PRICING PARISIAN OPTIONS

CELINE LABART AND JEROME LELONG

ABSTRACT. In this work, we propose to price Parisian options using Laplace transforms. Not only, do
we compute the Laplace transforms of all the different Parisian options, but we also explain how to
invert them numerically. We discuss the accuracy of the numerical inversion and present the evolution
of the Greeks through a few graphs.

1. INTRODUCTION

With the development of stock exchanges around the world, more and more people have become in-
terested in derivatives and especially in options. Standard options provide its owner with the right to
buy or sell a number of stocks for a fixed amount of money at a given time, called the maturity time.
There are more complex options, known under the name of exotic or also path-dependent options. These
options are valuable only if the stock price has satisfied certain conditions before the maturity time, this
is precisely this kind of options we are going to study. More precisely, we will deal with options that give
their owners the right to buy (call options) or sell (put options) a number of stocks for a fixed amount
of money (the strike) if the stock price has stayed below (or above) a certain level (the barrier) for a
certain time (the option window) before the maturity time. This option is called a Parisian down-and-in
option (or alternatively a Parisian up-and-in option). This is only one example of all the different Parisian
options. Basically, we will only consider European style options, which means that one can only exercise
his option at the maturity time. Parisian options are, to some extent, a kind of barrier options. One
could influence the value of a barrier option by buying a lot of stocks or on the contrary by selling a lot of
them. For instance, let us imagine that we own a lot of up-and-in barrier options which haven not been
knocked in yet. If the maturity time is close, then we could be tempted to buy a lot of stocks to have the
option knocked in. If we consider a Parisian up-and-in option, this is no longer possible since the asset
price has to remain above the level for a much longer period (several days). Therefore, Parisian options
can be seen as a guarantee against easy arbitrage.

As one will discover later on, there exist a lot of different Parisian options. There are two different ways
of measuring the time spent above or below the barrier. Either, one only counts the time spent in a row
and starts counting from 0 each time the stock price crosses the barrier, this type is referred to as the
continuous Parisian options, or one adds the time spent below or above the barrier without resuming
the counting from 0 each time the stock price crosses the barrier, these options are called cumulative
Parisian options. In practice, these two kinds of Parisian options raise different questions about the paths
of Brownian motion. Therefore, we will only stick to the continuous style options.

There already exist several studies on the Parisian Options. Basically, two techniques can be used to price
Parisian options either Laplace transforms or partial differential equations. The Laplace transform tech-
nique was first introduced by [ [ ]
has also tackled these options using Laplace transforms. The PDE method was developed by |

and | ]

In this article, we present a way of computing the prices of Parisian Options. The real issue in pricing
options is to be able to hedge them. This can only be done if we are able to compute the prices at
any time t smaller than the maturity time. The computation of the prices at time O requires to study
a little of the excursion theory of Brownian motion. The most complex proofs will only be given in the
Appendix. The pricing technique, we expose here, is based on Laplace transforms. In this work, we
compute the Laplace transforms of all the different Parisian options and we also discuss in detail the
accuracy of the numerical technique used to invert the Laplace transform. The numerical inversion is
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based on | ]

The article is divided as follows. First of all in Section 2 we give some definitions concerning Brownian
Motions and hitting time. We also explain how to write the price of such options in terms of hitting
times. In Section 3, we explain how to compute the Laplace transform of the price of a Parisian Down
Call at time 0. Section 4 is devoted to the computation of the Laplace transform of the prices of Parisian
Up Calls still at time 0. Some parity relationships are given in Section 5 to deduce the prices of Parisian
Puts. At that stage we are able to price any Parisian Options at time 0. In Section 6, we show how to
compute the prices at some time ¢ relying on the prices at time 0.

Then, in Section 6 we will expose an algorithm to invert numerically a Laplace transform and we will
also discuss its accuracy and efficiency. This method is extremely accurate and fast compared with the
PDE method.

To conclude this article we present a few graphs to try to better understand these options. We also give
a few hedging simulations.

We have implemented in C the technique presented here. All the prices were computed using this pro-
gram. The different graphs concerning the hedging of such options were generated using the C code we
wrote.

A part of this work was done during an internship at TUDelft University in the Netherlands in 2003.

In this article, we will use the following notations:

the process representing the asset price,
the strike,

the maturity of the option,

the barrier level for process S,

the option window,

the initial value of process S,

the interest rate,

the dividend rate,

the volatility,

1/oIn(K/x),

1/oIn(L/x) (i.e. the barrier level for the Brownian motion),
the Laplace variable,

V2N,
b—k

1 2
m (r—é—a).
o

2. DEFINITIONS

g%y@wq%ﬁauhgwm

First, we will give a few definitions and notations used in the rest of the article. Then, we will present
the features of such options. We only focus on the down-and-in and down-and-out calls in this section
since the features of the other Parisian options can easily be deduced from these two.

2.1. Some notations. Let us describe an excursion at (or away from) level L for an It6 process S. We
define

git =sup{u <t|S,=L}, dit =inf{u >t|S, =L}

The trajectory of S between gfﬁ , and di ; is the excursion at level L, straddling time ¢.
Let S = {S;, t > 0} denote the price of the underlying asset. We suppose that under the risk neutral
measure Q, the dynamics of S is given by

dS; = S¢((r = §)dt + ocdWy), Sy =«
where W = {W;,t > 0} is a Q Brownian motion and x > 0. It follows that

2
S; = xexp <(r—5— Uz)tJraWt>.
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FIGURE 1. Dynamic of an asset

Let us introduce the following notations

2
mzl(r—5—0>, bzlln(L)
o 2 o T

where L is the excursion level. Under Q, the dynamics of the asset is given by S; = xexp (o(mt + Wy)).
From now on, we will consider that every option has a maturity time 7". Relying on the Cameron-Martin-

Girsanov theorem, we can introduce a new probability P, which makes Z = {Z; = W; + mt,0 <t < T}
dP

a P-Brownian motion and — = emZT_mTzT. Thus, S rewrites S; = = e7%¢.

dQ |Fr
2.2. The Parisian down-and-out call. A down-and-out Parisian option becomes worthless if S reaches
L and remains constantly below level L for a time interval longer than D before maturity time 7', which
is exactly the same as saying that Brownian motion Z makes an excursion below b older than D.
Let us introduce

T, = inf{t>0]Z =b},
g = sup{u<t|Z, =0},
Tbi = inf {t >0 | (t — QS) 1{{Zt<b}} > D}

One should notice that referring to the previous notations g7 = git .
The price of a down-and-out option at time 0 with payoff ¢(S7), in an arbitrage free model, is given by

m? o m
e "Eg <¢(5T)1{{Tb—>T}}) = e TR (1{{Tb—>T}}¢($€ e ZT) : (2.1)
Let us denote by PDOC (z,T; K, L;, ) the value of a Parisian down-and-out call. From (2.1), we have
— (7 l'rn2 (og m
PDOC(z, T K, Lyr,6) = e~ "F 2" T Ep (1 1 gy (2”77 — K)*em?T).

In many formulae involving a function IT of maturity T, as in (2.1), the discount factor
exp [—(r+ %mZ)T] appears. In order to give more concise formulae, we introduce the following notation:

SJI(T) = e Ham)TII(T). (2.2)

Hence, we will compute the Laplace transform of #II rather than the one of II. Any way the following
obvious relation between their Laplace transforms hold

fi(\) = 5T+ (r + %mQ)). (2.3)
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FIGURE 2. Excursion of Brownian Motion

Since the functions II we will consider will stand for option prices, they are bounded. This remark will
enable us to state the accuracy of the numerical inversion in Section 7.
Using notation (2.2), we obtain

*PDOC (x,T; K, L;r,6) = Ep(l{{T;>T}}(aje‘7ZT — K)tem#r),

2.3. The Parisian down-and-in call. The owner of a down-and-in option receives the pay-off if S
makes an excursion below level L older than D before maturity time T, which is exactly the same as
saying that Brownian motion Z makes an excursion below b older than D. The price of a down-and-in
option at time 0 with payoff ¢(St) is given by

7n2
e "TEq <¢(ST)1{{T;<T}}) = e TR (1{{T;<T}}¢($€UZT)€mZT> : (24)
Let us denote by PDIC(z,T; K, L;, ) the value of a Parisian down-and-in call. From (2.4), we have
—(r+im? o m
PDIC(z,T; K, Li7,6) = e~ U3 Ep (1 o gy (267 — K)Tem?T).
Using notation (2.2), we obtain

«PDIC(x, T; K, L1, 6) = Ep(1, {Tb_<T}}(erZT — K)Tem?T),

The following scheme explains how to deduce the prices of the different kinds of Parisian options one
from the others.
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PDIC with b < 0

PUOC with b > 0

in and out parity in and out parity

PDOC with b <0

PUIC with b> 0

reduction to the case b =0 reduction to the case b =0

PDOC with b > 0 PUIC with b < 0

in and out parity in and out parity

PDIC with b> 0

PUOC with b < 0

the inverse Laplace transform

the prices of the calls at time 0

some parity relationships

|the prices of the puts at time 0 |

| the prices at some time ¢ for any puts or calls |

FI1GURE 3. Organigram of how to deduce the prices one from the others
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3. THE PARISIAN DOWN CALLS

As shown in the previous scheme, all the different prices are deduced from their Laplace transforms. Now,
we will explain how to compute these Laplace transforms. In this section, we will only deal with down
version of the calls. We will follow exactly the previous scheme to deduce step by step all the needed
Laplace transforms.

