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Abstract:  This paper is based on the C++ implementation in PREMIA of
pricing of inflation indexed derivatives. Especially we will consider pricing of in-
flation indexed caplets and swaps in the JY model and of caplets in a stochastic
volatility model for forward consumer price indices.
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1 Introduction and notations

As an indicator that reflects the change of purchase power, inflation is defined in
terms of the percentage increments of a reference index, the Consumer Price Index
(CPI), which is a representative basket of goods and services. Note that according
to the set of goods and services, inflation is not uniformly.

To control the risk of the variations in the purchasing power of currency, Euro-
pean governments have been issuing inflation-indexed (II) bonds since the beginning
of the 80’s, nowadays II derivatives such as II zero-coupon swaps and II year-on-year
swaps have been more and more popular. The pricing of the II derivatives based
on a foreign-currency analogy, where the nominal and real rates and the CPI is
interpreted as the “exchange rate” between the nominal and real economies, then
the valuation of an inflation-indexed payoff becomes equivalent to that of a cross-
currency interest rate derivative.
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Denoting by I(t) the value of the CPI at time t, the reference basket of good
and services can be bought with I(0) units of currency at time ¢t = 0, whereas at
time ¢ = T one needs to spend I(T"). In real economy, all the payoff is scaled to
the price of a set of reference goods and services. The real bond P,(¢,T) is defined
as the price at time ¢ and in CPI units of a contract paying one unit of goods and
services at T', then we have

P.(T,T) = I(T).

While in nominal economy, the nominal bond P,(t,7T) is the ¢-time price (say, in
euros) of one euro in 7. Based on the real and nominal bond, we can define the
corresponding instantaneous forward rates, spot rate, forward interest rate and bank
money account, respectively.

Given the future times T;_; and T}, the forward interest rates, at time t, are

defined as
Px(taT‘i—l) - P:c(t#rz)

Tipm(t; E) 7

The nominal and real instantaneous forward rates at time t for maturity 7" are

defined as

F.(t;T;1,T;) = x € {n,r}.

0Pt T)
fx(th) - Ta

We then denote the nominal and real instantaneous short rates, respectively, by

n(t) = fu(t,t) and r(t) = f.(t,1).

And the two bank money account

z e {n,r}.

B,(t) = elo w)ds e {n, 1)

We denote by ), and @), the nominal and real risk-neutral measures, respectively,
and by E, the expectation associated with @,,x € {n,r}. Finally, the forward CPI
at time t for maturity 7; is denoted by Z;(t) and defined by

Ti(t) = I(t)%.

2 Inflation indexed swaps and caplets(floorlets)

Now we introduce the three main traded II derivatives: zero-coupon swaps(ZCIIS),
year-on-year swaps(YYIIS), and caplets/floorlets(IIC/IIF) here.



12 pages 3

Given the tenor structure as {1y, 11, -+, T, } with 7, :=T; — T;_;.

A ZCIIS is, at final time T}y, Party B pays Party A the fixed amount
N((K+1)M—-1)

during time interval [0,T)], where K and N are, respectively, the contract fixed
rate and nominal value, in particular, if Ty, = M years, Kj; is assumed to be a
yearly compounded rate, that is

Ky=0+K)M-1.

In exchange for this fixed payment, Party A pays Party B, at the final time Ty;, the

floating amount
(T

Iy
i.e. the payoff of the ZCIIS at time Ty, denoted by ZCIIS(Ty; Thy, K), is

ZCUS(Ta: Tag, K) = N ((I%? — 1> — KM> .

A YYIIS, at each time Tj, is Party B pays Party A the fixed amount

NSOZKv

where ¢; is the contract fixed-leg year fraction for the interval [T;_1, T;], while Party
A pays Party B the (floating) amount

A @TT}) - 1) |

where 1; is the floating-leg year fraction for the interval [T;_q,T;], To := 0 and N is
again the contract nominal value, then the payoff of the YYIIS at time 7},, denote
by YYIIS(T;; T;-1,T;, K), is

I(T;)
YYIIS(T;; T4, T;, K) = N | 1) —pK|.
it ) (w (I(m) ) ’ )
For sake of simplicity, we set ¢; =1 =1 in the following.
An Inflation-Indexed Caplet (IIC) is a call option on the inflation rate implied
by the CPI index. Analogously, an Inflation-Indexed Floorlet (IIF) is a put option
on the same inflation rate. In formulas, at time 7T;, the IICF payoff is

)




12 pages 4

where k is the IICF strike, v); is the contract year fraction for the interval [T;_q, T},
N is the contract nominal value, and w = 1 for a caplet and w = —1 for a floorlet.

