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Abstract

Here, we give an exact formula to price caps on libor rates in
Lévy models. For this, we use the paper of Ernst Eberlein and Fehmi
Ozban[?].

Premia 18

1 Model

Let (Q, Frr«, P+, (Fy)o<t<7+) be a complete stochastic basis, and Ty < 11 <

. < T, < Thy1 = T* be a discrete-tenor stucture with § = T;11 —
i=0,...,n where T;* = T™* — 19, the libor rates is then defined by:

e For any maturity 7; there is a bounded deterministic function A(.,T;)
which represents the volatility of the forward Libor rate process L(., T;).

e We assume a strictly decreasing and positive initial term structure
B(0,T) (T€]0,T%]). Consequentely the initial term structure L(0,T)

of forward Libor rates is given for T€]0,7* — 4] by

L0,1) = . B(0,T)

=3 Bo,rre Y
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Under Pr+«, we suppose that
T*
1+0L(t,T7) = (1 + 5L(O,T1*))exp(/ ' )\(S,Tl*)dLsT )
0

where

t t o1 . t .
:/ bsds—ir/ czdw?l +/ /x(uL—yT LY (ds, dx)
0 0 0 JR
t 1 t t * *
/ )\(s,Tl*)bsds:—f/ cs)\2(s,T1*)ds—/ /(e)‘(s’Tl)x—l—)\(s,Tf)x)uT L,
0 2 Jo 0o Jr

(LT )o<t<r+ is a non-homogeneous Lévy process, i.e. W7 is a brownian
motion, ¢, is positive such that fg*(]bs\ + |es|)ds < oo, p is the random
measure of jumps of the process, and vT L(ds,dz) = F,(dx)ds is the Prp--
compensator of ;. We assume that the Lévy measures F,, which are mea-
sures on R with F5(0) = 0 and fOT* Jr(z? A 1)Fs(dz)ds < oo, satisfy the
following additionnal integrability assumption

T*
/ / exp(uz)Fs(dz)ds < oo
0 |z[>1

for |u| < (14-€)M, where M,e>0 are constants such that 37 |A(.,T7%)| < M.
Thus we postulate that Vj € [0;n — 1] the libor rate process can be written
under IP’T;

L BL(T) = (0 610, T Deapl [ Ao, T L)

J—/bT”ds+/ 2qw. // LT (ds, dx)

//\57 j+1) bsﬂds_—f/ CsA 5va+1 )ds— // i)z _q_ s, Thp)a )VT;,L'

where

and

d 1
dP;tl ~ T / (s, Tiyr)es dW, j+// Ti0= 1) (b —v"7) (ds, dr)
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and , )
witt = wi —/ A(s, Tfyq)cd ds
0

is a brownian motion under ]P’;p«+1
J

and

STl — AT,

]+1)£EVTJ'7L

is a IP’TfH—compensator of ,uL
J

To implement in using this model, we must use the following assumption:

e the deterministic function L(.,T;) is constant for 0 <i <mn — 1.

2 Pricing caps

Now, we can get an exact formula for caps price. Indeed, let 0 < Ty < T <
.. < T}, be a tenor structure where T;,1 — T; = ¢, the price of j-th caplet at
time t is given by

Ep+ S(L(Tj- 1’T]’1)—’C)+‘Ft]-

&

Thus, the value of cap at time t< Tj is given by
FC, = ZEP* [5 L(T;1,Tj_1) — K)*‘Ft] .
.7

For 1 < j <, let’s consider the measure Py, defined by

dP*
dPr,

= By, B(0,T;).

Thus, we obtain that

n

> Bt T)Er [§(L(Tj1,Tj-1) - K)F| ]

J=1

Then we suppose that dynamics of libor rates L(t,Tj_1) under the forward
measure associated with the date T, is given by

1+ 6L( Jj— 1>Tj—1) = (1 + (5L(Oa Tj—l))exp(XTj—l)
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where (X;) is defined by
t .
X, = / (s, T;_1)dL”
0
and the deterministic function L(.,T;) is constant for 0 <i <n — 1.

To use the following theorem makes possible to find a formula to price caps.
For this , we need the following result

. Tj-1 ,
X (u) = Ep,, [eWXTJ'—I} = exp </0 /]R (ew’\(s’TJ’—l)m —juer> 0T (] zu)) vl (ds, dm)) .

Theorem 2.1. Let ¢; = —In(1 4+ 6L(0,T;_1)) and K = 6K + 1. Then
L(Tj—1,Tj—1) = e TN Assume that mgf(-R)< oo where mgf(u) =
Er,_, [eXTJ'—l}. Let Vj(Cj,/C/) be the time-0 price of the j-th caplet and let
Llvi] be the bilateral Laplace transform of vy, i.e.

Live] = / e “ve(r)dr, z=R+iuecCucR.

-0
Then

G R M
lim "SI Lve (R + iu)X (iR — u)du

Vil K) = BOT) 5 Jim [

whenever the right-hand side exists.

Then, we must give the Lévy process cases that we want to use to price
caps.

3 Program manual

In this program, we can choose between six differents Lévy measure cases:

1. Lévy process where the Lévy measure is defined by

e—)\x

I/:a?I{x>0} 7)\,a/>0.
2. Lévy process where the Lévy measure is defined by

e—)\x

v=a 1{z>0} A, a > 0.
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3. Lévy process where the Lévy measure is defined by

-z
e
V=0— 7 a>0) o Aa>0and0 < a < 1.
x

4. Lévy process where the Lévy measure is defined by

a_

_ —A_|z| a+
V(.%) - |x‘1+a_ e 1cc<0 +

7}\_’_2?
£U1+a+ € 1a:>0

with ap,a_, A, A >0, a_,ar #0,land a_,a; < 2.

5. Lévy process where the Lévy measure is defined by
a_

v(z) =

- a4 _
= e Aflw‘lz<0+*€ A+x1x>0
2] x

with ay,a_, Ay, A= > 0.

6. Lévy process where the Lévy measure is defined by

a_ a _
v(z) = WG A-lely, o + x—;e M50

with a+,a_,)\+,)\_ > 0.

When we run the program, we have to choose between this six cases and
give parameters of Lévy density that we choose for this program.

e For the first case, we have to enter 0 and after we have to enter the
parameters a, \.

e For the second case, we have to enter 1 and after we have to enter the
parameters a, .

e For the third case, we have to enter 2 and after we have to enter the
parameters a, \, .

e For the fourth case, we have to enter 3 and after we have to enter the
parameters a_, a4, A_, A\, v, vy

e For the fifth case, we have to enter 4 and after we have to enter the
parameters a_, a4, A_, A+.

e For the sixth case, we have to enter 5 and after we have to enter the
parameters a_, ay, A_, A+.
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After to choose the Lévy density and enter this parameters, the program ask
us to enter the strike I, the number of dates n, the date T, the volatility
of the forward Libor rate process L(.,T;) for 0 <i <n — 1.

Now, we have to calculate bond prices. For this, we calculate bond prices
by interpolation in using the values and dates of bond prices already known.
The program ask us to enter the number of bond prices that we know, their
dates and their values.
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