Numerical approximations for
Heston-Hull-White type models

MaAyA BRIANT*
Lucia CARAMELLINO'
ANTONINO ZANETTE?

February 18, 2016

Abstract

We study a hybrid tree-finite difference method which permits to obtain efficient and accurate
European and American option prices in the Heston Hull-White and Heston Hull-White2d mod-
els. Moreover, as a by-product, we provide a new simulation scheme to be used for Monte Carlo
evaluations. Numerical results show the reliability and the efficiency of the proposed methods.
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1 Introduction

In this paper we consider the Heston-Hull-White model, which is a joint evolution for the equity value
with a Heston-like stochastic volatility and a generalized Hull-White stochastic interest rate model
which is consistent with the term structure of the interest rates. We consider a further situation
where the dividend rate is stochastic, a case which is called here the “Heston Hull-White2d model”.
We concern the problem of pricing European and American options written on these models.

At the present time, the literature on this subject is quite poor and includes Fourier-Cosine meth-
ods, semi-closed approximations and finite difference methods to price vanilla options. In [%], Grzelak
and Qosterlee introduce two approximations of the non-affine models. The Fourier-Cosine method
is then used on this approximated affine model. The authors remark that for accurate modeling of
hybrid derivatives it is necessary to be able to describe a non-zero correlation between the processes
driving the equity and the interest rate. This is possible in the approximations presented in their
paper but only using approximated affine models. Haentjens and in’t Hout propose in [0] a finite dif-
ference Alternating Direction Implicit (ADI) scheme for pricing European options solving the original
three-dimensional Heston-Hull-White partial differential equation. The Heston Hull-White2d model
is treated using semi-closed approximations in the FX model [9].
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In this paper, we generalize the hybrid tree-finite difference approach that has been introduced
for the Heston model in the paper [3]. In practice, this means to write down an algorithm to price
European and American options by means of a backward induction that works following a finite
difference PDE method in the direction of the share process and following a tree method in the
direction of the other random sources (volatility, interest rate and possibly dividend rate). This means
to suitably approximate the original dynamics and the description of the approximating processes
suggests moreover a way to simulate paths from the Heston-Hull-White models. Therefore, we propose
here also a new Monte Carlo algorithm for pricing options which seems to be a real alternative to
the Monte Carlo method that makes use of the efficient simulations provided by Alfonsi [I]. Our
approaches both allow one to price options in the original Heston-Hull-White processes with non-zero
correlations. Here, we consider the case of a non null correlation between the equity and the interest
rate process, as well as between the equity and the stochastic volatility. Moreover, in the Heston-Hull-
White2d model, we allow the dividend rate to be stochastic and correlated to the equity process. But
let us note that other sets of correlations can surely be selected.

The paper is organized as follows. In Section 2 we introduce the Heston-Hull-White model. Then
in Section 3 we construct a tree approximation for the pair given by the volatility and the interest
rate process. Section 4 refers to the approximation of functions of the underlying asset price process
by means of PDE arguments. In Section 5 we describe the hybrid tree-finite difference scheme and
we apply it for the computation of American options. In Section 6 we see how to generalize the
previous procedure in order to handle the Heston-Hull-White2d process. In Section 7 we show that our
arguments can be used also to set-up simulations, to be applied to construct Monte Carlo algorithms.
Finally, numerical results and comparisons are given in Section 8.

2 The Heston-Hull-White model

The Heston Hull-White model concerns with cases where the volatility V and the interest rate r are
assumed to be stochastic. The dynamics under the risk neutral measure of the share price S and the
volatility process V' are governed by the stochastic differential equation system

dsS,
?t = (ry — n)dt + Vi dZy,

t
dVi = kv (Oy — Vy)dt 4 oy / Vi AW},
dry = ki (0.(t) — r)dt + o dWE,

with initial data Sop > 0, Vo > 0 and ro > 0, where Z, W' and W? are suitable and possibly
correlated Brownian motions. Recall that V; is a Cox-Ingersoll-Ross (hereafter CIR) process whereas
r¢ is a generalized Ornstein Uhlenbeck (hereafter OU) process: here 6, is not constant but it is a
deterministic function which is completely determined by the market values of the zero-coupon bonds

(see [4]).

Let us fix the correlations among the Brownian motions. As observed in [3], the important cor-
relations are between the pairs (S,V) and (S,7). So, we assume that W = (W' W?) is a standard
Brownian motion in R? and Z is a Brownian motion in R which is correlated both with W' and W?2:

d<Z, W1>t = pP1 dt and d<Z, W2>t = P2 dt.

By passing to the logarithm Y = In S in the first component and taking into account the above
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mentioned correlations, we reduce to the dynamics

1
Yy = (re =1 = SVi)dt + Vi (pd Wy + podW + psdW), Yo =In S €R,

dV; = kv (O — Vi)dt + o/ Ve dW/, Vo >0
dry = #5,(0,(t) — 1¢)dt + 0, dW7, 19> 0

where W = (W', W2 W3) is a standard Brownian motion in R and the correlation parameter p3 is

given by
ps =\/1—pi—p3, (p1,p2) € B1(0),

B1(0) denoting the open ball in R? centered in 0 and with radius 1.

As already done in [7], the process r can be written in the following way:
re = or X¢ + ¢t (2.1)
where . .
X = —KJT/ Xsds+ WE and @y = rge "t 4 HT/ Hr(s)e_”r(t_s)ds. (2.2)
0 0

So, we can consider the triple (Y, V, X)), whose dynamics is given by
dY; = piy (Viy Xp, )t + /V; (p1d W + podW2 + psdW3), Yo =1n S € R,

dVy = py (Vy)dt + oy Vi dW, Vo >0 (2.3)
dX: = px(Xe)dt +dW3E, X =0,

where
1
py (v, z,t) = oz + o —n — 3 (2.4)
py (v) = Ky (By —v) (25)
ux(xr) = —kypx.

The purpose of this paper is to efficiently approximate the process (Y, V, X) in order to numerically
compute the price of options written on the share process S.

3 The binomial tree for the pair X and V

First of all, we consider an approximation for the pair (V,X) on the time-interval [0,7] by means
of a 2-dimensional computationally simple tree, that is by means of a Markov chain that runs over a
2-dimensional recombining bivariate lattice.

We start by considering a discretization of the time-interval [0,7] in N subintervals [nh, (n+ 1)h],
n=20,1,...,N, with h =T/N.