3.1. The valuation of a Parisian down-and-in call with b < 0. We want to compute
*PDIC(z,T; K, L;r, ). Let us denote by F; = 0(Zs,s < t) the natural filtration of Brownian motion
Z = {Zs;t > 0}. One notices that T, is an Fi-stopping time. We have

*PDIC(z,T; K, L;r,8) = EP(1{{T;<T}}(a;e"ZT — K)temZr),
= Ep(l{{be<T}}Ep[(xe”ZT - K)JremZT\]:be])

and we can write

o(Zr—Z, +2,) m(ZT—ZTb, +sz,)

«*PDIC(z,T; K, L;r,0) = Ep(l{{be<T}}]E»p[xe b by —K)Te |]:T,;])'
o [P A K)+em(ZT‘ZT;+ZT;)fTJ _
o(Zr—Z,—+2) n m(Zr—Z,,— +z)
Ep |(ze b —K)"e b ‘]:Tzf . (3.1)
\z:ZT,

b

Let W; denote Z, ;- — Zp-. Relying on the strong Markov property, W; is independent of F.- and
L b b b
Wy - = Z1 — Zp—. Let Y; denote (ze?Wr—t+2) — [)+em(Wr—1+2) 'V} is independent of F,,—. Then, a
b b

b
well-known result on conditional expectations, states that E(Y,.-|F-) = E(Yt)|t:T" So, we obtain
b b b

Ep [(meU(ZTZTbJrZTb) _ K)+e’"(ZTZTb+ZTb)fT} _
b
e T
‘Z=ZT_ , =T,
b

Ep |:(xea(WT—-r+z) _ K)+em(WT—7+Z):| — ; (/oo M (et — K)+ exp (_ (u— 2)2 ) du> )

2n(T —7) \J-o 2(T —7)
So, we get

«PDIC(z,T; K, L;r,6) = Ep(l{{be<T}}'PT7be (fx)(ZTb, ),
with
fz(z) — emz(eoz _ }—<)+7

and

1 e (u—2)?
= — ——— | du.
P = o= [ ntwes (<U5 ) du
As recalled in Appendiz C, the random variables Z, . and T, are independent. By denoting the law of
Zp- by v(dz), we obtain
b

«PDIC(2,T; K, Li1,5) — / Ep(Lyz cry Pr_r- () (2)(d2),

o0

/_ R k(T y)dy, (3.3)

where

(z=w)®
0 exp T o(r_m—
ho(t,y) =/ —( o )) v(dz).

Ep | 15—
({1, <t}}
o0 ! 21(t —Ty)
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Since we consider the case b < 0, we can use the following expression for the law of Z .- ,as it is proved
b

in Appendix C
dx (v — b)?
P(ZTb— € dx) = E(b — x) exp (— 5D )1{{$Sb}}' (3.4)

3.1.1. The Laplace transform of *PDIC(x,T; K, L;r,0). We can calculate *xPDIC(z,T; K, L;r, ) by us-

ing a Laplace transform. Let *I{DTC(L A; K, L; r, 0) denote the Laplace transform of «xPDIC(xz,T; K, L; r, 0)
for any A with Re(\) large enough such as all the integrals discussed below are convergent. This condition
implies that m + 0 — v2X < 0. We have

PDICE K Lird) = [ [ fwhatt )y,
0 —o0
(o] oo
= / fx(y)/ e Mhy(t, y)dtdy. (3.5)
—00 0
The Laplace transform of hy(T,y). We would like to compute
) = [ et
0
We know that :

(z=y)*
b 2 exp — =
b—z (z—0) ( 2t—T ))
hb(ta y) = / D exp <_ 2D >EP 1{{Tb_ <t}}ﬁ dz.
=4y

b 2
b—=z z—b
mitn) = [ 25 ew (~E505 Jates -

We can write

where

P (_ 2(tf;—>>
v(t,x) = Ep 1{{Tb*<t}}—b_ )
2n(t =T, )

I\ y) = / ' bl’)z exp <(22Db)2) /0 T et 2 — y)dt . (3.6)

— 00

and we have

So, we need to compute the Laplace transform of (¢, x)

R S GV R VAP
T, ot — Ty )

[ S

/ e My(t, z)dt = Ep
0
The change of variables u = ¢ — T, gives

00 B o0 exp (——;i)
)\t =T, —Au
tx)dt = E ) — 2 g,
/0 e y(t,x) P(e )/O e Noril

Using results from Appendiz A and B, we get

Y _ exp[=(|z[ - b)¢]
/0 e~ My(t, z)dt = 606vD)

Thanks to (3.6), we can rewrite

(A, y) I /b (b—z)e ( (2 —b)° E |0>dz
,Y) = - xXp | — — |z — .
Y Dou0VD) J o P\" 2D v
By changing variables x = b — z, we have
N eb@ o8] x2
\y) = ———— | zexp(—oe —|b—x—1y|0)da. 3.7
YY) = VD) /0 P ( 25 | d ) 37
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+oo 2
Let K p(b —y) denote / x exp (_:1: —b—x —y|0>dw.
* A 2D

valuation of K p(b — y). Relying on the definition of f,(y), we know that y is always bigger than

—In(— ).
o T

» Let us consider the case K > L. In this case we have y — b > %ln(%), then y — b > 0. So we get

00 IEQ
K>\7Dbfy:/ xexp<+ b:cy@)dx
o-u= [ AR )

because x > 0 and y — b > 0.

0o 2
Kypb-y) = e(bfy)e/ T exp <x - x9> dz,
’ O 2D
= De"9%(—0v/D).

From (3.7) we obtain

_ ¥(=0vVD) exp[(2b — y)0]

ho (A, y) = 3.8
() = U (3:5)
If we fill in (3.5) with the expression of hAb()\, y), we get
P _ 200 oo
*PDIC(z,\; K, L;r,0) = W/ e 0™ (ze”Y — K)dy. (3.9)
0%(0VD) i)

o x

Let k denote l In (K)
o T

We come up with the following formula for *P/.D\IC(ZC, A K, Lir,0).

w(_g\/ﬁ)eszK

1 1
e(m—e)k < _ ) ,
0 (6v' D) m — 6 m-+o—0
for K > L and « > L.

*ﬁC(az, N K, L7, 0)

» Let us consider the case K < L. In this case we have k£ < b. We also have

e2b0

— +oo
«PDIC(x,\; K, L;7,0 :7/ e™ (xe’Y — KK\ p(b—1y)d
( )= BT ¢ Kby

where

+o0 2
K;HD(bfy):/ zexp(bzy|9)dz.

For y € [b, +oo[ we have b —y < 0. K p(b— y) has already been computed in this case. For y € [k, b],
we have b —y > 0. We have to compute K p in such a case. Let a denote b —y, a > 0.

e’} 22
K - 2 la-=z10)d
A,p(a) /0 zexp< 5D |a—z | ) 2,
/a ( 2 )9>d +/+OO ( Gy )0>d
= zexp| —=——= —(a— 2 z zexp| —=——=+(a—2 z.
. 2D . 2D
A B

> The valuation of B
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/+<><> ze(_%ﬂa_z)g) dz = e* /+OO ze(_%_ze) dz,
@ a+oo 2
= 6“9/ D (%—FQ—@) e(_%’_ze)dz,
a
+o0 +o0
= e*D [—e(_i’_ﬁ)] — eaeﬁD/ e(_%_ze) dz,

R a@eD/ . Q(fwf) +AD 4

— De o —e“aﬂDeAD/ (VD)

7

By changing variables u = = +6vVD, we get

VD
a? Foo 1,2
B = De 35 —e9De*PVD e 2" du,
F5+0vD
o2 a
= De 35 — 9D V27 D(1 - N < + 9\/5) .
=MD
We finally obtain :
B=D {eD — ¢999\/27r DD (1 —N <\/‘% + 0@))} . (3.10)

> The valuation of A

a 2 a 2
/0 Z exp <_2ZD —(a— z)@) dz = _“9/ ze 30+,
= —ae/ D(Z 40— 0)e 420,

€7a9D|: e 2D+z0} +D967a9/ e 2D+z9dz
0

= —De 5 4 De"® 4 Do Pe —a@/ BTV g,

u. 770\/7 u2
= —De %0 + De~% 4 D P e/ D / e 2 du.
z
By changing variables u = —, we get
y ging VD 8
A=D <e—a9 — e85 4 \/2r DA e (N (\/“E — 9\/D) - N(—WD))) .

Finally, in the case a = b—y > 0 we get
Kxpla)=D [eao +e*P9v2rD < —af { (;5 - 9\/5) N(Wﬁ)}
—e?? [1 —N(\/% +9\/5)D} . (3.11)

So, we find

*ﬁC(w,)\;K,L;r,(S) =
268

s [ R et s gyzpe (o [ (2 o) - wovD)]

—elb—w)e {1 - N(% + 0\/5)] ﬂ dy + /b - ™Y (zeY — K)e(by)ew(ﬂ\@)dy} .

After doing long but not difficult computations we get, for K < L < x,
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2

*P/D\IC(:B, MNK,L) = [1/1(—\/5m) + VZWDeDTmmN(—d - \/Bm)]

e(m+0)b ( 2K
m

$(6v/D) \m? — 62
T g [¢(~VDlm+ 0) + VERDEE ™4 (m + )N (~d = VD(m +0)) )
(m—+06)k
i ;23(0\/5) (mie N m—l—tr + 0) [#(~6v/D) + 6e*°V2xDN (4 — 6vD)]
EPV2ID o abo (m-)k nr(_ g 1 1
+ P(Ov/D) Ke*e N(—d 0\/B)<m+a_0 m_g), (3.12)
where d = %.

3.2. The valuation of a Parisian down-and-out call with b < 0. To find the valuation of a Parisian
down-and-out call we can use the relation between
«xPDIC(z,T; K, L;r,6), *xPDOC(x,T; K, L;r,0) and the Black-Scholes price of an European call

*PDOC(z,T;K,L;r,0) =«*BSC(z,T; K;r,0) —«PDIC(x,T; K, L;,0),
where
*BSC(z,T; K;r,8) = Ep(e™?T (ze”?T — K)T).
Therefore, we obtain

*F)/ZDBC(I,)\;K,L;T,(S) = >|§S\C’(;1:,/\;K;r,5) - *ﬁC(x,)\;K,L;r, 9).
Now, we need to find the valuation of 4@5\0(% A K, Lir,d)

*BSCO(x,T; K;r,8) = Ep(em?T(ze?r — K)¥),
+oe 1 -2
= / e (ze”* — K)T e 2T dz.
oo 27T
/\ +o0 +oo =)\t L2
*BSC(x,\; K;r,0) = / e (xe?” — K)*/ tefﬁdt dz.
—o0 0 7T

Thanks to Appendiz B we have

Foo At 2 e—1z10
/ e 2dt = .
0 V2rt 0

Then, we can write

+o00 e—Izl\/ﬁ
/ mE (e — K) Tz,

0
+oo ef|z|0

= / e"*(xe’” — K) dz.
1 0

>@S\C(x, A Kr,0)

3.2.1. case K > z. In this case, we can easily compute 955\0(30, A; K). Using the previous notations we
have

- +oo o216
*BSC(z, A\, K;r,0) = / e (xe?? — K) dz
k
1 K
and in this case — In () >0, so we get
o x
/\ “+o0 6—29
*BSC(x,\; K;r,0) = / e (xe?” — K) 7 dz,
k
+oo —+oo
_ 1 / mro—0)zg, K / rem=02 g,
0 J 0 J

K e(m—e)k Ke(m—@)k
_ym—l—a—ﬂ_'—? m—6"

(3.13)
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Then, we get the formula for the Laplace transform of the Black-Scholes call in the case K > z:

. K ooy 1 1
*BSC(xz,\; K;7r,0) = Fem i n 9 , for K > .
m — m—+o —

To obtain *P/DEC(x, A K, L;r,0) we only need to subtract *P/DTC’(x7 XK Lir,d).

