarse Crank-Nicolson grid
on some interval [x1, 23] D [z —1,z+1] = [z], x3] to obtain the discrete solutions for



f, and then use these solutions to find the coefficients g;, h;, gu, h. as the solutions

to
flt,zr) = gi(t)e®™ + h(t);  f(t,z2) = gi(t)e® + hy(t)

ftz7) = qu(t)e™ + hu(t);  f(t,25) = gi(t)e™ + hu(t).
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