3.1 The tree for X

A binomial tree for the process X is quite standard. We consider the “multiple-jumps” approach by
Nelson and Ramaswamy [11].
For n=0,1,..., N, consider the lattice for the process X

X,,}ZL = {xn,j}jzo,l,...,n with l’nJ = (2] — ’I’L)\/E (31)
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(notice that xzgo = 0 = Xj). For each fixed z,, ; € X[L‘, we define the “up” and “down” jump by means
of j*(n,j) and j?(n, ;) defined by
Ju(n,j) =min{j* : j+1<5" <n+1and 25+ px (e )h < Topr g, (3.2)
jg(n,j) =max{j* : 0< 75" <jand zp; + px(znj)h > Tnp1 5}, (3.3)
px being the drift of the process X, see (2.6). As usual, one sets j(n, j) =n+1if {j* : j+1<j* <
n+1and x, ; + px(znj)h < Tpy14+F = 0 and jg(n,j) =0if {j* : 0<5* <jand zpj+ pux(zn )h >

Tpt1,+} = 0. The transition probabilities are defined as follows: starting from the node (n,j), the
probability that the process jumps to j(n, j) and j%(n,j) at time-step n + 1 are set as

px ()b + o = Ty gy

pal(n,j) =0V Al and p)"(n,5) =1—ph(n,j) (3.4)

Tnt1,38(n,5) — Tnt1,50(n,g)
respectively. This gives rise to a Markov chain ()A(ff)n:o ~ that weakly converges, as h — 0, to the
diffusion process (Xt)te[o,T] and turns out to be a robust tree approximation for the OU process X.
3.2 The tree for V

For the CIR volatility process V', we consider the binomial tree procedure in [2].
For n=0,1,..., N, consider the lattice

. o 2
Vi = {oniticot,n with v = (VI + 52k~ n)vh) 1554 2 (o nyvAo (3.5)
(notice that vg o = Vp). For each fixed v, € Vﬁ, we define the “up” and “down” jump by means of

El(n, k) = min{k* : k+1<k* <n+1and v, + py(vnsr)h < vnpipe b (3.6)
k:g(n, k) = max{k* : 0 < k™ <k and vy + pv(Vnk)h > Upy1 -}

where the drift uy of V is defined in (2.6) and with the understanding k"(n,k) = n + 1 if {k* :
k+1 < k* <n+landvyr + pvnk)h < vpy1p+} = 0 and kg(n,k) =0if {k* : 0 < k* <
k and vy, i + pv(vp k)b > Ung1 e} = 0. The transition probabilities are defined as follows: starting
from the node (n, k) the probability that the process jumps to kf(n, k) and k(n, k) at time-step n + 1
are set as

v (Un k)P 4 Un ke = V1 k()

pX’h(n, k)y=0V A1l and p(‘;’h(n, k)=1- pff’%m k) (3-8)

Unt1,kl(n,k) — Unt1,kk (n k)

respectively. This gives rise to a Markov chain (f/,f)n:o ~ that weakly converges, as h — 0, to the
diffusion process (Vt)te[o,T} and turns out to be a robust tree approximation for the CIR process V.

3.3 The tree for the pair (V, X)

The tree procedure for the pair (V, X) is set by joining the trees built for V' and for X. Namely, for
n=20,1,..., N, consider the lattice

V;LZ X X:ll = {(Un,kaxn,j)}k,j:O,l,...,n- (39)
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Starting from the node (n, k, j), which corresponds to the position (v k,zn ;) € VI x X we define
the four possible jump by setting the four nodes at time n + 1 following the definitions (3.2)-(3.3) and

(3.6)-(3.7):

(n+ 1,k (n, k), gy (n, 5))  with probability  pli, (n, k, 5) = p,i"(n, k)pi" (n, 5),
(n+1, kZ(n, k:),jg(n,j)) with probability pﬁd(n, k,j) = p}f’h(n, k:)pfl(’h(n,j), (3.10)
(n+1,k}(n, k), jl(n, §)) with probability pf, (n, k, ) = py" (n, k)p¥-"(n, 5), ‘
(n+1, kg(n, k‘),jg(n,j)) with probability pgd(n, k,j) = pg’h(n, k)pff’h(n,j),

where the above probabilities pY"(n, k), p (n k), pioh(n,j) and pd "(n, ) are defined in (3.8) and

(3.4) respectively. The above factorlzatlon is due to the orthogonality of the noises driving the two
processes. As a quite immediate consequence of standard results (see e.g. the techniques in [11]), one
gets the following: the associated bivariate Markov chain (V#,Xﬁ)nzo ~ weakly converges to the
diffusion pair (V;, Xt)¢eo, ) solution to

AV = py (Vi)dt + oy /VedW}, Vo >0
dX; = —k, X dt + 0, dW?,  Xo =0.

Remark 3.1. In the case one is interested in introducing a correlation between the noises W' and W?
driving the process V. and X respectively, the joint tree can be constructed on the same lattice but the
jump probabilities are no more of a product-type: the transition probabilities pl,(n,k,7), pt;(n, k, 7),
pgu(n, k,7) and pZd(n, k,j) can be computed by matching (at the first order in h) the conditional mean
and the conditional covariance between the continuous and the discrete processes of V. and X. More
precisely, for both components the conditional mean is matched by construction (this is actually the
main consequence of the definition of the multiple jumps). As for the conditional covariance, assuming
that d(W*', W?2), = adt, with |a| < 1, then one has d(V, X); = aoy+/Vidt. Therefore, the matching

conditions lead to solving the following system.:

pt.(n,k, 7) +p2u(n,k‘ J) ( )
Pl (n,k, §) + ply(n, k. ) +pdu(n k,j) + ply(n. k. j) =

mﬁu(na kv])pzu(n’ ka]) + mud(na k’])pud(na k?])
+m2u(nv ka])pfilu(nv ka]) + milld(n’ k’])pgd(nv ka]) = Q0V/Un,k h

where N
uu(n k .7) (Un+1 Jkh(nk) — vn,k)( n+1,51(n,j) $n7J)7
Zd(n k ]) (vn—l-lk Un,k)(xn ’]d xn,])>
mgu(n k j) = (UnJrl kh n,k) — Un k)(xn 1,50 (n x”?])’
mf (7’L k ]) (vn—i—l kh (n,k) — vnyk)( Lrt1 ]d (n,g) — x”d)