Now we derive the model-independent pricing formula of ZCIIS, which is not
based on specific assumptions on the evolution of the interest rate market, but simply
follow from the absence of arbitrage. Under assumption of absence of arbitrage, the
price at 0 =Ty < t < Ty of a ZCIIS maturing at Ty, = M years is,

ZCUS(t; Ty, K) = NE" [BB’&@) (I;(Y;M)) —(1+K)M> |]—'t] (2.1)

= (™ i

I(TM)|}}] — P,(t, o) (1 + K)M)

where F denotes the eO-algebra generated by the relevant underlying processes up
to time t. Note that the term E™(B,(t)/Bn(Tyn)I(Tyr)|F:) in the last equation is
the nominal price at time ¢ for a contract paying off one unit of the CPI index at
bond maturity, which equals to the nominal price at time ¢ of a real zero coupon
bond, in fact, for V¢ < T);, we have

B,(1)
Ey Bn(T}w)I(TMME] =I(t)E, [

B,(t)
B’r (TM>

Therefore (2.1) becomes

ZCUS(t; Ty, K) = N (Il(gf)) P.(t, Tar) — Po(t, Tag) (1 + K)M>

which at time ¢ = 0 simplifies to
ZCTIS(0; Tay, K) = N (Po(t, Tar) — Pult, Tar) (1 + K)M). (2.2)

The market quotes values of the so-called Zero coupon swap rate K = K (7))
for some given maturities T);, then with (2.2), we can get the real discount factor
from the corresponding nominal one. The following table contains the market data
for zero coupon swap rate and nominal discount factors in the second and third
columns and get the real discount factors from (2.2) in the forth column.
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T;(year) | ZC swap rate (%) | P,(0,T) | P.(0,T)
1 2.1112 0.97701 | 0.99764
2 2.1875 0.94982 | 0.99183
3 2.2400 0.91835 | 0.98145
4 2.2775 0.88433 | 0.96769
5 2.2925 0.84862 | 0.95045
6 2.3000 0.81179 | 0.93046
7 2.3100 0.77460 | 0.90887
8 2.3200 0.73785 | 0.88644
9 2.32500 0.70218 | 0.86354
10 2.3350 0.66773 | 0.84109

Table 1-1 Market ZCIIS swap rate, market nominal discount factors and derived
real discount factor via (2.2). Base on US CPI of date 03/11/2004.

3 The Jarrow and Yildrim model

Within the Heath-Jarrow-Morton framework, under the real-world probability space
(w, F, P), with associated filtration F, Jarrow and Yildrim proposed an evolution
for the nominal and real instantaneous forward rates and for the CPI¢z

df(t,T) = an(t, T)dt + Cu(t, T)dZ,(t)
dfr(t7 T) = ar(ta T)dt + Cr(ta T)er(t) (31)
dI(t) = ()" (t)dt + o 1(t)dZ (1)
where the three Brownian motion Z,,(t), Z,.(t) and Z;(t) with correlations p,, ,, pn.1
and p,1; an, ., are adapted process; (,, ¢, are deterministic functions; oy is a

positive constant; Initial conditions 1(0) = Iy > 0 and f,(0,7),z € {n,r} are given
by the Market.

To ease the calculation of the derivatives’ prices in the next sections, we choose
to model the forward rate volatilities as

G(t,T) = opexp(—an(T —1t)), (. (t,T)=o0,exp(—a. (T —1)), (3.2)

where o,,,0,,a,,a, are positive constants. Then integrate f.(t,7),z € {n,r} in
0,t], the Jorrow and Yildrim model can be rewritten as

dn(t) = [On(t) — apn(t)]dt + 0,dZ. (1)
dr(t) = [0,(t) = prro’op — apr(t)]dt + 0,dZ) () (3.3)
dI(t) = I(t)[n(t) — r(t)]dt + o I(t)dZ}(t)
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where