*ID/I-DBC(QS,A;K,L;T, 0) =

Km0k ( o 1 ) _ (=0VD)e?
9 m—0 m+o—10 04(0v/D)

1 1
Ke(m—0)k —
€ m—60 m4+o—0)’

L 1 K m-ow | _ *y(—0v'D)
(m—@ m—|—0—9) 0 [1 ¥(0v/D) - (314)

Furthermore,
Y(—0V'D) = (0vV' D) — vV 2n De*P. (3.15)

So, the following formula holds

¥(6v/D) 0

1 1
< - >forK2:cZL. (3.16)
m— 6 m-+o—0

— 0 2b6 /2 D AD K
*PDOC (x,A\; K, L;r,0) = [1 — e 4 ¢ me 2 e(m—0)k

3.2.2. case K < z. In this case the integral has to be split.

>§S\C(x,)\;K;r,5) =

mz UZ_K
ke (ze )0

0 +oo
/ xe(m+o’+9)z _ Ke(m-‘ra)zdz + / xe(m+o—9)z _ Ke(m—@)zdz> ,
k 0

( x K Kemt0k  go(m+0)k x K )
2

+oo
dz + / e"*(xe’” — K) dz,
0

0

= D=

mtot0 mi0 miot0 ' mi0 mio—0 mio

K 9 K6(7n+9)k 1 1
_ - N _ . (3.17)
m2— 02 (m+o)2— 62 2 m+60 m+o+0

So, we get

_ 2K 2 Kelm+ok

*BSC(w,A;K;T’a):mz_OZ_(m+o')2—92+ 0

1 1
( _ ) ,for K < @. (3.18)
m + 60 m+o+0

Finally, we come up with the following formula for the valuation of a Parisian down-and-out call with
b<o0
» Case K > L.
*Iﬁ)\OC(w, AN K, Lyr,9)
2K 2z N Ke(m+0)k ( 1 1 )

m2 — 02 (m+ o0)? — 62 0 m+60 m-+o+0
_ Y(=6vD)e** Ke(m—0)k

6y (0v D)

1 1
( — ),foerKZL. (3.19)
m—0 m-+o—0
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» Case K < L.
*ﬁC(az,A; K,L) =
2K 6(m+9)b Dm?2
_ 11— — —vD vV2rDe 2 mN(—d — VD
m? — 02 +(6v/D) (#(=vDm) + VarDe ™ mar( m)
2 Le(m—i—@)b

D(m+a)2
- (m + o2) — 62 T — 1,0(0\/5) (’C/J(—\/ﬁ(m + 0)) + V2nDe

(m + @) (~d = VD(m + 7)) )|

Kelmtot 1 ! 11 0v/D) + 0e*P2x DN (d — 0v'D
6 ‘mt0 mioto _¢(0\/5)<¢(_ ) +0e*?V2rDN(d - 0vD))
_ V2D L abe (m0yk pr(_ g ( 1 1 )
O0~/D) Ke**%e N (—d — 6V D) m_0to m_d)
for K <L <.

3.3. The valuation of a Parisian down-and-out call with b > 0.

3.3.1. reduction to the case b= 0. If b is positive and T, > T'> D, then T, < D.

Therefore, the discounted value of a down-and-out call in the case L > z is
* PDOC(z,T; K, L;7,08) = EP(l{{T;ZT}}l{{TbgD}}[we"ZT — K|Tem?T). (3.20)
We can also write :
* PDOC(z,T; K, L;7,0) = Ep (EP[I{{Tb—ZT}}l{{TbSD}} [ze? (2T =21, +b) _ K]+ em(Zr—Z1,+b) | ]—'Tb}) .
We have Fp, = {A € AVt >0, A({T, < t} € F;}, then {T}, < D} € Fr,, because
{T, <D} (UTh <t} ={T, < DAt}

and

{T, < DAt} € Fiap C Fr.
Therefore 1;¢7,<pyy is Fr,-measurable.
So we get

«*PDOC(z,T;K,L;r,0) =Ep (1{{Tb§D}}E7D[1{{Tb_ 7T1,2T7Tb}}[xeGZszTb+b - K]+em(ZT7ZTb+b) ‘ ]:Tb]) .

law

Relying on the strong Markov property we can write that T, — T, = Tj .
Hence

*PDOC(z,T; K, L;r,0) = Ep (1{{Tb§D}}EP[1{{TJZT_Tb}}[xef’<ZT—ZTb+b> — K]temZr—Zn,+b) | fTb]) .
Let W, denote Zp,1+ — Z7,, relying on the strong Markov property W, is independent of Fr,.
Let Y; denote 1{{T52T_t}}[xe”(WT—‘+b) — K] Tem(Wr—itb),

e Y, is independent of Fr,,
e Ty is Fr,-measurable so we can write E[Yr, | Fr,] = E[Y]j;—1, .

Hence we have
*PDOC(I7T7 KvL;T’ 6) = E[:!.'O{{TbSD}}ED/t]\t:Tb]a
= 1 tu<ppEpYalps(du)

where pp,(du) is the law of Ty recalled in Appendiz A. We get
D
«PDOC (z,T; K, L;r,8) = / Ep <1{{TJ>T_u}}[Iea(WT7u+b) _ K]+em(WT7u+b)) 1o (du).
o >
So, we have

D
xPDOC (z,T; K, L;r,0) = emb/o Ep (1{{T62T_u}}[$e"be”WT*“ - K]+67'LWT*“) oy (du).
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As b= %ln (%), we get

D
«*PDOC(z,T; K, L;7,6) = Le™® /0 Ep (1 ( {T;ZT_M}}[B"WT‘“ — K/L]+emWT—u) o (du).

The price of a Parisian down-and-out call in the case b > 0 is given by
D
«* PDOC(z,T; K, L;r,0) = Le’"b/ *PDOC®(T — u; K/L;r, )y (du) (3.21)
0

where

«PDOCY(T; K;r,5) = Ep (1 N e K]+emZT) :

3.3.2. The Laplace transform of «xPDOC(z,T; K, L;r,d). If we consider the Laplace transform of
«*PDOC(z,T; K, L;r,d) with respect to T, we get

o +o0o D
*PDOC (x, \; K, L;7,8) = / e M Le™® / «PDOC(t — u; K/L; 7, 8) iy (du) 1 {{1—y>0yydt,
0 0

D “+00
= Lemb/ ,ub(du)/ e Mx PDOCY(t — u; K/L;7,6) dt,
0 u
we change variables (v,u) = (t — u, u)

D “+oo
= Lemb/ ,ub(du)ef)‘“/ e ™ % PDOC"(v; K/L;r,8) dv,
0 0
b _—— 0
= Le™ / iy (du)e ™ xPDOC (X\; K/ L;7,6).
0

D
If we compute / pp(du)e™, we find e~ N (mﬁ, #%) + %N (f\/ﬁﬂ — #%) as proved in Ap-

0
pendiz A, where N denotes the standard normal cumulative distribution. Finally, we come up with the
following formula

532Y3) b
«*xPDOC (x,A\; K,L;7r,80) = L {e(m—G)bN (@9 _ \/ﬁ) +

b _—
()b A (_ﬁ/—Dg _ Dﬂ «PDOC’ (A K/L;r,5), for L > . (3.22)

—— 0
» Case K > L. xPDOC (\; K/L) has already been computed in (3.16), and we had found

0 / AD
«PDOC (\;K/L;r,0) = v2rDe” K m—o)k < LI L > , for K > L.
Ww(OVD) L m—60 m+oc—20

Then, we now have an explicit formula for the Laplace transform of *x PDOC (x, T; K, L;r,0) when K > L.

+PDOC (z, \; K, Li 7, 6) = {e<m-0>w (0\/5 _ \/"5> + elmton <—e\/ﬁ _ \/"5)}

2w De*P
g for K > L>x. (3.23)

¥ (6vD)

1 1

m—B_m—I—a—

Ke(m—@)k (
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» Case K < L. In this case, we have

«PDOC" (N K/L) =

2K 1 B 4 D2 () p
L(m? — 62) [1 (OvD) (1#( VDm) + V27D N( VD ))1

B 2 [1 1
(m+02)— 62 Y(0V/D)

(¥(~vD(m + o))

Noran) D(m+o)? In(£) VD

+v2rDe™ 2 (m—{—a)./\/(aﬁ - D(m+0)>)}
Ke™2 In(¥) 1 1

T mi6 mifto

1 st (o0vD) + 0 v (244 —0vD) )

)‘D\/27TDK mt 1K) ln( ) 1 1
(9\/> N( oV D 9\/5> (m9+0 m@)'

Hence,

*@C(m,)\; K,L;r,8) = L( (m—0)b A/ (\/_0 — 7) 4 e(m+0)bAs (_\/ﬁg _ %))

ln(%)
v (- m))

1 VarDe2™ +o)? (m + )N(ln(L) \/—(m+a))>]
m+6

Ke™s () 1 1
+ Lo (m+0_m+9+0')

[1 B ¢(ei/_) ( (=6VD) + aeAD‘/%_DN(% - 0‘/5))}

e*Pv2rD K o™ In(E) In(¥) 1 1
T yoVD) L° NGB ovD 0\/5)(m_0+0_ m—0>}’

27TDe

{ 2K [1 B 1 (
L(m? — 62) ¥(6vD)

2

1
—m 1—W 'lb(—\/B(m—i-o-))

for K < L and x < L.

3.4. The valuation of a Parisian down-and-in call with b > 0. So far, we have managed to find
explicit formulae for the Laplace transforms of the down-and-out call prices with b > 0. Now, we will use
the relationships existing between down-and-out options and down-and-in options to compute the price
of a down-and-in call in the case b > 0. In fact, the following formula holds

*ﬁC(z,)\;K,L;r, 0) = @(w,A,K, r,0) — *]D/IDBO(LE,/\;K,L;T, 9)

where *P/DBC(LL‘,)\;K,L;T‘, 0) has already been computed above in the Section 3.3.2 for b > 0 and
*BSC(z, A\, K,r,d) has been calculated in (3.18) and (3.14). We simply recall the formula

K 1 1
- K m-o) < - — > it K >z,
«BSC(z, A\, K,r,0) = 2K m_2 " —;(U 1 1
_ r 4 o e(mtO)k — if K <uz.
m2 — 62 (m+0)2*92 m+ 6 m+60+o -

If we put all the terms together we find the following formula
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» Case K > L.