This is done in [2] in a different context but the proof of the weak convergence on the path space is
analogous - this can be done by standard arguments, as in [11] or [5].
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4 Approximating the Y-component: the finite difference approach
We go now back to (2.3), that is

dYy = py (Vy, X, 0)dt + Vi (p1dWiH + padWE + p3dWP), Yo =1nSp,
dVy = py (Vy)dt + oy /VidW, Vo >0
dX; = ux(Xy)dt +dW2, X =0,

where py, py and px are given in (2.4), (2.5) and (2.6) respectively. By isolating /V;dW,! in the
second line and dW;' in the third one, we obtain

dY; = %dV} + p2V/Ved Xy + p(Vi, Xy, t)dt + p3/Vi AW} (4.1)
v

with
/1’(1}73771:) - uY(vvxat) - %/’LV<'U) - PQ\/T)MX(H?)
=0 x+o—n— 30— 2Ry (v —v) + pakirzy/v.

The main point is that the noise W? is independent of the processes V and X.

4.1 The approximating scheme for the triple (Y, V, X)

We consider an approximating process Y" for Y turning out by freezing the coefficients in (4.1): we
define YJ' = Yy and for t € [nh, (n + 1)h] with n =0,1,..., N — 1 we set

v, —Yh+—<v; Vor) + 02 Var (Xt — Xon) + 6V, Xy nh) (¢ — nh) + p3/ Vi —W3).

We consider now the approximating tree (V,, X;f)ne{o,...,N} and we call (V}, Xth)te[O,T] the associ-
ated time-continuous approximating process for the pair (V, X), that is

Of course, if one is interested in using continuous paths, then the linear interpolated path can be
preferred to the piecewise constant one (both of them weakly converge to the pair (V, X)). We then
assume that the noise driving the pair (V}, Xth)tE[O,T} is independent of the Brownian motion W3 and
we insert this discretization for (V, X)) in the above discretization scheme for Y. So, we obtain our
final approximating process Y, by setting YJ* = Yy and for t € [nh, (n + 1)h] with n =0,1,..., N —1
then

v/ =y, h+7(vth_vn )+P2\/ vh (X - X} )+M(Xrl;bh7vr?h7nh)(t_nh)+p3\/ vh (WP —=W3,). (4.3)
Notice that if we set

2= = DV = V) = V(XD = X, 1€ [nhy (04 D (4.4)
then we have B o _
dZP = p(XM, VI nh)dt + psy/VE WS, t € (nh, (n+ 1)h)]

7h _ vh
Znh _Ynh
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that is Z" solves a SDE with constant coefficients and at time nh its starts from }_ﬁ?h. Take now a
function f: we are interested in approximating

E(f(Yigtnn) | Yon =4, Van = v, Xop = ).
By using our scheme and the process Z" in (4.4), we approximate it with
E(f(Y n) | Yo = 4, Vih = v, Xy, = )
= E(f(Zfps1yn + 5‘1/ (V& oyn = Vi) + Pu/ﬁ()z(hnﬂ)h = XM Z =y, Vi =0, Xy = ).

Since (V", X") is independent of the Brownian noise W3 driving Z" in (4.4), we can write

E(f(i/(?url)h) | ﬁ? = ‘7 =v th =z)
=E(W;(L(Vh —v) + pa/o(X] —z)y,v,2) | VE =v, XM =2
f oy \"(n+1)h P2 (n+1)h L)Y, nh sy “Xnh )

in which B ~
V(& y,0,0) = B(f(Z(0gyn +€) | Zh =y, Vil = v, Xy, = ). (4.7)

Now, in order to compute the above quantity W¢(€), consider a generic function g and set
v(z,v,) :IE(g(Zn_H W) | Zh =2, Vil =0 XN = ).
By (4.5) and the Feynmac-Kac representation formula we can state that
v(z,v,2) = u(nh,z;v,x)

where, for every fixed z € R and v > 0, the function (s, z) — u(s, z; v, x) is the solution to

{ dsu+ p(v,x, 8)du+ 3p3v0%u =0, s € [nh,(n+1)h), z €R, (48)

u((n+ 1)h, z;v,2) = g(2),

@ being given in (4.2). In order to solve the above PDE problem, we use a finite difference approach.

4.2 Finite differences

Following [3], at each time step n we need to numerically solve (4.8) at time s = nh. So, we briefly
describe the finite difference method we apply to problem (4.8), outlining some key properties that
allow one to prove the convergence result following the technique in [3].

We fix a grid on the z-axis Yy = {2 = Zop + ilAz}icy,,, with Ty = {—M,...,M} and Az =
zi—zi—1. For fixed n, v > 0 and = € R, we set u' = u(nh, z;; v, z) the discrete solution of (4.8) at time
nh on the point z; of the grid YV, - for simplicity of notations, we do not stress in u}' the dependence
on v and z (from the coefficients of the PDE).

As already explained in [3], for fixed values of v > 0, z € R and n € N, we establish to fix a
small real threshold ¢ > 0 and to solve the case v < € and v > € by applying an explicit in time
and an implicit in time approximation respectively. It is indeed well known that for a big enough
diffusion coefficient (p3v/2), to avoid over-restrictive conditions on the grid steps, it is suggested to
apply implicit finite differences to problem (4.8). On the other hand, when the diffusion coefficient
is small compared with the reaction one, it is suggested to apply an explicit in time approximation
coupled with a forward or backward finite difference for the first order term u, depending on the sign
of the reaction coefficient.
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4.2.1 The case v > ¢

In the case v > €, the discrete solution u™ at time nh is computed in terms of the solution u"*! at
time (n + 1)h by solving the following discrete problem:

n+1 n n n n n n
Ui U Uipg —wig 1o wg — 20wy —0 (4.9)

AR ey e T A2

Of course, (4.9) has to be coupled with suitable numerical boundary relations. As in [3] we assume
that the boundary values are defined by the following Neumann-type conditions:

n — n n — n
U_p—1 = U_pr41 Upry1 = Upr—1- (410)

Then, by applying the implicit finite difference (4.9) coupled with the boundary conditions (4.10),
we get the solution u™ = (u”;,...,u?%;)T by solving the following linear system

A" ="t (4.11)
where A = A(v,x) is the (2M + 1) x (2M + 1) tridiagonal real matrix given by

1+28 =25
a—p 1428 —a—-p

A= y N , (4.12)
a—03 1428 —a-p
28 1+2p
with
_ _ " 2
Q=5 w(v,z,nh) and f 5A L2 P3vs (4.13)

i being defined in (4.2). We stress on that at each time step n, the quantities v and = are constant
and known values (defined by the tree procedure for the pair (V, X)) and then o and 8 are constant
parameters too. We assume that

B> lal. (4.14)

Then the following result guarantees the solution to (4.11).

