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Abstract

Using the analytical approach provided in Medvedev and Scaillet (2009),
We price the American option in a three factor model with stochastic
volatility and stochastic interest rate.

1 Introduction

We consider the pricing problem of American option in a three factor model
with stochastic volatility and stochastic interest rate. The implementation of
this problem is based on the approach given by Medvedev and Scaillet. By
introducing an explicit and intuitive proxy for the exercise rule to the American
option, they derived an asymptotic expansion for the price of American option
price with short maturity.

The rest of this file is as follows: in Section 2 we introduce the model and
the modified problem, then we present the solution of the modified problem in

Section 3, the program manual of the implementation in PREMIA is given in
Section 4.

2 Model description and its PDE

The risk-neutral dynamic of the three factor model is given as follows:

ds, = (1 —06)S,dt + 0, S,dw
do, = a(oy)dt+ b(o)dW >
dre = a(ry, t)dt + B(ry)dw,?,

where th(i)th(j) = p;jdt,i,7 = 1,2,3. From now on we assume that pa3 = 0.



Then the put option price P(S, o, r,t) satisfies the partial differential equa-
tion (PDE):

0= 0P + 0sPS(r —0) + 0,Pa(o) + 0, Pa(r,t) + %8§SPS’202
+%8§6Pb2(0) + %%Pﬁ%) + 02, PoSb(a)pia
+0%,PoSB(c)p13 + 02, Pb(c)B(0)paz — rP. (2.1)

with boundary conditions:

P(o0,0,1m,t) =0, P(S,0,7,T)=max{K — 5,0}, (2.2)
P(S(T —t),0,7,t) = max{K — S(T —t),0}, 0sP(S(T —t),0,7,t) = —1,

where we use notation P := P(S, 0, r,t) for convenience in (2.1).

Change variables of (S, 0,r,t) to (0,0,r,7) with § = % and T =T —t,
then denote the put option price P(S,0,r,t) as P(0,0,r,7), make use of the

following relationships:
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we can tranform PDE (2.1) as

—6P+

2

T [a (&,P - agp) +5 (82 P - —aQUP + 69P + 899P)]
g

292
+7 [a’"’“P + bBp2s (agrp - eaf%TP) — 7P+ ag(r)d, P} + ZH“ (r)o,P =0
2 7 i=1

with boundary condition

P(oc0,0,7,7) =0, (2.4)
P(y,o,r,7) = Kmax{l — e VT 0} = K(1 — e 7YV7), (2.5)

o2 2
669 — 70 P+ T { < —r+ 5) + bp12 (9809P e P + M) - ﬁmsagrP]

(2.3)
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where a(r,t) = a(r,T — 1) = Yo, a;(r)T.
Denote the solution of (2.3) under the boundary conditions (2.4) and (2.5) by

P(0,0,r,7;y), then the American put price P*(6,0,r,7) can be approximated
from below by:

P*(0,0,r,7) ~max P(0,0,r,7;y) = P(0,0,7,7;5(0,0,7,7)). (2.6)

y>0

3 Asymptotic expansion of American option price

Now we present the asymptotic expansion of American option price given by
Medvedev and Scaillet (2009).

Assume that P(6,0,r,7) as in PDE (2.3) has regular asymptotic expansion
near maturity of the form:

PO,0,r,T1) Z 0,0,7)7"/2, (3.1)
where P, (0,0,r),n =1,2,--- are the coefficients of the short-maturity asymp-

totic expansion in 7. Next proposition from Medvedev and Scaillet (2009) gives
the characteristic of the coefficients in (3.1).

Proposition 1 Consider the PDE (2.3) with boundary condition (2.4)
and (2.5) with the regular asymptotic expansion (3.1) with (6, 7)in the vicinity of
(0,0). For any solution to this problem there exists functions C (o, r), Co(0, 1), ...
such that for each n:

Pu(0,0,7) = Cu(0,7) [P (0, 0,7)@(0)+4,(0, 9, 7)$(0)]+y, (6, 0, 1) (6)+ay, (6, 0, 7) 6(0),

where p,(60,0,7) € T1"(n,0.0,7).p},(0,0,7) € IT'(n — 2,0,0,7).03(0,0.7) €
Ho(n —1,0,0,7),q.(0,0,7) € Hl(n —3,0,0,r) with the coefficients depending
on model parameters and Cy (o, 1), Ca(0,r), -+ ,Cp_1(0,r), ®(0) and ¢(0) is the
cumulative distribution function and probability distribution function of normal
distribution respectively.