*P/IﬁC(x,)\;K,L;r,(S) =

Ke(m—e)k< - 1 >
0 m— 6 m—60+o

- <e<m—">bN (0\/5 - \/bﬁ) + eMTOb A/ (—9\/5 - ;5))

2t De*P 1 1
V2rDe (o ( B ) K SLoa
¥(0v D) m—60 m+o—0
» Case K < L.
DT K 1 1
«PDIC(z, A\ K, Ly, 8) = —e(m=0)k < _ )
0 m—60 m-—0+o

—L (e(m—ﬂ)bN (@9 _ %) + e(m+0)bAS (_@9 _ L))
(¢( vVDm) + V2rDe"% m/\f(ljf/_) Vﬁm))]

a’)N( E/_) \/_(m+a')>>]

2K - 1
L(m? — 02) ¥(6v'D)
(m+ 02) — 02

1 D(m+0)2
TN (w(—\/ﬁ(m +0))+V2rDe :

m+46

+Ke s ln(i‘)( 1 1 )
Lo m+ 0 m-+60+ o

_1/,'(91\/_)<¢( 0v/D) + 0e*P /2 N<m(/ﬁ) 9\/_>>
AD\/_K m—o i In(3) 1 1
VD) 1° W(w__e\/_) <m—9+a_m—9>}’fmSKSL'
*ﬁC(w,A;K,L;T,d) = mzzI_{02 - (m+:.§}2 — 92 +%e(m+9)k (m:—B B m—|—10—|-0'>

s (VB0 g ey (/o - 1)
2K 1
{L(m2 — 62) [1 ~ ¢(6vD)
2

( (—vVDm) + V2nDe 22m./\f<lnf/_) @m))]
Tmton—e | (0\/—)(

Dimto)? 1() o
+ V27 De (m + )N< D —VvD(m + )))]

Y(—VD(m + o))

m+6

+Ke - 1n<’ff>< 1 1 )
Lo m+0 m-+60+o

1 AD. /o n(z)
[1—1#(0\/_) (¢( 6v'D) + 6e*Pv21D N(a\/ﬁ 0\/_>>]

e*Pv2rD K ™22 In(E) In(7) 1 1
~ VD) T N(U\/_ 0\/_> (m_0+a m_g)},forKSwSL.

4. THE PARISIAN Upr CALLS

This section will go exactly through the same points as the previous one but considering the Up calls
instead of the Down ones this time. Once again the organisation of this section is based on the presen-
tation scheme.
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4.1. The valuation of a Parisian Up-and-in call with b > 0. The owner of an up-and-in option
receives the pay-off if S makes an excursion above the level L older than D before the maturity time T,
which is exactly the same as saying Brownian motion Z makes an excursion above b older than D. Using
the previous notations we can write :

* PUIC(z,T; K, L;r,6) = Ep(l{{T;<T}}(xe”ZT — K)tem?r), (4.1)
where
T,F = inf {t > 0|1{z,50};(t — g) > D}. (4.2)

The computation of «xPUIC(z,T; K, L;r,0) for b > 0 is exactly the same as the computation of
xPDIC(z,T; K, L;r,6) for b < 0. We just have to find the law of Tb+. We have

“+o0
* PUIC(z,T; K, Ly, 0) = / Ep (Lo <ryy Progy (£2)(2))v(d2), (4.3)
where
o fu(2) = e (zeo — K,

o Puf=) = 7= [T e exp (- 520 ) du,
e v(dz) is the law of Zps-

We have
+oo
«* PUIC (z,T; K, L;r,0) = / f= W) he(T, y)dy, (4.4)
where
(z—y)*
e exp (~36745)
ho(t,y) = Ep [ 1ynt ciyy— 77— | v(d2). (4.5)
—o0 21t — T,F)

Since we consider the case b > 0, we can use the following expression for the law of ZTb+ ,as it is proved
in Appendix C

}P’(ZT; €dr) = %U(x —b)exp <— (x;Db)2>1{{z>b}}~ (4.6)
4.1.1. The Laplace transform of «xPUIC (z,T; K, L;r,0). We still have
«PUIC(z, \; K, L7, 5) = / - faly) /0 h e Mhy(t, y)dtdy. (4.7)
We would like to compute
o) = [ ety (4.8)
We know that ’
+oo 9 exp [ —_=w)?
hy(t,y) = /b %b exp (— (2 T Db> )Ep 1, {Tkt}}m dz. (4.9)

We can write

teo 2 —b (z — b)?
hy(t, :/ exp (— ) t,z —y)dz,
b(t,y) i D 55 ) y)

where
2

x
= (7))

)
Yt a) =Bp [ 1y gy ———"
\/2m(t )

2
hAb()\,y) _ /b+°o Zl_)bexp <(z _Db)2> /Oooe

and we have

— Tb+
Aa(t, 2 — y)dt dz. (4.10)
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So, we need to compute the Laplace transform of (¢, x)

0o oo exp —%
/ 7)\t (t as)dt / efAt ( 2(t T, )>dt

0 T 2r(t — T;1)

By changing variables u =t — T;’ , we get

2
oo - eelE)
/ €_>\t’7(t,$)dt:Ep(6_>\T;)/ e A 2 du.
0 0

Using results from Appendiz C and B, we come up with

o exp [—(|z| + b)0
/O e M (t,z)dt = pe[z/)((Q\'/zi)) )], (4.11)
Thanks to (4.10) we can rewrite
N o—b0 oo 22
hy( N, y) = ZW/O X exp ( 2D —b+z— y|9> x. (4.12)
+o0 2
Let K1 py(y —b) denote/O Z exp (2D |b+xy|9>d;z:.

4.1.2. The valuation of K1¢x py(y —b). Let ¢ denote y — b.
2

400 T
We have K11y py(c) = /0 x exp (QD — |z - cﬂ)dx.

» Case K > L. In such a case we have, for y € [k, +oo[, y — b > 0.
We can use the formula (3.11) to compute K1y py(c). Then for hy(),y) we get :

» — " e yb)e DD [ e~ (y—0)o y—b_ VD) = N(—6V
hy(A\,y) = 506vD) { +60v2rD < [V ( i3 v D) — N(—6vD)]
_e=b)0 <1 — N( 75 +9\/D))>} . (4.13)

By plugging this result in(4.7) and by doing long but easy calculations we get:

eDT"ﬁmN'(d + v Dm)

_ 27D [ 2K
«PUIC(x, ) K, L r, ) = em—0b Y1 {

$(0vD) [m? — 62
. 2L D(m-‘,—a‘)
(m + o)

—2b6

€ (m+8)k LAD 1 1 >
¢(0\/_)Ke V2n DN (d — 0\/_)<m+a'+0 ——7

s K (1 ) (HOVD) +0VEDAPA U - 0VD)) (111
oyp(OvD) \m—-0 m+o—0 o

fore < L< K.
» Case K < L.If K <L we have y —b >0 for y € [b,4+00[ and y — b < 0 for y € [k, b]. So we get

(m + o)N(d + vVD(m + 0'))}

— o0 b +oo 2
«PUIC(z, \; K, L;r,0) = ——— / emY(xe’ — K / ze (— —(z+b— 0) dzd
( ) DovEvD) \ s ( ) ; xXp | 55 Y) y

+00 “+oo 22
4 / e (267 — K) / zexp ( —letb- y|9> dzdy) -
\ ; 2D
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After doing computations we get

2L

_— e(m—B)b 2K
*PUIC(z,\; K, L;71,0) = »(6v/D) [mz — 02¢(\/Bm) - mtﬁ(\/ﬁ(m+ o))
6_2b9’(/}(—0\/5) 1
0v(6v/D) Ke(m + 8)k (m +6 m+0+ o') yfor K< Landa < L. (4.15)

4.2. The valuation of a Parisian Up-and-out call with b > 0. Thanks to the formula of *fUTC(x, N K, Ly, 0)

we can find *%C(x, X K, L;r,d). By using the relations between «PUIC and *PUOC and the Laplace
transform of a Call when < K ( which has been computed in 3.2.1).
So, for x < L < K, we obtain

«PUOC (z, \; K, L; 7, 8) = K o ( i 1 >
V2rD [ 2K ’ m—6 m+o—06
27 D2

__p(m—0)b Dm?

’ ¥(8v/D) [mz —pz¢ ¢ mN(d+VDm)

2L D(mto)?
_me 2 (m+o)N(d+ \/B(m—i—a))]

_iK (m+6)k ADWN(d_Gm)( 1 B 1 )

1#((0\/5)) e e ™ m+o+0 m+6

e m—0)k 1 1 .
_gw(ax/ﬁ)K (m 0 mto-— 0) (1&(—0«/5) + 0V2rDe*P N (d — 9@)) ,

and for K < x < L, we have

*P/U\OC(QS, MK, Lyr,6) =

2K 2z +Ke<m+9>’“< 1 )
m2 — 62 (m+ o0)? — 62 0 m+60 m+0+o

e(m—o® 2K 2L
@) L = 35 = o gy g (/D )
e~ 2094 (—6+v/D) 1 1
~4067D) Ke(m + 0)k (m+9 - m+9+a). (4.16)

Finally, for the case € < K < L we get

*@C(w,)\; K,L;r,6) =

Ke(m—e)k( - 1 )
(7] m— 6 m+o—0

e(m—0)b 2K 2L

D) P = oy VBln | aa
e=2%045(—0+/D) 1 1

~5067D) Ke(m + 0)k (m+9 — m+9+a). (4.18)

4.3. The valuation of a Parisian Up-and-out call with b < 0. We proceed exactly the same way as
for the case b > 0.
We have

D
x* PUOC (z,T; K, L;r,8) = Le’”b/ *PUOC’(1,T — u; K/L,1;7,6) up(du),
0

and for its Laplace transform we get

D
— _—— 0
*PUOC(z,T; K, L;r,6) = Le™ / pp(du)e ™M «PUOC (1, \; K/ L, 1;7,6).
0
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we can refer to Appendiz A, but by plugging —b instead of b. So we find

To compute fOD o (du)e=
b b b
d —Au _ ,0b 0D I —6b —0vV'D ).
/0 wy(du)e e N(6v +\/5)+e N(—60v +\/5)

Therefore, for L < x we get

_ b
*PUOC (z,T; K,L;r,8) = L ([ e™TO°A/(0v/D + ——
( =1 ( VD

b P K
+e(m—9)bN(_0\/ﬁ + \/5)> * PUOC’O(l, A; T’ 1;7,9).