Proposition 4.1. Under (4.14), A is invertible and A~ is a stochastic matriz, that is all entries are
non negative and, for 1 = (1,...,1)7, A1 =1.

The proof is identical to that given in [3]. We shall see later that condition (4.14) is natural.

4.2.2 The case v < ¢

Consider now the case for v close to 0, that is v < e. Here, as usual, we split the explicit finite
difference scheme according to the sign of the reaction coefficient: for u(v,z, (n + 1)h) > 0 we solve
the problem by the following approximation scheme

n+1 — n+l un—i—l n+l QU?—H + u;z_—i-ll

u ‘ Uiy Lo Uiy _

% + p(v,z, (n+ 1)h)# + 5P v i . =0; (4.15)
if instead p(v,x, (n + 1)h) < 0 we solve the problem by

uf tt—ap w1, et = 20t

lTZ + p(v, z, (n + 1)h)T +5P5 Y A2 =0; (4.16)
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Our Neumann-type boundary conditions look like

n+1 _ - n+l n+l _  n+l
U_pr—1 = U_pry1s Uprp = Upr—q- (4.17)

Therefore, it easily follows that the solution u™ of the explicit in time scheme satisfies the condition

u" = Cu" !

where
1-28-2|q| 253 + 2|«
B+2]alllfgcoy 1-28-2lal B+ 2]a/llyso
C = 5 N . (4.18)
B+ 2|Oé|]l{a<0} 1-28-2la] B+ 2|Oz’]l{a>0}
28+2al  1-28-2|q
with N
_ _ 2
a= o p(v,z,(n+1)h) and S TN (4.19)

and 1 denoting the indicator function (Ir = 1 on I' and Llr = 0 otherwise). We remark that
C = C(v,x) is a stochastic matrix if and only if

28+ 2|al < 1. (4.20)

4.2.3 The final finite difference scheme

At each time step n, for each fixed v > 0 and x € R the finite difference procedure described above
defines the following operator

C(v,x) ifv<e
h _ ) ;
v, ) = { A (v, z) ifv>e

1" (v, z) gives the discrete solution {u?};c7,, of (4.8) at time nh in terms of the solution {u?™'}ic 7.,
at time (n + 1)h:
u" = T (v, z)u™ 1.

Of course, in order that II"(v, ) is well-defined and is a stochastic matrix too, we must assess all
the parameters h, €, M and Az such that if v > € then (4.14) holds and if v < € then (4.20) holds.
This can be done by writing all these parameters as functions of /i, by developing the same arguments
described at the beginning of Section 3.2 in [3] (see also Proposition 3.8 therein). Once all these things
are well set, we can reproduce the proof of the convergence of Theorem 3.9 in [3].

We can finally give the numerical solution to (4.8) on the grid Yy, through the above discretization
procedure: for z; € Yy,

u(nh, zi;v,x) ~ Z H?g(v,x)g(zg), Le Ty (4.21)
Ledm

Remark 4.2. We emphasize that other numerical boundary conditions can surely be selected, for
example the two boundary values u",, and u%, may be a priori fived by a known constant (this
typically appears in financial problems). However, in order to prove the convergence by means of a
Markov chain approach as in [7], different boundary conditions have to guarantee that I"(v,z) (and
mainly A=Y (v,x)) is a stochastic matriz and a suitable boundary decay is satisfied. A discussion on
this topic is given in Appendiz A.1 of [7].
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4.3 The scheme on the Y-component

We can now come back to our original problem, that is the computation of the function W;(&;y, v, x)
in (4.7) allowing one to numerically compute the expectation in (4.6). Of course, we consider the
approximating process (Y, V* X") as described in Section 4.1. This means that the pair (v,z) at
time-step n is chosen on the lattice V,, X X,: v = v, and © = @z, j, for 0 < k, 57 <n. We set

Yi = Zi, Z.6\7]\47k7j:17"'7”'
Then, (4.21) gives the approximation

U (&Y Uy Tng) = Y 10 (U ey ) f (Y0 + €), 5 € Tt
Ledm

Therefore, the expectation in (4.6) is computed on the approximating tree for (V, X) by means of the
above approximation:

E(f(}_/(};-i-l)h) ‘ Yr?h =Y Vnhh = Un,k, Xgh = xmj) = Z Z H?@(’Un,kv $n,j)Tn,k,jf(£7 a, b)pr(nv ka])
a,be{du} LeTn
(4.22)

where o
Tn,k,jf(ga a, b) = f(yé + ;(’Un—&—l,ka(n,k) - U) + p2\/a(l’n+1,jb(n,j) o IE))

and the jump probabilities pr(n, k,7) are given in (3.10) (or in Remark 3.1 if a correlation is assumed
between the noises driving V' and X).

Similar arguments can be used in order to compute the conditional expectation in the left hand
side of (4.22) when the function f depends on the variables v and z also. Then one gets

E(f(Y(}ZL—i-l)h? ‘7(}:7,+1)h7X(hn+1)h7) ‘ ?fh =Y, th = Unk> Xﬁh = Tn,;)

= Z Z H?Z(Un,kv xn,j)Tn,k,jf(e, a, b)pgb(n7 k’ j) (423)
a,be{d,u} ZGJ]M

where

Tn,k,jf(ga a, b) =

p1 4.24
= f(yz + ;(UnJrl,ka(n,k) — Un,k) P2/ Vn ke (Tnt1,y(ng) = Tnj)s Unt1ka (k) $n+1,jb(n,j))- ( )

We stress that, at each time step n, the conditional expectation in (4.23) is computed on the grid

DZ,M = {(y,v,x) : (v,z) € VI x XM and y € yM}. (4.25)

5 The algorithm for the pricing of American options

The natural application of the hybrid tree-finite difference approach arises in the pricing of American
options. Consider an American option with maturity 7" and payoff function (®(S;))ejo,r)- First of all,
we consider the log-price, so the obstacle will be given by