p2(0,0,1),¢°(0,0,7),pk(0,0,7),qL(0,0,7) can be solved by substituting the
expansion (3.1) into PDE (2.3). To determine functions Cy,(o,7),n = 1,2, ...,
we impose an explicit early exercise rule by requiring that the put option is
exercised as soon as it hits the barrier § = y. This condition allows us to
uniquely identify the coefficients C,, (o, 7),n = 1,2, - - . Note that the put option
payoff is P(y,o,r,7) = K[1 — exp(—oy+/T)], by Tylor’s expansion we have

0%y’ K
2

P(y,o,r,7) = K[1 — exp(—oy\/T)] = oyK\/T — T+ (3.2)

By equating P; (0, 0,7) in (3 1) evaluated at § = y to oy K in (3. 2) we determine
o y ’K

C1(o,7). Then we find p9, p3, 9, g3, and equating P; (0,0, 7) to , we obtain
Cy(o, 7). All the other functions can be determined recursively by the same way.



4 Program Manual

We implement the American option pricing of the affine model

dS, = rySydt + oSy d W,
dvy = ky (U — vy)dt + oy \/Eth@),
dry = ke (F — ry)dt + oo /red W,

For the affine model above, the coefficients and functions of the 4th order
expansion for the American option price is given in the appendix.

Included files:

The program directory contains 3 files:
this documentation file “docu.pdf"
“ame_ put.cpp"

“ame_ put.out'

Compile and run program:
Compilation commande under Linux:
g-+-+ ame_ put.cpp -0 ame__put.out

Commande to execute the algorithm:
./ame__put.out

Parameters of the product:

spot: stock price at the initial time

strike: strike of the American option

maturity: maturity of the American option, the expansion asymptotic works
well for small maturity.

volatility: stock volatility at the initial time

interest: interest rate at the initial time

dividend:divident of the underlying stock

Model Parameters:
kv: k, in model (4.1)
vbar: ¥ in model (4.1)
sigmav: o, in model (4.1)
kr: k, in model (4.1)

rbar: 7 in model (4.1)

sigmar: o, in model (4

1)
rhol2: pi2 in model (4.1)
rhol3: pi3 in model (4.1)
rho23: po3 in model (4.1), note that our method works well only when po3 = 0.
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5 Appendix

Cy(v,r)

CQ(U,T)

Cs(v,r)

Ky, /v¢
D(y)y + o(y)’
—®(y)C1y/v7° + 28 (y)Crre — d(y)yb1p12C1 — Ky?v}

20:[0(y) (y% + y) + ©(v)] ’
1

2407 [@(y) (y3 + 3y) + ¢ (y) (y? + 2)]

o0C oC:
x | =3C1v} + o(y) + 48‘1)(3/)2151/)1287;@? + 48¢(y)b1 871;21}? + 24¢(y)r,Crv;

—4¢(y)biy*Cr — 240 (y)yCovy + 240 (y)yr:Crof — 3¢(y)bipt,Cry’

+6¢(y)b1y2p1201vt2 — 24¢(y)02vf’ — 96D (y)yb1 p12Cav;

—T720(y)b1p12C20: — 120 (y)a,v.Ch — 12¢>(y)bly2plgc’17’t + 48P (y)yCovyry
oC. oC.

+120(y)b1 p12C1r1t + 48<I>(y)ybrplgvf8—T2 + 48¢)(y)b,,p13v,?a—r2 — 12¢(y)01rt2

—12¢(y)brp13v:C1 + 12¢(y)Clvt2rt + 48¢(y)Covyry — 2¢(y)b%C’1
+60(y)b1p12C107 — G(y)b3 pT2Ch + 100(y)bTy* pTaCh + 4Ky 07]



Cy(v,r)

1
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)
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+426(y
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oC.
Y)yb1p12C177 + 240 (y)yb,p13v:Cire + 96D(y )b,.plgvfa—:rt — 1449 (y)y*vi Csry

