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Abstract

Applying the pricing method based on Fourier-Cosine series expan-
sion proposed in [4], we implement the algorithms for pricing Bermudan
options under the Heston model. By increasing the exercise dates of the
Bermudan options, we obtain an approximation for the price of the Amer-
ican options.

1 Introduction

The Fourier-Cosine pricing method (COS, in short) first proposed in [2] and
further developed in [3] and [4], is based on the risk-neutral option valuation
formula (discounted expected payoff approach). For an European option, the
option value at time s given the state variable of the underlying asset taking
value z is

oo

v(z,s) = e "R [u(Xe, 1) Xs = 2] = 6”“/ o(y, t) fx, x. (ylo)dy, (1)

— 00

where r is the interest rate, ¢ and s are the expiration date and the initial date
respectively and At :=t — s, X; for t > 0 is the state variable which can be any
monotone functions of the underlying asset at time ¢. Function v(y,t), which
equals the payoff of the European option, is known, but the transitional density
function, fx, x, (y|x), typically is not. For a chosen sufficient wide domain [a, b],
we approximate the integration in the equation (1)

~—

b
o(z,s) m e A / oy, 8) Fx, x. (y])dy. (2
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Then the unknown conditional density function defined in [a,b] can be recov-
ered from its characteristic function by a truncated Fourier-Cosine expansion as:

9 NI km akm y—a
N — Re jx)e —1 cos | k
e ) = 20 3 o (5w ) e (=i ) cos (n3=2)

3)
where o(u;x) the characteristic function of fx, x, (y|r), Re means taking the
real part of the argument, and the prime at the sum symbol indicates the first
term in the expansion is multiplied by one-half. The appropriate size of the inte-
gration interval can be determined with the help of the cumulants, as proposed

in [2]:
[a,b] := |:81—L\/CQ+\/a,Cl+L\/CQ+\/a:|, (4)

with ¢,, denotes the n-th cumulant of X; and L is a constant chosen to obtain
sufficient precision, L = 12 is large enough to obtain a satisfactory precision in
Heston model.

Replacing fx,|x,(y|x) by its approximation (3) in equation (2) and inter-
changing integration and summation gives the COS formula for computing the
values of European options:

vz, 5) ~ e O /Jfl Re |:g0 (bk_”ax) exp (—ibaﬁﬂa)} Vi), (5)

k=0

where

b J—
Vi(t) = / v(y,t)cos<l£71-z_2)dy7 k=0,---,N—1

are the Fourier-Cosine coefficients of v(y, T'), available in closed form for several
payoff functions.

b—a

Formula (5) also forms the basis for the pricing of Bermudan option, it can
be further used to approximated the continuation value of the Bermudan op-
tions. We will show details in the next section.

This document is organized as follows: The Heston model will be introduced
in Section 2; The pricing formula based on the Fourier-Cosine method will be
derived in Section 3; Section 4 presents the manual of using the implementation
in Premia.

2 Heston Model

In Heston model, the evolution of the scaled logarithm of the stock price (log-
stock), X; and its variance, Uy are described by the following stochastic differ-
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ential equations (SDEs):

1
dX; = (,u — 2Ut) dt + p\/adWLt + M\/ﬁtdWZt (6)
dU, = Mau—Up)dt +n\/UdWy 4, (7)

where the three non-negative parameters, \,u and 7, represent the speed of
mean reversion, the mean level of variance, and the volatility of the volatility
process, respectively. The Brownian motions, Wi ; and Ws; are independent
and p is the correlation between the log-stock and the variance processes.

Since the problem of near-singular behavior in the variance direction of He-
ston model(we refer to [1] for more detail), we consider the log-variance process
oy := log(Uy;),t > 0 instead of the variance U;. To price the path-dependent
option we need to know the joint distribution of the log-stock price X; and the
log-variance processes o; at a future time ¢, given the information at the time
s < t,ie. px (X 01 Xs,05). Since the log-variance oy at time ¢ is independent
of the log-stock value at time s, i.e. p,(0¢|Xs,05) = po(0t|os), then we have

pX,a(Xt7 Ut|XS7US) = pX|J(Xt|Ut7X5a 08) 'Pa(0t|03)~ (8)

As shown in [1] and [5], the scaled variance process is governed by a non-
central chi-square distribution, i.e.