Depending on the relative position of K and L, one of the following formula for x PUOC (z,T; K, L; r, )

holds.
» Case K > L.
*PTJ?CO(LA;%J;T,&) - %em;f* In( ) (mle B eri—g)
o Ty (5o () + VD)
: eW(mH)N( o—\F In(+ Hf(mw)ﬂ

_(m+0)2—92

1 K m+91n(K) \D /7 NN 1 _ 1
o N( ovD (L) 9\/5)(m+0+9 m+0>

gef)f
6,,»0(6?;;2( : 9_m+10—9)( (=0v/D) +6v2rDe ADN(axf ()_ef»

b b
(m+0)b (m—6)b AL (_ -
L <e N <0\/D + \/5> +em=OA(_9v/D + \/ﬁ))
1 ) vV2rmD [ 2K Dm?2
e 2. m

K mfel K 1
e o (%) — —
{ © (m—@ m+o—0 Y (0v/ D) [ L(m? — 62)

*ﬁC(w, T;K,L;r,0) =

Lo
2 D(m+a)
(m+ o)

1 K
- In(—)+vDm) - —— >
N( oV D n(L)+ m) (7n—|—o’)2—02
1 K m+46 K
—e%l“(f)eADv%rD

N (s + VP o)) - s

N(_miﬁln(f)_‘g@) <m+:tl7—|—0_m:-9>_01,b(0\/_)L
(ml_e_ertr_ )<¢(—9\/ﬁ)+0\/2n_pew/\/<m/_1n()—9\/_>)}
for L < K and L < z.

» Case K < L.
_—— 0 K
*PUOC (1,/\;f,1;r,5) =
2K 2 K %Hln(%) 1 1
Lim*—0%) (m+o)—6  L6° <m+0_m+9+0’>
1 2K 2
_ { VD) ( T _92)?/1(\/5771) - W)Q_egw(\/ﬁ(m+0))>:|
( 0vD) K em:re ln(fg)< I 1 )
m+60 m4o+6)°

~0p(0vD) L
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*P/U\OC(:):, T;K,L;r,0) =
(m+0)b by meoypr b
£ (N @VD + ) N (0D + )
{ 2K _ 2 -I-Eem:eln(%) ( 1 _ 1 >
L(m2—-62%) (m+o0)2—-6% L6 m+0 m+4+0+o
1 2K 2
wm@% $(VDm) — wwﬁm+mﬂ

L(m? — 62) (m+4+o0)2—20

_W4WEKJ#Mﬂ<]-_ ! >}MKSLSm
6+ (0v/D) L m+60 m+o+0

4.4. The valuation of a Parisian Up-and-in call with b < 0. We will also use the relations between
«PUIC(x,\; K, L;r,¢) and *PUOC (z, \; K, L;r,d). We have

«PUIC(z, \; K, L;,8) = *BSC(z, \, K, r,6) — xPUOC (2, \; K, L;,6)

where *P/UBC'(x, A K, L; 7, §) has already been computed above in Section /.3 for b < 0 and 955\0(30, A K d)
has been calculated in Section 3.2.1.

So we derive the three following formulae

. K o 1 1
«*PUIC(x,\; K, L;r,0) = ge m 5~ N 9
m — m+o —

—L <e<m+9>’w ((NB + b) + e(m=bAf (—9\/5 + \/bﬁ))

vD
K mfeln(g) ]_ 1
—e o L —
Lo m—0 m-+o—20

V27TD 2K Dm?2 1 K
 (6vD) [L(m2—92)e = mN (_a\/ﬁln(LH‘/ﬁm)
2 D(mta)? 1 K
_me (m+a)N(_a‘\/ﬁln(L)+\/ﬁ(m+a))]
_;E mT_'_eln(%) AD /_71' . 1 0 5 _ 1 B 1
"/’(9\/5)1:6 ¢ 2DN< U\/ﬁl (L) 0@>(m+0+0 m+0)

emleln(’L‘)K( 1 1 )
04(0vD) L \m—0 m+o—6

¥(—68vV'D) 4+ 6V2rDe*PN ! 1n(5)—0\/5 Jfor L< z < K,
( (sv5p-oD))
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*FIJ\IC(:B,)\;K,L;T, d) =

2K 2x K 1 1
_ + — e(m+0)k ( _ )
m2 — 02 (m+ 0)2 — 62 0 m+0 m+0+o

b b
— L (™A (0vVD + — (m=0Af(—0VD + — )
(e OvbrIp) e COVPE B
{K m=0 (1) ( 1 1 )
—e o L J—
Lo m— 6 m-+o—60

\/ﬁ{ 2K Dm2mN<_ ! ln(Iz)+\/ﬁm>

T p(evD) [Lm2 =67 ov/D
2 D(m+o)2 1 K
1 K omienu ap 5o (_ 1 K, _ )( 1 1 >
¢(0\/E)Le e 2 DN U\/Bln(L) 6v'D mtot0 mLo
_mK< L )
64(0vD) L \m—0 m+o—06
<1/’(—0\/5) + 6V2rDe*P N <0'\;5 In (IL{> —0\/5))},for LK<z,
PUTC(x, M K, Ly, ) = — 28 2
* @ XKL 0) = 52~ (m 1 o) — 62
K 1 1 b
B (mto)k _ _ (m+6)b o
+96 (m+0 m+9+0) L(e N(O\/ﬁ+\/ﬁ>
b 2K 2
(m—6)b _ _
e N( 9‘5*\/5)){L(m2—02) (m+o)—02"
K myo, (x 1 1
K = ln(L)< _ )
Lo m + 60 m+60+ o
N (g VD) — 2w (VD(m+ o)) )
%(6~/D) \L(m? — 62) T mr o)z - 02 mre
—71/}(_9\/5) EemTJreln(%) ( r_ ! )},forK S<L<w
6¢(6v/D) L m+60 m+o+6

5. SOME PARITY RELATIONSHIPS
Now we will explain how to find all the other prices by simply using the formulae we have established so
far and some parity relationships.
Let us consider a Parisian Down and Out Put.

’"L2

PDOP(2,T;K,L,D,r,6) = E (emZT (K — ze?2r)* 1{{T;>T}}) o ()T, (5.1)

One notices that the first time the Z Brownian motion makes below b an excursion longer than D is the
same as the first time Brownian motion —Z makes above —b an excursion longer than D. Therefore,
introducing the new Brownian motion W = —Z we can rewrite

2

m

—m —c —(r T
PDOP(z,T;K,L,D,r,§) = IE(e Wr (K — ge=oWr)* 1{{ij>T}})e (r+2) :

1 1\" (rym?
—(m+o)W: ~ oWp & r+ T
KxE <e T (xe T K) 1{{T+b>T}}> e ( 2 ) .
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Let us introduce m' = —(m+ o), & =r, v’ = 6 and V' = —b. With these relations we easily check that

/!

m' = % (r' -0 — %2> and that v’ + mTQ =r+ mTQ Moreover, we notice that the barrier L' corresponding

1 1 1 + (e m?
tob = —bis I Therefore, E (e(m+")WT <e”WT - K> 1{{T+b>T}}> e ()7 is in fact the price
- z

11
of a Up and Out Call PUOC < 0T , D, 4, 7“). Finally, we come up with the following relation
11
PDOP(xz, T;K,L,D,r,§) =K PUOC( D , D, 0, 7‘)

The same relation holds if we replace a call by a put and vice-versa and if we consider In options instead
of Out ones.

1 11
PUOP(z,T;K,L,D,r,8) = xKPDOC(m, ,K7L,D,5,r>,
PUIP(z,T;K,L,D,r,§) = zK PDIC 1t 1ps
:Z:, bl b b 7r7 - x x ’K,L, 7’lr b
PDIP(z,T;K,L,D,r,5) = a:KPUIC( 11{ i D5r>.

In the previous sections we computed the price of all the Down Calls an Up Calls. From these relationships,
we can deduce the prices of all the Parisian Puts. What we still have to find is how to invert the Laplace
transform.

6. PRICES AT ANY TIME t

At this stage we can compute all the prices at time 0, but to be able to hedge such an option we besides
need the prices at some time ¢ < T. So we will consider a Down-and-In option to show how the price
at some time ¢ can be deduced from the prices at time 0 of the Down-and-In options with different
parameters. Relying on this example one can easily prove similar formulae for other options.

6.1. Three different paths for the Brownian motion. The price of a Parisian Down and In Call at
time 0 is given by the formula (2.4). From this formula, we can deduce the price of a Down and In call
at any time ¢.

PDIC(Sy,t;2,T; K, L,D,r,8) = e " "Eg ((weU(WTJFmT) - K)* 1{{T;3T}}|ft> : (6.1)

Now we can change the probability measure as we did at the beginning to make Z = {W; 4+ mt;t > 0}
a Brownian motion under the new probability we called P, ( E will from now on denote the expectation
under the probability P ) . Then, we can write

2
o B(77 T et — KO 1|2

mthémQt

PDIC(S;, t;x,T; K,L,D,r,8) = e "

)

e
VA Zp—2Z,)—im? Z
L E (et 20 i T e P — K L oy )
emZt—%mzt

R e Ll (em(ZTth)(xeaZT —K)*

)

1{{T;§T}}|ft) :

Let us introduce a few notations

T/

L
T—tand b = 1 (Sf) (6.2)

Tl;/ = iIlf{S > 0, Zt+5 - Zt = b/} (63)
In the case Z; < b, we introduce D’ the time Z has already spent in the excursion.
—(r ﬁ T’ m —Z - —Z
PDIC(Sy,t;2,T; K, L,D,r,0) = e () ]E(e (=20 (8¢ Fr=20) — K)* 1{{T{§T}}|th)' (6:4)

The indicator can be split up in several parts depending on which path you are on. On both paths the
excursion has already started. On the red one, the excursion will not last long enough, so the asset still
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FIGURE 4. Possible evolutions of an asset price

has to do an entirely new excursion below L longer than D, whereas on the green path the process only
has to remain below L for a time longer than D — d. All these remarks enable us to rewrite the indicator
as follows

Liry <my = Wz Ly - <rmy T ldzesen (1{{T;/2D7D'}}1{{D—D'ST'}} + 1{{Tg,<D7D}}1{{T;,*§T’}}) :
(6.5)

PDIC(Si, t;2,T; K, L, D,r,0)
_ () {]E (em(szzt)(Stea(szzt) _ Kt 1{{Zt>b}}1{{T;,‘§T’}}|‘Ft) ’
FE (T2 (5,e771 20— ) 1z, i1y 5 p-any Lgp-a<r—m 1 Fi)
+E (em(zT—Zt)(stea(zT—Zt) — K)* 1{{Zt§b}}1{{Th/,SDfD’}}]'{{T;ng—t}}|}—t)} ,

-\ m T m —Zt o —Zt
= o) {1{{Zt>b}}E (6 Fr=2 (5,07 =20 — K)* 1{{T;7§T/}}|ft) ’

+1{{Zt§b}}1{{D7D/§T7t}}E <6m(ZT—Zt)(SteU(ZT—Zt) — K)"" ]_{{TéIZD,d}}l]:t) s

m(Zr—24 o(Zr—2Z,
T lgzecon® (e T (S — K 1{{T;/§D—D’}}1{{T;/_STft}}|}—t)}'

T,, and Tl:f are both independent of F;, so we can write
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—\7 ﬁ T’ m ’ o /
PDIC(StataZ,T7 KaLaDaT.a 5) = ¢ ( T ) {1{{Zt>b}}E (6 o (Ste - K)Jr 1{{T1:’STl}})
Z 7 O'Z ’
Tz <onlyp-p<rpE (em T (Spe? T — K)T 1{{Tb7ZD—D’}})

+ 1iz,<on E (esz, (Spe”?1 — K)* 1{{T5/§D7D’}}1{{T;,§T'}})} ;
’NL2 ’
= 67(T+T)T 1{{Zt>b}}PDIC(St,T/;K,L;T’,(S)

1z, <nlp-pr<ryy B (€77 (Sie”?r — K)* 11, >0-D1yy)
0

+ 1yz.<opy E <€mZT' (Ste”?" = K)* Ly, <p-pplrs ST’}})

(@)
6.2. The computation of the different expectations. Let us calculate (i) in the case D — D" < T”

E ("7 (Sie”?™ — K)* 11, >p-D1}})
= E ("7 (Se7 1 — K)T) —E ("7 (Sie7 7 = K)" 1y, <p-p1yy)
= *BSC(S,,T'; K,r,8) — E (e"?7' (Spe”?r" — K)* 141, <p-p'}})

The last expectation above can be computed by conditioning with respect to Fr,, since D — D" < T".