U(Y;) = ®(e¥t), telo,T]
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The price at time 0 of such an option is then approximated by a backward dynamic programming algo-
rithm, working as follows. First, consider a discretization of the time interval [0, 7] into N subintervals
of length h = T/N: [0,T] = UNZ![nh, (n + 1)h]. Then the price P(0, Yy, Vo, Xo) of such an American
option is numerically approximated through the quantity Py (0, Yy, Vo, Xo) which is iteratively defined
as follows: for (y,v,z) € R x Ry x R, by recalling formulas (2.1) and (2.2) for the interest rate, we
have

n+1)h
_pnon

Palnhyy, v,2) = max {(y), e~ o CXTONE (P (4 ) YR VIR X))

{Ph(T,y,v,x) =VU(y) andasn=N—1,...,0
(n+1)h * " (n+1)h> “F(n+1)h

From the financial point of view, this means to allow the exercise at the fixed times nh, n =0,..., N.
We consider the discretization scheme (Y, V" X") discussed in Section 4 and we use the approx-

imation (4.23) for the conditional expectations that have to be computed at each time step n. So, we

recall the grid DZ}M defined in (4.25) and for every point (y;, vp i, Zn ;) € DL‘,M, by (4.23) we have

nhvyn,i,k, i»Un,ksTn,j nhvvn,k nhﬂjn, j
E(Ph((n + h, Y(n+1)h ’ ]’V(n—i-l)h vX(n+1)}Z)>

= Z Z H?Z(vn,k7l‘n,j)p’;b(n7kaj)Tn,k,jPh(ga a, b) (51)
abe{du} €T

where, by (4.24), for a general function f : R x Ry x R — R we have
Ty ki f(l a,b) =
P1
= f(ye + E(U(n—i—l),ka(n,k) = Unk) + P2/Un k(T (nt1) gy (ng) — Tnj)s Un-i—l,k;a(n,k)a$n+1,jb(n,j))

Finally, we can summarize the backward induction giving our approximating algorithm as follows. For
n=0,1,...,N, we define P,(nh,y,v,x) for (y,v,x) € DZ,M as

Po(T,yi,on k- 2nj) = ¥(Y) (vi,vNk, 2N;) € Dy andasn=N—1,...,0
Py(nh, yi, vn i, Tnj) = max {\If(yz), ¢~ (Ortn jtenn)h Z Z Hg‘z(vmk, mn,j)pgb(n, k,j)Tn ki Prl,a, b)},
a,be{du} LeTm
for (yi, Un,k, Tn,j) € DZ,M
(5.2)
Notice that, at time step n, for every fixed (y;, vn i, Tn,j) € DZ,M the sum in (5.2) can be seen as an
integral w.r.t. the measure

/Lh(yiv Un,k> Tn,j; A) = Z Z Hh (Un,lﬁ xn,j)l}é pr(n, k, j)d{(yg,vwrl,ka(n,k),a:nJrl,jb(n,j)} (A) (5'3)
a,be{u,d}} L€Tm

for every Borel set A in R3, d1qy denoting the Dirac mass in a, so that 1" (ys, Un ks Tn,j;-) is a discrete
measure on D'; 41,
developed in [3], one can prove that for each h small then p”(y;, vy k, Tn j; ) is actually a probability
measure, that can be interpreted as a transition probability measure. Thus, one is actually doing
expectations on a Markov chain (Yé‘, VY?,Xﬁ)n:O,L..., ~, whose state-space, at time step n, is given
by Dﬁ » and whose transition probability measure at time step n is given by uh (Yi, Un ks Tnji-) in
(5.3). Then, one can prove, as in [3], that under appropriate conditions on Az, and M), such that,
as h — 0, Az, — 0 and MyAz, — oo, the family of Markov chains (f’h, Vh,f(h)h weakly converges
to the diffusion process (Y, V, X). And this gives the convergence of our hybrid tree-finite difference
algorithm approximating the Heston-Hull-White model.

v Now, starting from the construction in Section 4.2 and following the techniques
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6 Generalization to the Heston-Hull-White2d model

The Heston-Hull-White2d model generalizes the previous model in the fact that the quantity 7 is
assumed to be stochastic and to follow a diffusion model itself. So, the underlying process is now
4-dimensional and is given by: the share price S, the volatility process V', the interest rate r and the
continuous dividend rate 1. Actually, here the process 1 has not necessarily the meaning of a dividend
rate, being for example a further interest rate process. In fact, the Heston-Hull-White2d model occurs
in multi-currency models with short-rate interest rates, see e.g. [9].

Under the risk neutral measure, the dynamics are governed by the stochastic differential equation
system

ds,
?tt = (ry — me)dt + Vi dZy,

dVy = kv (O — Vi)dt + oy /Ve dW},
dry = Kp(0,(t) — r)dt + O'TthQ,

dng = k(0 (t) —n¢)dt + Unth?’,

with initial data So, Vo, 70,10 > 0, where Z, W', W2 and W? are suitable and possibly correlated
Brownian motions. Note that the process 1 evolves as a generalized OU process: 6, is a deterministic
function of the time. We consider non null correlations between the Brownian motions driving the

pairs (S,V), (S,r) and (S,n), that is
A(Z, WYy = py dt, d(Z, W2, = padt, d(Z, W), = ps dt.

Correlations among the processes V', r and 1 can be surely inserted and can be handled as in Remark
3.1 (see next Remark 6.1).
As done in Section 2, we consider the transformations (2.1)-(2.2) for the generalized OU processes
r and 7n: we set
re=o0.X; +¢; and n=o0,X/+ ¢} (6.1)
where . .
X/ = —m/ XIds + W2, @ = roe "t 4 Hr/ 0,(s)e " (t=5)ds
0 0. (6.2)
X] = —ky [3 X0ds + WP, o = noe "t + ﬁn/o 0, (s)e~ =) ds

So, by considering the log-price process, we reduce to the 4-dimensional process (Y, V, X", X") whose
dynamics is given by

dYy = py (Ve, X7, X[, 0)dt + Vi (p1dWE + padWE + psdW2 + padWit),

dVy = py (Vy)dt + oy / Ve AW},

dX] = pxr(X])dt + dW2, (6.3)
dX] = pxn(X])dt + dW2,

with Yo=InSpeR, Vp>0, X;=0, XJ=0
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where
pa = \/l—p?—/%—p% (p1,p2,p3) € Bi1(0) (6.4)
1
py (v, 21,22, t) = opx1 + @) — opy — o] — 3 v, (6.5)
pv (v) = Ky (0v —v) (6.6)
pxr(z) = —kpx, (6.7)
pxn () = =k, (6.8)

B1(0) denoting here the unit ball centered at 0 in R3.