0f-(0,1 o
0.t)= 2200yt a 00+ 2

2
T

(1—e 2=, xe{n,r}

Under assumption that both nominal and real spot rates are normally dis-
tributed under their respective risk-neutral measures, the real rate is proved to
be an Ornstein-Uhlenbeck process under the nominal measure (),,, and the inflation
index I(t),Vt > 0 is lognormally distributed under @, then for V¢ < T,

[(T) = I(t)e): Pt =—rtldu=3 "Ity (Z,(T)-2(0)

3.1 Pricing of YYIIS
Consider the floating leg of YYIIS in the Jarrow and Yildrim model,

B,(t

Mmﬂ_l,mm]

j— Pn(t 771'71)
Bl = p(T T
[Pn(Til,Til) H(Tis, Z)l}—t]

= Pu(t, i) Ap(Timy, T) BT e P Brhon| 1y

where X
Be(t,T) = —[1 — e¥T=0],
a'l‘
A (t T) _ Pr(O;T> exp 5 (t T)fM(O t) o 0'1? (1 _€—2art)ﬂ (t T)2
AT PT(O,Zf) LA T ) 4 . r\ls .

the second equation derived by switch to measure associated by P,(t,T;_1). As we
note before, the real spot rate (7T") conditionned to ¢t < 7" is an Ornstein Uhlenbeck
process, his probability density function is Guassian. Hence, any change of measure
will only affect his drift, that is his mean value, and not his gaussian character or
its variance. It follows then that

YYI]SFL(t7ﬂ_1,E) — Pn(t,E)Ar(ﬂ_l,E)EM [6—5T(Ti—1,Ti)T(Ti—1)|ft:|
Bt T ATy, TP T TOm T 4 (T 1) T
where m!(T;_1) and (v,)"(T;_1) are the mean and variance of r(7;_;) conditional on

F;. To price YYTIS is then sufficient to compute the Q"' mean of r(7;_;)|F;. By
change- of-measure theory and Girsanov theorem,

sz’—l
dem

t 1 t
|Fi: = Po(0,T;—1) exp {—crn/o Bn(u, Ti—1)dz, (u) + 5031/0 62(U,TZ~_1)du} = 7(t),
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and the only thing which is left to do is to perform substitutions
dZ.(t) = dZ.(t)— < dZ.(t),dInZ(t) >
= dZ.(t) + onpenbn(t, T;—1)dt, =€ {n,r I},
to finally get
dr(t) = [=pnr000:Bu(t, Tic1) + 0,(t) — prror0, — a,r(t)]dt + 0,dZ;(t)

where Z:7! is now a Q*~'- Brownian motion.
Integrating this equation (which still leads to an OU dynamics), leads to

my(Ti-1) = Elr(Tiw1)|F]

T

= r(t)e T 4 /Ti‘1 o= ar(Tim1=w)[0r (W.Ti-1) —pn.ron0rBn (tTi-1))du
0

after tedious calculations, to the final result

P(t,T3)

Yi(t) 4
Pt T 1) (3:4)

YYIISFL(t7 ﬂ—l? Ea K) - P’n(ta E—l)
with

’Vz(t) = UTB’I’(E—l?E){@T(taE—l)[pﬁlo-f - ;Urﬁr(taﬂ—l)

PnrOn PnyrOn
——(1 rFn taT‘i— - - n t,ﬂ_ :
FLT (1 a8 (0 D) = P (T

The price of YYIIS on [0, T),] is thus given by

Pn(ta Ti—l)Pv"(tv E)éy(t,Ti—hTi) _

Po(t,T;)P(t, Ty_y) (K+1)| (3.5)

M
YYTIS(0; Tor, K) = Y Pu(t, T)
=1

and as P,(0,0) = 1 (the t-time price of one euro at ¢ is obviously 1), the first payment
recovers the price of a one year ZCIIS.

3.2 Pricing of Caplets/Floorlets

In the Jarrow and Yildrim model, the caplets and floorlets are priced vis a very
simple Black and Scholes formula.