E (emZT/ (StGUZT/ - K)+ 1{{Tb/§D—D'}})
= E (E (e’mZT/ (SteUZT/ _ K)+ 1{{Tb/§D7D/}}|]:Th/)) ,

’ e Z /—Z ’
-k (1{{Tb/<DD’}}E (em(ZTI_ZTb')emb (Sie”"e W=y K)* |]:Tb’>) '

If Wy = Zy1; — Z1,— and Y; denotes e™Wr'—t(Le®Wr'— — K)* then Y; is independent of Fr,, and Ty
is Fr,,-measurable

E (em#1' (S — K)Y 11, <p-D'}})
= E (1{{Tb/§D7D'}}E (emWT/’Temb/ (Spe7 eWrr—r — K)+> |T:Th/) :

D-D’
— / emb/E(emWT/,u (LeUWT/,u _ K)+)Mb’ (u)du
0

P(L,T")

Now, we will consider the Laplace transform of P(L,T") with respect to T"
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i

=

=
I

+oo D—D’ ,
/ —AT / e E(emWr-u (Le®Wr—w — K) )y (u)du dr,
0

e
0
D-D’ +o0 ,
/ / e e E(emWr—u (LeWr—v — K)N)dr py (u)du,
0 0
a change of variables (u, &) = (u,7 — u) gives
D—-D’ “+o0 ,
- / / e e eV (emWe (Le™™e — K) )y (w)du dE,
0 0

relying on Appendiz A we can write

2 ’ b/|

= o [y (ovp - 2L )

e e

R

V']
vD—D'
Let us now compute (ii). We can condition with respect to Fr,, since T,, is bound to be bigger than
D — D’ so Ty is almost surely smaller than 7"

—|—eab/|./\/<—9\/m_ )}*B/S\C(L,)\;K,T,CS)-

E (emZT/ (SteaZT/ _ K)+ 1{{Tb/SD—D'}}I{{Tb7§T’}})
) (E (emZT/ (SteaZT/ _ K)+ 1{{TL/SD—D’}}1{{TJ§T’}}“FTb’>> s
= €mb E (1{{Tb/SD—D/}}E (6 (LGU(ZT/_ZTV) — K)+ 1{{T0_<T’Tb/}}fTb’>> .

If Wy = Zyy1; — Zr; and Yy denotes em™Wr' -t (LeoWr— — )+ 1{{To_ <7/_g}ys Ye Is independent of Fr,,
and Ty is Fr,,-measurable. So E(Y;|Fr,,) = E(Y;)|;=7,, and therefore we can write

m(Zypr—Zoqr )
b/

E (emZT/ (SteaZT/ _ K)+ 1{{Tb/SD*D’}}1{{Tb7§T’}})

— R <1{{Tb/§D—D’}}]E (emWT,*“(LBUWT'*“ — K)Jr 1{{TJ§T'—U}}> |u:Tb/) ,

D-D’
/O 6mb E (6mWT/7“ (LEUWT/’“ _ K)+ 1{{T07§T’7u}}) b (u)du

Q(L,T")
Let us consider the Laplace transform of Q(L,T") with respect to T”.

N “+o00 D-D’ ,
Q(L, )\) _ / e—)w-/ et | (emeru (Leawffu — K)+ 1{{T7<7__u}}> ,ub,(u>du dr,
0 0 0=
, —+oo D—-D’ K
= Lem / e T / *PDIC°(1,7 — u, T 1,D,r,0)dr py (u)du,
0 0

D—-D’
’ —_— K
= Lem / e dux PDICO(1, \, — LD, 5).
0

Finally we obtain

«PDIC(S;,t;z,T; K, L, D, r,0)
= 1{{Zt>b}}*PDIC(St7 T/, K, L, D, T, 6) + 1{{Zt§b}}1{{D—D’§T’}}

, [D-D’ — K
(Lemb / Hb,e_)‘"du (*PDICO(l,/\, f’ 1,D,r,9)
0

— K —
—+BSC(L,\, 7, 5)) +«BSC(S:, T', K, , 5)) .
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If we compute *P/UTC’(St, t;x, Ty K,L,D,r, ) we get exactly the same result by changing
*PDICO(1,\, £.1,D,r,§) into *xPUICO(1,\, 5,1, D, r,§) in the previous formula.

If one wants to value the Put Options, one can rely on the parity relationships given in the previous
section and then use again the price of the Calls at time .

7. THE INVERSE LAPLACE TRANSFORM

This section is devoted to the numerical inversion of the Laplace transforms computed previously. We
recall that the Laplace transforms are computed with respect to the maturity time. We explain how
to recover a function from its Laplace transform using a contour integral. The real problem is how to
numerically evaluate this complex integral. This is done in two separate steps involving two different
errors. First, as explained in Section 7.1 we replace the integral by a series. The first step creates a
discretisation error, which is handled by Proposition 7.1. Secondly, one has to compute a non-finite series.
This can be achieved by simply truncating the series but it leads to a tremendously slow convergence.
Here, we prefer to use the Euler acceleration as presented in Section 7.2. Proposition 7.2 states an upper-
bound for the error due to the accelerated computation of the non finite series. Theorem 7.2 gives a
bound for the global error.

7.1. The Fourier series representation. Thanks to | , Theorem 9.2], we know how to
recover a function from its Laplace transform.

Theorem 7.1. Let f be a continuous function defined on R and « a positive number. If the function
f(t) e is integrable, then given the Laplace transform f, f can be recovered from the contour integral

f(t) = /a+mest f(s)ds, t>0. (7.1)

210 J —ioo

The variable o has to be chosen greater than the abscissa of convergence of f . The abscissa of conver-
gence of the Laplace transforms of the barrier Parisian option prices computed previously is smaller than
(m 4+ 0)?/2. Hence, a must be chosen strictly greater than (m + 0)?/2.

For any real valued function satisfying the hypotheses of Theorem 7.1, we introduce a trapezoidal dis-
cretisation of Equation (7.1)

Fan) = S Fla) + S S (-1 Re (F (- i2T (72)
=—f(a)+ — — at+i— ) |. .
™/t 2t t t
Proposition 7.1. If f is a continuous bounded function satisfying f(t) =0 for t < 0, we have
672005

lexse(®)| = [F () = Frpe(®)] < 1 lloo P (7.3)
To prove Proposition 7.1,we need the following result adapted from |
Theorem 5]

Lemma 7.1. For any continuous and bounded function f such that f(t) =0 for t < 0, we have

exsi(t) = Frpp(t) = F(8) = > f(H(1+2k))e 2k, (7.4)
k=—oc0
E#£0
Proof of Proposition 7.1. By performing a change of variables s = « + iu in the integral in (7.1), we can
easily obtain an integral of a real variable.

et +oo
f(@) / fa+iu)(cos(ut) + i sin(ut))du.

Tom )
Moreover, since f is a real valued function, the imaginary part of the integral vanishes
eozt

f) = / " Re (f(a + iu)) cos(ut) — Tm (f(a + m)) sin(ut))du.

21 J_
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We notice that
m (A(a + zu)) =—7m (A(a - zu)), Re (A(a + zu)) =TRe (f(a - zu)) .
So,
ert [ree o S
ft) = — /0 Re (f(a + zu)) cos(ut) — Zm (f(a + zu)) sin(ut))du. (7.5)

Using a trapezoidal integral with a step h = § leads to Equation (7.2). Remembering that f(t) = 0 for
t < 0, we can easily deduce from Lemma 7.1 that

e /it Zf (14 2k)) e~ 2kat

Taking the upper bound of f yields (7.3). O

Remark 7.1. For the upper bound in Proposition 7.1 to be smaller than 1078 || f|| . one has to choose
2t = 18.4. In fact, this bound holds for any choice of the discretisation step h satisfying h < 27 /t.

Simply truncating the summation in the definition of f;,; to compute the trapezoidal integral is far too
rough to provide a fast and accurate numerical inversion. One way to improve the convergence of the
series is to use the Euler summation.

7.2. The Euler summation. To improve the convergence of a series S, we use the Euler summation
technique as described by [ ], which consists in computing
the binomial average of ¢ terms from the p-th term of the series S. The binomial average obviously
converges to S as p goes to infinity. The following proposition describes the convergence rate of the
binomial average to the infinite series fr,;(t) when p goes to oco.

Proposition 7.2. Let f be a function of class C9T* such that there exists € > 0 s.t. Vk < q+4, fF)(s) =
O(el@=9%). We define s,(t) as the approzimation of [x/t(t) when truncating the non-finite series in (7.2)
to p terms

at

()= i)+ 31 Re (F (7)) (7.5

k=1
and E(q,p,t) = Y 1{_o CF27 9, (t). Then,

te?* |f'(0) —af(0)]  (p+1)'q! +O< 1 )

w2 2072 (p+q+2)! pats

|f7r/t (q 'z )| =
when p goes to infinity.

Using Propositions 7.1 and 7.2, we get the following result concerning the global error on the numerical
computation of the price of a Parisian call option

Theorem 7.2. Let f be the price of a Parisian call option. Using the notations of Proposition 7.2, we

have
g2t et |f'(0) — af(0)] (p+ 1) ¢! 1
— F < —+ .
[£(t) = Ela,p.t)] < So 1 — e—2ot 722972 (p+ ¢+ 2)! +0 (p’”?’) (77

where « is defined in Theorem 7.1.