Starting from (6.3), we set-up an approximating procedure similar to the one developed in Section
3 and Section 4. In the following, we briefly describe how to extend such algorithms to the Heston-
Hull-White2d model.
6.1 Approximation of (V, X" X")
Concerning the triple (V, X", X"), we build an approximating tree on R? as follows:

e we apply the procedure in Section 3.1 to the process X7;

e we apply the procedure in Section 3.1 to the process X";

e we apply the procedure in Section 3.2 to the process V.

We then get three approximating trees:
X7h for X7, Xk for XM Vhfor V.

Then, we use the null correlation between any two of V, X” and X": we concatenate the above
three trees in order to get a 3-dimensional approximating tree (V" X" X mhy for (V, X7, X") by
introducing product-type jump probabilities. In other words, we generalize the probabilities in (3.10)
for all the 23 = 8 possible jumps.

Remark 6.1. One might include correlations between any two of the Brownian motions driving the
processes V., X" and X". As described in Remark 3.1, the jump probabilities are no more of a product-
type but they solve a linear system of equations that must include the matching of the local cross-
moments up to order one in h.

6.2 The scheme on the Y-component and the approximating 4-dimensional process

We repeat the reasonings in Section 4.1 in order to define an approximating time-continuous process
(Yh vh Xk X0 for (Y,V, X", X") - roughly speaking, it suffices to replace the one-dimensional
process X in Section 4.1 with the 2-dimensional process (X", X"). So, we start from

dy;, = O’f—ldvt + poV/VidX] + p3/Vid X + u(Vi, X7, X[, t)dt + pan/Vi AW (6.9)
14

with
p(v, w1, v, t) = py (v, v1, T2, t) — %MV(U) — p2v/v pxr (1) — p3v/v puxn (22) (6.10)
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Then, we apply the finite difference method in Section 4.2 and we obtain a final difference scheme
given by
A Y v, zp,20)  ifv >

" (v, 21, 2) = {

C(v,z1,x2) ifv<e
where, 1(-) being defined in (6.10),
e Ais given in (4.12) with
= %u(v,xl,mg,nh) and [ = ﬁpﬁv; (6.11)
e (C is given in (4.18) with
h
= 5As p(v,z1,22,(n+1)h) and = SA L2 Pav- (6.12)

Finally, we extend the approximation scheme (4.23) to the case in which X = (X", X") and the
algorithm for the pricing of European or American options described in Section 5.

7 The hybrid Monte Carlo algorithm

The approximation we have set-up for the Heston-Hull-White processes can be used to construct a
Monte Carlo algorithm. Let us see how one can simulate a single path by using the tree approximation
and the standard Euler scheme for the Y-component. We call it “hybrid” because two different noise
sources are considered: we simulate a continuous process in space (the component Y') starting from a
discrete process in space (the 3-dimensional tree for (V, X", X")).

Concerning the Heston-Hull-White dynamics in Section 2, consider the triple (Y, V, X) as in (2.3).
Let (VI X n)n=0,1,..,N denote the Markov chain that approximates the pair (V,X). We construct
a sequence (Yn)n 0,1,..,N_ approximating Y at times n = 0,1,..., N by means of the Euler scheme
defined in (4.3): we set YJ* = Yj and for t € [nh, (n + 1)h] with n = 0,1,..., N — 1 then

A

n+1 — ?T? + Upil(vrfb—i-l - V#) + P2 \/ Vn (Xn+1 Xh) —+ M(V h)h + P3 hvril An-}—la (71)

where p is defined in (4.2) and Aq,..., Ay denote i.i.d. standard normal r.v’s, independent of the
noise driving the chain (V, X ). So, the simulation algorithm is very simple: at each time step n > 1,
one let the pair (V, X) evolve on the tree and simulate the process Y at time nh by using (7.1).

A similar algorithm can be considered to simulate the Heston-Hull-White2d dynamics in Section
6, that can be seen as a function of the triple (Y,V, X", X"7) in (6.3). Here, we apply the Euler
scheme to (6.9). So, let (V,*, X7" X1, _o1 . n denote the Markov chain approximating (V, X", X"),
as described in Section 6.1. Starting from (6.9), we approximate the component Y at times nh,
n=0,1,..., N, as follows: we setY('] =Yyand forn=1,...,N,n=0,1,..., N — 1 then

Yn+1 }A/v;l (Vn+1 Vh) + p2 \/V (Xn+1 Xr h) + p3 \/V (lerl Xn h)

+u(Vh, X,Z’h, X,’Z’h, nh)h + ps\/ hVE Ay

(7.2)

where p is defined in (6.10) and Aj,..., Ay denote i.i.d. standard normal r.v’s, independent of the
noise driving the chain (V?, X" X""). And again, the simulation algorithm is straightforward.
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8 Numerical results

In this section we provide numerical results in order to asses the efficiency and the robustness of
our hybrid numerical approaches in the case of plain vanilla options in the Heston-Hull-White and
Heston-Hull-White2d models.

8.1 European and American options in the Heston-Hull-White model

In the European and American option contracts we are dealing with, we consider the following set of
parameters:

e initial share price Sy = 100, strike price K = 100, maturity 7' = 1, dividend rate n = 0.03;
e initial interest rate rg = 0.04, speed of mean-reversion x, = 1, interest rate volatility o, = 0.2;

e initial volatility V) = 0.1, long-mean 8y = 0.1, speed of mean-reversion ky = 2, volatility of
volatility oy = 0.3.

The time-varying long-term mean 6,.(¢) fit the theoretical bond prices to the yield curve observed on

the market. We have chosen for this purpose the following interest rate curve P,.(0,7) = e 00T We

consider varying correlations: concerning the pair (S,V'), we set p; = pgy = —0.5,0.5; as for (S,r),

we study the cases and py = pg, = —0.5,0,0.5. No correlation is assumed to exist between r and V.
The numerical study of the hybrid tree-finite difference method HTFD is split in two cases:

e HTFD1 refers to the (fixed) number of time steps /V; = 50 and varying number of space steps
Ng = 50,100, 150, 200;

e HTFD2 refers to N, = Ng = 50, 100, 150, 200.