Consider the t-time price of a i-th caplet

Cplt, (#: K) = Py (1, T E' (w 1) o K))+ |ft] |

I(Ti-y)
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Note that In[7;(t)/T;-1(t)] for I(t) is lognormal, then the caplets prices are given by
Colt(t: K) = wPy(t, T) s (wdy) — (K + 1)d(wd_)], (3.6)
where
In(m;/(K +1)) £ V?/2
dy =
Vi
and my is the Q" mean of I(T})/I(T;_1) and V; the variance of In[I(T;)/I(T;_;)], both
conditional on F;. ®(-) is the standard Gaussian cumulative distribution function.

As we discuss before, the change of measure would only affect the mean of /(t) and
not his variance, then under Q’, we have

YYUS(t; T, 1, T, K) = Pa(t, Th) {E [ [f;T)l) |Ft] — (K + 1)} ,

and compare it to (3.4), we have

I(T3)

o P’I’L(t7 E—l)PT (t7 E) 67(t7T’L‘—17T1’)
Tis ‘

'ft] "~ Pu(t, T)P(t,T;_y)

mszl[

Then the variance V7 is not difficult to obtained, but more tricky.

4 The stochastic volatility model

4.1 Model

Hereafter, we will drop the subscript n when denoting nominal quantities, for ease
of notation. To recover smile-consistent prices for inflation-indexed caps and floors,
Mecurio and Moreni (2005) proposed a stochastic volatility model for forward CPI,
with volatility dynamics has a heston-like evolution with a common volatility V' (t)
that follows a mean-reverting square-root process, the and the nominal forward Libor
rate fits into the Libor market model (BGM) model. Under the a given reference
measure (), the model is presented as

dF,()/F(t) = (--)dt+ofdZ" (1)
d,(t)/Ti(t) = (---)+ol\/V(D)dZ2' (1)
dV(t) = a0 —V(t))dt + eV () dW(t)

where 0, ,0;,a,0 and € are positive constants, 2af) > € to ensure positiveness of
. . . F I
V, and where we allow for correlations between Brownian motions ZZ-Q’ ,ZiQ T W,
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As what we do with the Libor market model, using the changes of measure
technique, under the nominal spot Libor measure Qg, which is related to the numeral
B(t)
N(t) = P(t,81) [IL +7Ft), B(t)=1T; if T <t<Tj,
i=1

the model (4.1) can be rewritten as

AW/ = o [ > o pﬂljl;r)dterZ?’F(t)

I=8(t)+1 (t)
dZi(t)/Ti(t) = /V( [ (Z of ﬁl%dterZf’l(t) (4.1)
I=B(t)+1 1=l

and the two Brownian motions are correlated with correlation parameters
phdt = dZ"" (t)dz"

and
piidt =dz)" (t)dz)"

while V() evolves as in (4.1).

The pricing of caplets depends on Z; and Z;_;, then we derived the SDE of the
relevant quantities Z;(-),Z;_(-) and X;(+) := In(Z;(+) /Z;-1(+))

dZ;(t)/Z;(t) = \JV(t)oidZ](t) (4.2)
T 1(t)/Zjoa(t) = V(t)ajf ) [m F 5]1 1dt+dzl_1(t)]

a0 = [ (= @) + VOl s

+V(t)[oldZ] (t) — of_dZ]_,(t)]
while the volatility evolves according to

dV(t) = [af —em;()\ V() — aV()]dt + eV (£)dW (1)

J
TZFI ) F FV
i(t) = ’ 4.3
m]() %: 1+7'1F()0 Pl ( )

where dZF (t)dW (t) = pt"Vdt, for each I.

Denote the correlation between forward CPI's as pf,dt = dZ](t)dZ](t) and cor-
relation between forward CPI and volatility as pi"" = dZ! (t)dW (t).
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4.2 Pricing of Caplets/Floorlets

The price at time ¢ < T} of j-th caplet, is, under measure @’ is

(1) "
—j oo(T51) (K+1)>

= P [ — ) als)as

Cplt,;(t, K) = Pt T)EJ<

where k = In(K + 1), ¢f (s)ds := Q/{In(Z;(T})/Z; 1 (T;_1)) € [s,s + ds]|F;}, and EY
denotes the expetation under Q7 conditional on the c-algebra F; generated by the
relevant processes up to time ¢.