Proof of Theorem 7.2. f being the price of a Parisian call option, we know that f is bounded by Sj.
Moreover, f is Contlnuous (actually of class C*°, see Appendix E). Hence, Proposition 7.1 yields the first
term on the right-hand side of (7.7).

Relying on Proposition E.1, we know that * f is of class C*° and *f(*)(t) = O(e Vk > 0. Since
fit)= e~ (r+m*/2)t *f(t), it is quite obvious that f is also of class C*° and f¥)(t) = O (e((m+”)2/27(r+m2/2))t>7

(m+<7) t)

2
Vk > 0. Since a > w, we can apply Proposition 7.2 to get the result. O
Proof of Proposition 7.2. We compute the difference between two successive terms.

q

E(q,p+1,t) — E(g,p,t Z PGy, e,
k:
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where
+o00o
ap = / e~ cos (Ews)f(s)ds. (7.8)
0 t

Let g(s) = e~ f(s). Since g*)(00) = 0 for k < g + 3 and ¢g(?*% is integrable, we can perform (q + 3)
integrations by parts in (7.8) to obtain a Taylor expansion when p goes to infinity

cy  cy c 1
ap = — + —J + - q+o<pq+4> (7'9)

2 ’ —a
with ¢y = ¥ (£'(0)—af(0))

)
We can rewrite (7.9)

= —2— % +oot ‘a +0(1>
Pooplp+1)  plp+1)(p+2) plp+1)---(p+q+2) pitt )’

Some elementary computations show that for j > 1

zq:ck(_l)p+1+k 1 — (—1)pH pl(g+)! _
= p+k)p+k+1)---(p+k+j) jlp+q+j+1)

Computing Y1 _, CH(=1)PT1+kq, 41y leads to

ot pl(g+1)! 1
E 1,6) — E(q,p 1) = (—1)PHlee 2T )" _
(@:p+1,6) = Bla:p,t) = (=) eagq e = mon + O Jara

1)!

! . .
Moreover, % is decreasing w.r.t p, so

e pl(qg+1)! 1
E t)— F O <ecg————-—"—+0 .
| (q,oo, ) (Q7pa )| = 622qt (p+q+2)' + pq+3

Remark 7.2. Whereas Proposition 7.1 in fact holds for any h < 27w/t, the proof of Proposition 7.2 is
essentially based on the choice of h = 7/t since the key point is to be able to write E(q,p+1,t) — E(q,p,t)
as the general term of an alternating series. The impressive convergence rate of E(q,p,t) definitely relies
on the choice of this particular discretisation step. For a general step h, it is much more difficult to study
the convergence rate and one cannot give an explicit upper-bound.

Remark 7.3. For2at = 18.4 and ¢ = p = 15, the global error is bounded by So10~8+t|f'(0) — af(0)| 10711,
As one can see, the method we use to invert Laplace transforms provides a very good accuracy with few
computations.

Remark 7.4. Considering the case of call options in Theorem 7.2 is sufficient since put prices are
computed using parity relations and their accuracy is hung up to the one of call prices. Theorem 7.2 also
holds for single barrier Parisian options.
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D
APPENDIX A. THE VALUATION OF [i” pp(du)e™>" IN THE CASE b > 0

0]

We already know that up(du) = ( 2u )du.

D N D N b e
e Mup(du) = / e ez du
)t Vors

— /+ \/7 2 (\/%t)2+(\/gt)2 dt,

let’s change variable again u = \/gt

[T 200 oo (22 (L 4 2)a
B Vb r P\ 2 “
Yoo 2
2b6 —60b (1
= — exp ( ( — u) )e_ebdu,
f T 2 U

a new change of variable v = % — u gives

eD f
_ / Gb/ —Gb 2 <1 v )dv,
v2+4

one more change of variable u = v/6bv provides the following expression
1 —_ob 9\/5_7% —u?/2 <1 U )
= —e e - — ,
Vor oo vu? + 46b

a last change of variable v = vu? + 46b ends the calculation
+oo

o—0b 1 —0b _viodop
N(@f ) e 2 dv,

vV 27r b
0vVD+

e~ PN (9\/5 - @) + PN (—9\/5 - \/%> .

If we let D go to infinity, we can deduce the Laplace transform of T}, for any real b

E[ef)\Tb] _ 670\b|.

2
+oo exp (_7)
APPENDIX B. THE VALUATION OF / M gy
0

Once again we introduce 6 = v/2\.
42
A change of variable u = % straightforward gives the new expression

+oo exp (7%2) +oo 9 ‘ T | T | 1
—Au__ ~ \ “*/) — _ - 2
/0 e o du / 1/ p exp( <t2+t>)dt’
/2 1 2
= ‘ @ | —9\z|/ exp ( 5 (t — t) )dt.

Once again, we can use the change of variable s = u — 7, which maps [0, +oo[ into | — oo, +oo[ and we

S

ds
have du = — [ 1 + ——
2 < Vs +4

get

). The second of the last term is odd, so its integral over R cancels and we

(B ()
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So finally we obtain

APPENDIX C. THE LAW OF (T}, , Z,-) AND (T}, Zp+)
b b

In this Section, we recall some useful results on the law of the couples (Tb_,ZT;) and (T, 7ZTh+)
from | ] and | ].

C.1. Case b= 0. In this case, we denote T~ =T .
The first important result is that T~ and Zp- are independent.

€ £L‘2
P(Zy- € dx) = —p &P <_2D> 1{z<oydez. (C.1)
1., 1
Similarly,
£ (B2
P(Zy+ € dx) = D exp <_2D) {z>0}dx. (C.3)
1, . 1

C.2. Case b < 0. This case study can be reduced to the previous one, with the help of the stopping time
Ty.
We can write T,” =T, + T~ (W), with

— . law pH—
Ty (W) = inf{t>0;1qw,<o(t —g;") > D} = Ty,
W = {Wt = ZTh+t - b,t 2 0},
gV = sup{u<t;W, =0}

Moreover using the strong Markov property it is clear that Ty, and T, (W) are independent.
1.9, 1., 1.5
E(exp(—ﬁ)\ T,)) = E(exp(—i)\ Tb))IE(exp(—ﬁ)\ T (W)).
As E(exp(—3ATy)) = exp(—|b|A), we get

exp(bA)

1 2m— —
Blexp(—yX'T;) = SO
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Now, we are trying to find the law of Z.—
b
IP’(ZT; €dx) = IP’(Zbe_Tbo Or, € dz),

E[l{Zbeino OTbedm}L

= E E[]‘{{ZTbTbOGTbedz}”]:Tb]]’

= E Eb[]‘{{ZTTbedgv}}f;n)]:|7
b

b
= EI|E [1{{ZTbTb€dx}}}]»

= E ]Eb[l{{zT_edz}}]},
E [P°[Zr- € da]],

= E[P[Zr- +be di]],
E[P[Zr- € (dz —b)]],
= P[Zp- € (dz —b)).

Finally we obtain

b—=z (x — b)?2

C.3. Case b > 0. If b > 0, we can write T, = T, + T,/ (W) with
T (W) = inf{t >0;1qy,50(—g/') > D} "2 T,
= {Wi=2Zp,4:— bt >0},
g, = sup{u<t;W, =0}.
It follows, from the independence of T}, and T, (W) by using the strong Markov property, that

Vs =

E(exp(~ 5 XT3 ) = E(exp(~ g N2T5) E(exp(~ L 2T ().
As E(exp(—3AT})) = exp(—|b|)), we get

1 _ exp(—bA)
E(exp(—=A?T;)) = ———". (C.7)
2" 7t $»(AVD)
The law of ZTb+ can be computed in the same way as the law of Z -~
IP’(ZT;r € dx) =P[Zp+ € (dz —b)].
Finally, we have
x—b (x —b)2
HD(ZT;' € dx) = D exp (—2D> 1{{m>b}}d.’1}. (C.8)

APPENDIX D. AROUND BROWNIAN MOTION

Let us consider a standard Brownian motion W = {W;;t > 0}. First of all, we recall two results on the
joint law of the Brownian motion and its extrema. A proof can be found in [ ].

D.1. Law of (W;, sup W,).
0<u<t

P(W; € d W, € dy)=1 1 2(2y — @) ( 2y —2)° 2)*
T, su = - exp | —
t 0<upt Y oy} Hiesv} ™ g p ot

) dxdy.
D.2. Law of (W, inf W,).
0<u<t

. 2(2y — ) (2y —2)?
P(W; € dx, Oégf'gtwu € dy) = lyy<oylqy<a} —F—=— NorTE exp | -5 dxdy
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D.3. Hitting time. The law of the hitting time 73 defined by
Tb = inf{t Z 0 | Wt = b}

is given by
| b |

2
e~ dx. (D.1)
27 xS

]P’(Tb € diL’) =

D.4. Excursion. Let g; denote the last time before ¢ that W hit the level 0.
gt =sup{u <t| W, =0}. (D.2)

The purpose is to find the law of (g;, W;). Let P* denote the probability starting at level x. The
probability starting at the level 0 is simply denoted by P.
First we would like to calculate P*(W; € dy, Ty > t), with 2 > 0 and y > 0.

PY(W, € dy, Ty >t) =P*(W, € dy)—P*(W, € dy,Tp < t). (D.3)

Using the reflexion principle, we can stop the Brownian motion at time Ty and reflect the rest of the
trajectory. So it is the same for the Brownian motion issued from x to cross 0 before time ¢ and to end up
in the neighbourhood of y as to end up in the neighbourhood of —y. Thanks to the almost sure continuity
of the Brownian motion paths we can drop the condition that the Brownian motion has hit 0 before time
t. So we come up with the following equality

P(Wt—To’” S —dy, TOT < t) = PT(Wt S —dy) (D4)
So, putting all the different terms together and using the law of the Brownian motion at time ¢, we come
up with the following formula :

PE(W, € dy,Tp >t) = (e—<w—y>2/2t —e—<w+y>2/2t) 1(ays0y dy. (D.5)

1
V2t
Now, we can try to compute the law of (g;, W;). Let’s calculate P(W; € dy,g; < s). If t < s, then g;
is always smaller than s because g; is bounded by ¢, so the probability does not depend on s anymore.
Thus, its partial differential with respect to s is identically null. Now we assume that s < ¢, y > 0.