Concerning the Monte Carlo method, we compare the results by using the hybrid simulation scheme
in Section 7, that we call HMC, and by simulating paths through the accurate third-order Alfonsi [!]
discretization scheme for the CIR stochastic volatility process and an exact scheme for the interest rate,
the latter being reported as AMC. In both cases, we consider varying number of time discretization
steps IV; = 50, 100, 150, 200 and two cases for the number of Monte Carlo iterations:

¢ HMC1 and AMCI1 refer to 50 000 iterations,
e HMC2 and AMC2 refer to 200 000 iterations.

The benchmark value B-AMC is obtained using the Alfonsi Monte Carlo method AMC with a huge
number of Monte Carlo simulations (1 million iterations) and N; = 300 discretization time steps. In
the American case, in absence of reliable numerical methods, we consider the Longstaff-Schwartz [10]
algorithm MC-LS with 20 exercise dates. All Monte Carlo results report the 95% confidence intervals.

Tables 1-(a) and 1-(b) report European call option prices. In Tables 2-(a) and 2-(b) we provide
results for American call option prices. Table 3 refers to the computational time cost (in seconds) of
the different algorithms in the call European case.

The numerical results show that HTFD is accurate, reliable and efficient for pricing European
and American options in the Heston-Hull-White model. Moreover, our hybrid Monte Carlo algorithm
HMC appears to be competitive with AMC, that is the one from the accurate simulations by Alfonsi
[1]: the numerical results are similar in term of precision and variance but HMC is definitely better
from the computational times point of view. Additionally, because of its simplicity, HMC represents
a real and interesting alternative to AMC.
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(a)

psv =—0.5 Ng HTFD1 HTFD2 B-AMC HMC1 HMC2 AMC1 AMC2
psr =—0.5 50 11.202744 11.202744 11.34+0.04 11.30£0.16 11.324+0.08 11.344+0.16 11.37+0.08
100 11.319814 11.331040 11.414+0.16 11.38£0.08 11.31+0.16 11.36+0.08
150  11.340665 11.349902 11.36£0.16 11.36£0.08 11.35+0.16 11.3840.08
200 11.346972 11.355772 11.34£0.16 11.37£0.08 11.444+0.16 11.39+0.08
psr =10 50 12526779 12.526779 12.77+0.04 12.66+0.18 12.69£0.09 12.68+0.18 12.7940.09
100 12.720651 12.705772 12.744+0.18  12.79£0.09 12.63+0.18 12.7840.09
150 12.754610 12.749526 12.744£0.18 12.79£0.09 12.68+0.18 12.8140.09
200 12.760365 12.766836 12.744£0.18 12.80£0.09 12.75+0.18 12.7940.09
psr=0.5 50  13.853193 13.853193 14.04+0.04 13.88+£0.19 13.92+£0.10 13.97+0.20 14.05%+0.10
100 14.011537 14.013063 13.91£0.19 14.01£0.10 13.89+0.19 14.06+0.10
150 14.031598 14.038361 13.94+£0.19 14.07£0.10 13.92+0.20 14.08+0.10
200 14.038235 14.045612 13.994£0.19 14.07£0.10 13.90£0.19 14.06+0.10

(b)

psv =05 Ng HTFD1 HTFD?2 B-AMC HMC1 HMC2 AMC1 AMC2
psr =—0.5 50 11.208938 11.208938 11.54+0.05 11.65+0.21 11.43+0.10 11.45+0.20 11.534+0.10
100 11.488205 11.468278 11.51£0.20 11.544+0.10 11.61+0.21 11.53+0.10
150 11.513593 11.521964 11.444+0.20 11.54£0.10 11.54+0.20 11.5240.10
200 11.523943 11.536257 11.414£0.20 11.60£0.10 11.58+0.21  11.4940.10
psr=10 50  12.594415 12.594415 12.96+0.05 13.01£0.22 12.83£0.11 12.824+0.22 12.9440.11
100 12.884160 12.855993 12.814+0.22  12.95£0.11 12.86+0.22 12.924+0.11
150 12.937141 12.921218 12.74+£0.22  12.95£0.11 12.854+0.22 12.934+0.11
200 12.948888  12.947088 12.784+0.22 13.00£0.11 12.85+0.22 12.86+0.11
psr = 0.5 50  13.969027 13.969027 14.23+0.05 14.19+0.23 14.09£0.12 14.10+0.23 14.2240.12
100 14.199994  14.189402 13.944+0.23 14.18+0.12 14.07+0.23  14.1940.12
150 14.221938  14.229056 13.89+£0.23 14.20£0.12 14.15+0.24 14.20%0.12
200 14.230252  14.239789 13.97+£0.23 14.23£0.12 14.05+0.23 14.13+0.12

Table 1: Prices of European call options. Sy = 100, K =100, T =1, rg = 0.04, k., = 1, 0, = 0.2, n = 0.03,
Vo=0.1, 0y = 0.1, ky = 2, ov = 0.3, pg, = —0.5,0,0.5, psy = —0.5,0.5.
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(a)

psv =—0.5 Ng HTFD1 HTFD2 MC-LS
psr =—0.5 50 12.090433 12.090433 12.18+0.01
100 12.205014 12.212884
150  12.224432 12.231392
200 12.230288 12.237054
psr =10 50 12912708 12.912708 13.1440.01
100 13.119121 13.101073
150  13.156492 13.149182
200 13.162893 13.168602
psr=0.5 50  13.944266 13.944266 14.15+0.01
100 14.125059 14.122918
150 14.146240 14.152060
200 14.153288 14.160288

(b)

psv =05 Ng HTFD1 HTFD2 MC-LS
psr =—0.5 50 12.044761 12.044761 12.33+0.01
100 12.327173  12.306911
150  12.352117  12.364256
200 12.362528 12.379805
psr =0 50  12.910530 12.910530 13.29+0.01
100 13.234103  13.203037
150  13.293507 13.278025
200 13.306270 13.308165
psr =0.5 50  14.029398 14.029398  14.3240.02
100 14.284281 14.273324
150  14.307465 14.316216
200 14.316138 14.327803

Table 2: Prices of American call options. Sy = 100, K =100, T =1, 1o = 0.04, k. = 1, 0, = 0.2, n = 0.03,
Vo=0.1, 0y = 0.1, ky = 2, oy = 0.3, pgr = —0.5,0,0.5, psy = —0.5,0.5.