The caplet price can be rewritten in term of the Fourier Transform as

. e~ ool (u— (n+ 1)i)
Cplt; (1) (t, e") or /_OO € (n 4 du)(n + 1 + iu)

_ e P L Sl(u— (4 1)i)
- P(t’mTRe/o C rin 1t

where ¢](-) is the conditional characteristic function of In(Z;(T}))/In(Z;_1(T;_1)),

qb‘g(u) = [elUIn(Z (T )/I] (T Jj— 1))]7

where n € R* is used to ensure L2-integrability when k& — —oo.
We will derive the explicit expression of caplet price in three cases: the uncorre-
lated case and two approximation of correlated cases.

Uncorrelated case: In this case, we assume that pfl’l =0 and plF’V =
0 foreach 4,l=1,---, M. Then the evolution of (4.2) and (4.3)

dY;(t) = —;V V2dt +\/V (t)ol (t)dZ!(t)
dX;(t) = ?((05_1)2 — (oh)dt +\/V(t)oldZ!(t) — ol _,dz!_,(t)]
dV(t) = [af —aV(t)]dt + e\/V(t)dW (t)
where Y;(t) = In(Z;(t)).
To price caplets it’s sufficient to make function ¢!(u) explicit,

$1(t) = Ef[em 00 Tm)) = Bf[emm Vi B Bl (55 0))].
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Note that E’%j_l(emyj (19)) is the characteristic function of In(Z;(7})) conditional on
Fr,_,, then we have from (4.2)

B, (")) = exp{ Ay (75,u) + By (15, W)V(Tj 1) + iuY;(T; 1)}

where
y—b| 1—¢€"
BY(37U> = b—
20 |1— ﬁe”
O(y — b 1— e
AY (s,u) = Ms — fracafaln [bt}v]
2a _ b=
b+
and
a=¢, c= —z’u(a;)Q/Q — (0'][»)2 — (0§)2u2/2,

b= iuafepj_a v =Vb?* — 4dac.
With X;(7;_1) = Y;(T;_1), we have

¢l (u) = e ) Bl [ Xi(Ti-)+By (rj)V(T5-1)]

Y

in fact, it’s the characteristic function of the couple (X;(T;_1),V(Tj_1)) evaluated
at point (u, —iBy (7, u)), then proceeding as before, we have

(b{(u) = exp{Ay (1;,u) + Ax(Tj—1 — t,u) Bx(Tj—1 — t,u)V(t) + iuX;(t)}

where

!
v =V —2d'By (7, u) 1—er7
2a’ 1— 2a’ By (7j,u)+b —v'
2a’By(Tj,u)+b’+7’ewlT

Bx(1,u) = By (7j,u) +

2a’ By (1i,u)+b/ —y _~/
/ / _ (3] YT
A ( ) _ a&(y B b) B 0470 1 QG/BY(Tz‘7“)+b’+7'€
x\T,u) = 21 v a’ 1— 2a’ By (1;,u)+b —v/
2a’ By (7i,u)+b'+v'

where

a = 62/2 b = iue(crfpjl-’v - ;_1P§L‘/1) -«

d = W((Uf—l)Q - (U]I‘)2) - ((Ugf'—l)Q + (‘7;)2) - 20]1"75—1P§,j—1u2/2

V= VP~ dac.

Approximated Dynamics for non-zero Correlations The typical technique
for the non-zero correlation dynamics is freezing the drift terms that involve forward

rate
Di(t) = ,/V(t)%.
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A simple approximate is D;(t) ~ D;(0), then changing the asymptotic volatility
value from 6 to

€ J
0 :=0——> Di(0)molp ",
)

which leads to the following SDEs for X; and V'

a0~ | = O+ DOl ol o)

+V(t)[ol1dZ] (t) — of_ydZ]_,(t)]
dV(t) ~ all —V(E)dt+ eV (AW (2)
Another approximation is to set

RO VO RO VO,
L+nR) fye)  1+nR0) (o) Oy

Dl(t> ~

then the pricing procedure is similar to uncorrelated case, with the modified SDE

for X; and V/

dX;(t) ~ V() l;((aj_lf — (o)) + l‘il((g))qaj ol phil 11 dt
+\V(t)[ojdZ](t) — o} _1dZ]_ ()]
dV(t) ~ o'(0/ —V(t))dt+ e V() W (t)
where
a’:a+ ZDZ yro)lE Y
- ae/a .
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