]P)(Wt S dy,gt S S,) = E(l{{Wf € dy, gtﬁs}})ﬂ
EELw, € dy, wozovu € [s,6]}} | Fs))s

EEL{{w,_ .00, € dy, W,00,20 vu € [0,t-s]}} | Fs));
Relying on the Markov property, we may write

= EE™Y (Lgw,_. € dy, wuro vu e 0.0-s]}})»
we calculated the second expectation above, so we get

Y PR N (6,<W5,y>2/2(t,s) _ 67<ws+y>2/2<t7s>) dy ) .
27t — s)

(e%mfyf/z(tfs) _ e—<z+y)2/2<tfs>>dy,

/OO dx ! 67952/2571
0 \V2ms V2m(t —s)

= 1/ Q/m e 2 2zev' /2, (D.6)

Yit—s)

Finally, we only have to differentiate with respect to s to come up with the formula of the density of
(gt, Wh).

2
Y Y
P(W, € dy,gi € ds) = ———exp | ——2— ) 1;.<;y dsdy. D.7

If we assume that y < 0 then, since W and —W follow the same law, we can write

P(W; € dy,g¢ < 5) =P(W; € —dy,g: < s), (D.8)
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which enables us to refer to the previous case and the final formula for the law of the couple (g¢, W;) is
given by

]P)(Wt S dy,gt S dS) = Lexp <_y2
21/ s(t — )3 2(t — s)

APPENDIX E. REGULARITY OF OPTION PRICES

> l{sgt} dS dy (Dg)

Proposition E.1. Let f(t) be the “star” price of a Parisian option of maturity t. If by < 0 and by > 0,
f is of class C* and for all k >0, fF)(t) = O (e( 57 t) when t goes to infinity.

For the sake of clearness, we will only prove Proposition E.1 for single barrier Parisian options as the
scheme of the proof is still valid for Parisian options. Once again, we can restrict to calls. Let f(t) =
PDIC(z,t; K, L;r,0).

£ =E [en7(S, — K)i1pp ).
Let W; denote Z, T ZTb_' Relying on the strong Markov property,

_ o(Wi_r+42) _ + m(Wi_r+z)
ft)=E <1{Tb<t}E [(936 K)Te LZ:Z i TTb> - (E.1)

Let v denote the density of Z,- (see | ] for its
b
expression) and p the density of T,  (see Proposition F.1 for a proof of existence). Since Z,- and T,
b
are independent, Equation (E.1) can be written

/ dT/ dz/ dw (ze”WVI=TH2) _ )t em(OVEETE) () (2) u(T)

_L
2

where p(w) = —— . A change of variable on 7 gives

/ dT/ dz/ dw (xe”WVTH2) _ )T emOVTED) b () u(2) u(t — 7).

Since p is of class C*° and all its derivatives are null at 0 and bounded on any interval [0, T|(see Appen-
dix F), one can easily prove that f is of class C* and that for all k > 0

F® () / dT/ dz/ dw (xe?WVTH2) _ )T em VTR b () u(2) ) (t — 7).

This proves the first part of Proposition E.1. From Proposition F.1, we know that p and all its derivatives
are bounded. Then, we can bound f*)

/ dT/ dz/ dw e WVTH) b))

t 2
/ ()2, d"H ) H / g
oo 0

(m+<7)2t (k) o (m+0o)z
s e WH“ || v

IN

‘foc)(t)‘ (k) H 7

IN

APPENDIX F. REGULARITY OF THE DENSITY OF T}
In this section, we assume b < 0.

Proposition F.1. The r.v. T, has a density u w.r.t to Lebesgue’s measure. p is of class C*° and for
all k >0, u™(0) = u®(c0) = 0.

To prove this proposition, we need the two following lemmas.

Lemma F.1. Let N be the analytic prolongation of the cumulative normal distribution function on the
complex plane. The following equivalent holds

N(r(1+1)) ~ 1 when r — occ.
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Lemma F.2. For b < 0, we have for u € R
E (e_mei) =0 (e_‘bl\/m> when |u| — oo.

Proof of Proposition F.1. We recall that

A2 - el
E (e*TTb ) TV (F.1)

22
We define O = {z € C; —§ < arg(z) < 7}. One can easily prove that the function z — E (e_TTb ) is

holomorphic on the open set O and hence analytic. Moreover, z — is also analytic on O except

Y(z \F D)
perhaps in a countable number of isolated points. These two functions coincide on R, so they are equal
on O.

Consequently, we can derive the following equality. For all z € C with positive real part, we have
i eV22b
B (et ) = S
Y(v2zD)
We use the following convention: for any z € C with positive real part, /2 is the only complex number
z' € O such that z = 2/'7/.

Thanks to the continuity of both terms in (F.2), the equality also holds for pure imaginary numbers.
Hence, by setting z = iu for v € R in Equation (F.2), we obtain the Fourier transform of T,"

(F.2)

. oV2uib
E (e_me ) =
P(V2iuD)
From Lemma F.2, we know that the Fourier transform of 7, is integrable on R, thus the r.v. 7, has a
density p w.r.t. the Lebesgue measure given by

1 OO e\/mb ut d
t) = — Een————‘0 u.
ut) = 57 /_oo ¥(v/2iuD)

Moreover, thanks to Lemma F.2, u —— ukw(e;i\/% is integrable and continuous. Hence, p is of class

C*>. Since u(t) = 0 for t < D, for all & > 0, u*)(0) = 0. Lemma F.3 yields that for all k& > 0,
lim; o0 u(k)(t) =0. O

Proof of Lemma F.1.
('v+2'iy)2

N(z+1iy) = v.

V2T /
It is easy to check that 0,N (z + ty) — Oy N (x + iy) = 0 and this definition coincides with the cumulative
normal distribution function on the real axis, so it is the unique analytic prolongation. We write N (z +
iy) = N(@) + [ 0,N (= +1iy), to get

. 1 vore Ly tiw?
Nz +iy) = N(x)—z\/%// (v+iu)e dvdu,

(z+1u)

= N U.
@) \/ 2m
Taking x + iy = r(1 + 1) gives
N +1) = N@) + i / R o
V21 Jo ’
I ;
= N(r)+i 5 / o' (1P =1) gitr® p gy (F.3)
V4T Jo

2 2
For t € [0,1), eT =D p tends to 0 when r goes to infinity. The function r — o= ®=1) 1 is maximum
for r = 171t2’ hence the following upper bound holds

> (t2-1) @
e r<Tp e2-1  forall t € [0,1).
The upper bound is integrable on [0,1), so by using the bounded convergence theorem, we can assert

that the integral on the right hand side of (F.3) tends to 0 when r goes to infinity. O
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Proof of Lemma F.2. We only do the proof for u > 0. For r > 0,

Yr(L+1) =1+7r(1+i)V2re” " N(r(l+1)).
Using the equivalent of A'(r(1+ 7)) when r goes to infinity (see Lemma F.1) enables to establish that
|9(r(1 414))| ~ 2ry/7 when r goes to infinity. Noticing that v/iu = @(1 + 4) ends the proof. O

Here is a quite obvious lemma we used in the proof of Proposition F.1.

Lemma F.3. Let g be an integrable function on R, then

o0
lim g(u)e™ du = 0.
t—=oo J_ o

REFERENCES

[Abate et al.(1999)Abate, Choudhury, and Whitt] J. Abate, L. Choudhury, and G. Whitt. An introduction to numerical
transform inversion and its application to probability models. Computing Probability, pages 257 — 323, 1999. 2, 26, 27

[Chesney et al.(1997)Chesney, Jeanblanc-Picqué, and Yor] M. Chesney, M. Jeanblanc-Picqué, and M. Yor. Brownian ex-
cursions and Parisian barrier options. Adv. in Appl. Probab., 29(1):165-184, 1997. ISSN 0001-8678. 1, 30, 33

[Haber et al.(1999)Haber, Schonbucher, and P.Wilmott] R. Haber, P. Schonbucher, and P.Wilmott. An american
in paris. OFRC Working Papers Series 1999mfl4, Oxford Financial Research Centre, 1999. available at
http://ideas.repec.org/p/sbs/wpsefe/1999mf14 .html. 1

[Revuz and Yor(1994)] D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, sec-
ond edition, 1994. ISBN 3-540-57622-3. 31

[Revuz and Yor(1999)] D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, third
edition, 1999. ISBN 3-540-64325-7. 30

[Schroder(2003)] M. Schréder. Brownian excursions and Parisian barrier options: a note. J. Appl. Probab., 40(4):855-864,
2003. ISSN 0021-9002. 1

[Widder(1941)] D. V. Widder. The Laplace Transform. Princeton Mathematical Series, v. 6. Princeton University Press,
Princeton, N. J., 1941. 26

[Wilmott(1998)] P. Wilmott. Derivatives. University Edition, 1998. 1

CMAP, ECOLE POLYTECHNIQUE, 91128 PALAISEAU CEDEX, FRANCE
E-mail address: labart@cmap.polytechnique.fr

CERMICS, EcOLE DES PONTS, PARISTECH, 6-8 AVENUE BLAISE PASCAL, CHAMPS SUR MARNE 77455 MARNE LA VALLEE,
FRANCE
E-mail address: 1lelong@cermics.enpc.fr


http://ideas.repec.org/p/sbs/wpsefe/1999mf14.html

	1. Introduction
	2. Definitions
	2.1. Some notations
	2.2. The Parisian down-and-out call
	2.3. The Parisian down-and-in call

	3. The Parisian Down Calls
	3.1. The valuation of a Parisian down-and-in call with b 0
	3.2. The valuation of a Parisian down-and-out call with b 0
	3.3. The valuation of a Parisian down-and-out call with b > 0
	3.4. The valuation of a Parisian down-and-in call with b > 0

	4. The Parisian Up Calls
	4.1. The valuation of a Parisian Up-and-in call with b 0
	4.2. The valuation of a Parisian Up-and-out call with b 0
	4.3. The valuation of a Parisian Up-and-out call with b 0
	4.4. The valuation of a Parisian Up-and-in call with b 0

	5. Some parity relationships
	6. Prices at any time t
	6.1. Three different paths for the Brownian motion
	6.2. The computation of the different expectations

	7. The inverse Laplace transform
	7.1. The Fourier series representation
	7.2. The Euler summation

	Appendix A. The valuation of 0D b(du) e-u in the case b>0 
	Appendix B. The valuation of 0+  e-u exp(-x22u)2u du
	Appendix C. The law of (Tb-,ZTb-) and (Tb+,ZTb+)
	C.1. Case b=0
	C.2. Case b<0
	C.3. Case b>0

	Appendix D. Around Brownian Motion
	D.1. Law of  (Wt, sup0 u tWu)
	D.2. Law of  (Wt, inf0 u tWu)
	D.3. Hitting time
	D.4. Excursion

	Appendix E. Regularity of option prices
	Appendix F. Regularity of the density of Tb-
	References