1Pl201rt — 109(y )beOlvt — 13¢(y ) 1P1201 - 12915(9)901%27’1:2
300
7’ t a
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—|—24(I)(y) P13V 01 + 12¢( ) 3b1brp131)t01 — 12¢)( )Cl — 12¢( )yb p131}?01
(

aC 50C%

+48®(y)b,p13v; Co + 48®(y)b, pT5v7b — 486(y)ybip12brp1v 5=

T1 8
500, 30C
—48B ()b, p13vir — 144D (y)b1 p12by,p13v? 5 1440 (y)b,p13v; (977"3

0C3
— 1449 (y)y*v; by p13—— 5

oC. oC. oC.
—144<I>(y)b1p12(9—311 - 144<I>(y)y21)§b1p128—v3 - 144¢(y)yb1p12(9—v311t

+48®(y) Covyr? — 48®(y)Covdr, — 144®(y)Caviry + 20 (y)ybsp12Cy
—18¢(y)y 3b3p1201 —12¢(y )y?’blpuC’lvfrt + 48<I>(y)rtClvt2rt - 12¢>(y)yb%Clrt
+8¢(y)yb1p121)t Aoy Cl =+ 432(1)(y) 2U?b1p1203 -+ 288(1)( )b1p12031)t2
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— 144¢(y)yb,p13v; 18¢(y)ybrpfsvf by, C1
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t -
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02C!
—96¢(y)yb 8 o7 + 330(y)y° b pT,C1 + 106 (y)y°b3 pTo Crof + 480 (y)bi piyv} (%22
53005

—96¢(y)ya,v; Cz — 126(y)ya,v; Cr — 12¢(y)yb1 p12a,v:Cr + 48 (y)ya, vy ——= 5
+12¢(y)y b1 praa, v Cy + 48@@)%?}?%% — 96D (y)y*via,Cs — 126(y)y°b3 pt,Cavy
—48(y)yCaviri — 9p(y)ybiptaCr — G(y)ybT piaCrof + 3(y)ybrp12Crvy
724¢(y)yblp12vt2rt01 — 1928 (y)b1 p12Covyry — 486 (y)yb1 p12Covery — 144¢(y)y03vfrt
—144®(y )bfpuaac + 24D (y)b? 88(“;2 vl — 48D (y)b? 3602 — 3¢(y)y°b3 p3y Crv?
+0(y)y b p1aCr — 46 (y)y°bi Crof + 46(y)y°bipr12Cr + 36 (y )y%mlzclvt

9%C. dC, GC 2
+240(y)y v 2 — 96R(y)yvFbi 5= — 48P (y)brpra i — 480(y)yblpla 5 So

Ov?
+128¢(y)ybT Covy — 48P (y)y*vi Cary + 144®(y)y vibi Ca + 24</>(y)yb1p1202vt
+1000(y)yb? p2o Covy + T26(y)yCavit + 48P (y)by p12Covi + 1920 (y)b? p2, Covy
+720(y)y? v} Cs]
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5760y v, ara—: — 17280yarvt o + 2880yarvt C4

aC: aC: aC:
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12880020} by, P13 —— o~ 4800203, p13C1 — 480b1y* p12byp33v2b,, C1 + 396002y p2ab, 130,04
dC aC
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dCy aC
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F5T6004b1 p12by 13— + 96006202 pro—2 + 144062y p2,b, pr3v? 8:

or or
aCs aC
+1728007b, p13—— 5.+ 3840p23br bivPCy — 2880420 by prabyprs —— 5 2
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aC3
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aC: 9%C.
+5760b1p12vfav1 5‘72 — 960y2v3b202 — 2880y2v4b2 52 3 Tp%:;vfrt
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—240y°b7 p3 v} ap, C1 + 300067y pToa,v:Cr — 576Oyzvfava—3
0C, OC
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0Cs 302Cy 30C3
+11520v8a, ——= o "t 2016003 p1ov7 —— o2 + 6912002 ptov3 —— 50 + 72003y v p2, Chry
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917 5,2 1Vt Gy, U1 1Y VepP12b2 )
where
Ar = kr(F - 7/'t)v
Gr, = —ky
ay = (ko(T = v}) = b7)/2/v.
ay, = —(k,0 —b3)/2/v? — k,/2
avg = (kvﬁ - b%)/v?
b1 = O'U/Q
br = O-T'\/"Tt
by, = 00 /\/T1/2
by, = —(1/0) oy 2
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