Ng HTFD1 HTDF2 B-AMC HMC1 HMC2 AMC1 AMC

50 1.24 1.24 223.67 0.77 3.05 2.16 7.48
100 2.53 21.64 1.59 6.11 4.00 14.61
150 3.97 128.6 2.33 9.13 5.87 21.64
200 5.74 471.4 3.11 12.73 7.61 28.85

Table 3: Computational times (in seconds) for European call options.
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8.2 European and American options in the Heston-Hull-White2d model

In the European and American option contracts we are dealing with, we consider the following set of
parameters :

e Sp =100, K =100, T = 1;

e 79 =0.04, 19 =0.03, K =Ky =1, 0y = 0y = 0.2

e Vp=0.1,0,=0.1ry =2, 0y =0.3;

e psr = —0.5,0,0.5, psv = —0.5, ps;, = —0.5,0.5, pyy = pyy = pry = 0;
o P,(0,T) = e 0047 P (0,T) = 0037

Similarly as for the interest rate, the time-varying long-term mean 6,,(t) fit the theoretical bond prices
P,(0,T) = e %037 to the yield curve observed on the market. We make this choice because this model
occurs for example in multi-currency models with short-rate interest rates (see [9]). We consider
here only the number of space steps Ng = 30,50,100 because the cases Ng = 150,200 need huge
computational times. Tables 4 and 5 report European and American call option prices. Table 6 refers
to the computational time cost (in seconds) of the different algorithms in the call European case.

The numerical results confirm the good numerical behavior of HTFD and HMC in the Heston-
Hull-White2d model as well.

(a)
sz_: _5"55’ Ns HTFDI  HTFD2  B-AMC HMC1 HMC2 AMC1 AM?2
, = —0.
psr = —05 30 13470572 13470572 1379 £ 0.04 13.820020 13.7450.10 13834020 13.7950.10
50 13.688842  13.671173 13.9640.20 13.8140.10 13.8840.20 13.80+0.10
100 13.790205 13.781519 14.0040.20  13.80£0.10 13.68+0.20 13.73+0.10
psr =0 30 14736242 14736242 15.04 £ 0.05 15104022 14.0900.11 14.9550.22 15.03£0.11
50 14.958094  14.946029 15234022 15.0440.11 14.98+0.22 15.0140.11
100 15.019204 15032709 15234022 15.0440.11 14.8040.21 14.97+0.11
b5 =05 30 15805046 15.805046 16.19 £ 0.03 15216022 15.04%0.11 16.04£0.23 16.1750.12
50 16.052315  16.032043 16.1340.23  16.0620.11 16.0940.23 16.13+0.12
100 16.155354  16.145308 16.3340.23  16.1040.11 15.93+0.23  16.1240.12
(b)
ooV~ (2% Ns  HTFDI  HTFD2  B-AMC HMC1 HMC2 AMCI1 AMC2
7] - .
psr = —05 30 0418513  0.418513  9.61 £ 0.03 957013  0.6240.07  9.64£0.13  0.66%0.07
50 9.552565  9.532194 0.5740.13  9.6140.07  9.65+0.13  9.66£0.07
100 9.633716  9.607339 0.66+0.13  9.6240.07  9.63+0.13  9.63+0.07
psr =0 30 10.916753 10916753 11.18 £ 0.03 1L15£0.15 1116008 11.07£0.15 11.22£0.08
50 11117050  11.100343 11.18+0.15  11.1640.08 11.14+0.15 11.22+0.08
100 11178119  11.173631 11.16+0.15  11.18+40.08 11.08+0.15 11.20+0.08
b5 =05 30 12203271 12.203271 1255 £ 0.0 12444017 12.4350.00 12.4750.17 12.600.09
50 12443197  12.411406 12544017 12.4440.09 12.53+0.17  12.59+0.09
100 12.552842 12522237 12454017 12.5540.09 12.45+0.17  12.58+0.09

Table 4: Prices of European call options. So = 100, K =100, T =1, 1 = 0.04, s, = 1, o, = 0.2, 9 = 0.03,
ky =1, 0y =02, Vo =0.1, 8y = 0.1, ky =2, oy = 0.3, psr = —0.5,0,0.5, psy = —0.5, psy = —0.5,0.5.
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(a)

psv.==05 " N HTFD1  HTFD2 MC-LS
psn = —0.5
psr = —0.5 30 14.057963 14.057963 14.37 + 0.01
50 14.290597 14.263254
100 14.400377 14.381552
psr =0 30 14.980844 14.989844 15.32 + 0.01
50 15.253011  15.229151
100 15.320569  15.331744
psr = 0.5 30 15.826696 15.826696 16.28 + 0.02
50 16.146080  16.111559
100 16.270439  16.248656
(b)
psv==05 " N HTFD1  HTFD2 MC-LS
psn = 0.5
psr = —0.5 30 11.598655 11.598655 11.64 & 0.008
50 11.707669 11.681873
100 11.775632 11.743388
psr = 0 30 12.400256 12.400256  12.55 + 0.01
50 12.579124 12561214
100 12.634969  12.629401
psr =05 30 13.137621 13.137621  13.43 £ 0.01
50 13.380571  13.341882
100 13.497053  13.459978
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Table 5: Prices of American call options. So = 100, K =100, T =1, rg = 0.04, k. = 1, 0. = 0.2, ng = 0.03,

bip=1,0,=02, Vo =01, 0y =01, ky =2, ov = 0.3, ps, = —0.5,0,0.5, psyy = —0.5, pg, = —0.5,0.5.

Ns HTFD1 HTDF2 B-AMC HMC1 HMC2 AMC1 AMC2
30 7.19 7.19 284.84 0.60 2.61 1.79 6.03
50 12.00 94.34 1.14 4.19 2.73 9.58
100 28.31 3603 2.02 8.06 5.05 18.70

Table 6: Computational times (in seconds) for Furopean call options.

9 Conclusions

We have introduced new hybrid tree-finite difference and a Monte Carlo methods for pricing plain

vanilla options in a stochastic volatility framework with stochastic interest rates.

The numerical

comparisons show that our methods provide good approximation of option prices with efficient time

computations.
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