2U; ~ X2(q,2CUe M=) for 0<s<t,

where
g=2Xu/n? —1, (:=2)\/ ((1 _ efA(tfs))772> .

Then the probability density function of log-variance o; given oy is
po(otlos) = (9)

(eSleTm e ern) ( ) i1y (2 Ve |

e0se—A(t—s)

[SS)

where I,(+) is the modified Bessel function of the first kind with order g¢.

Therefore to derive the joint probability density function in (8), we only need
to know px|,(X¢|os, Xs,0,). But there is no closed-form expression for px|,,
instead we can derive its conditional characteristic function, ¢(w;xs,o0¢,05),
based on the integration form of dynamics of X; and Uy,

QO(WSCUmUnUs) = Es [eiWXt‘ot} (10)

— exp (iw [w + u(t —s) + % (e7t —e% — Nu(t — S))D

Ao 1\ 1
® (w (np N 2) +giw(l — pz);e"%e‘“) :
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where ®(v; Uy, Uy) is the characteristic function of the time integrated variance
as given by

t
(v U,Us) = E [exp (w/ UTdT) |Ut,US]

I, {mnz(lewug) Y(r)em 2N (E=9) (1 — g=Alt=9))

—Lat—s) M1 — e7@)(t—s)
I, [\/UtUSW} ( )

Up +Us [AL+e2E79))  A()(1 4 e 7(E=3))
Pl I_ o= 1 _ei-9 ’

where (v) is defined as

Y(v) = VA2 = 2in?v. (11)

3 Fourier-Cosine Method for Bermudan Options

From now on we use the scaled log-stock variable z; := X; —log(K) to describe
the state of the underlying asset, where K is the strike. The payoff function
g(x,T) is given by

for a call opt%on (12)
for a put option.

i 1
glz,7)=[aK(E -1)]", a= { )
Consider the Bermudan option has M exercise dates: tg <t1 <ty <---tpy =T
where t( is the initial date and T is the expiration date. The Bermudan option
pricing formula reads

9(w,, tm), m = M;
(@, , 04, tm) =  max(g(xs, , tm), (@t , 00, tm)), m=1,2,-+ M —1;
C(Itm,dtm,tm), m = 0,

(13)
with g(z,, 7) being the payoff at time 7, ¢(z,, 0,,7) and v(z,, 0., 7) the continu-
ation value and the option value at time 7, respectively, with scaled log-stock z.;
and log-variance o.. To simplify we use z,, and o, for x; , and oy, respectively.

By risk-neutral method, the continuation value is given by

ATy Oy tm,) (14)
= e_rmE?m [V(@m+1, Ot 15 tmtr)]

—rAt
= € / / U(x’rn—l—h Om+1, tm+1)pX,<7 (x7rL+17 Om+1 |xma O'"L)d0'7n+1d.137”+1
RJR

= eiTAt/ |:/ v<xm+1a0m+1;tm+1)pX\o($m+1|0m+1;xmao—m)dmerl
R R

Do (Om+1|0m)dom+1,
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where the notation ]Egn [] means that the expectation is taking under the risk-
neutral measure and under the condition of the information till time ¢,,, and the
last equation derives from (8).

The outer integration in the above formula can be approximated by J—points
quadrature integration rule (like Gauss-Legendre quadrature, composite Trape-
zoidal rule, etc.), which gives

AT, Oy tm) (15)

J—1
~ e—rAt ijp0(<j|gm) : |:/ U(Im-‘rlaCjatm+1)pX\a(xm+1|Cj7Imao—m)dxm-ﬁ-l
=0 R

The integration in the above formula corresponds to the pricing formula of
European options defined between ¢,,, and t,,41, provided the the variance value
at the future time is known, then the Fourier-Cosine expansion can be applied
here, i.e. the conditional density function px|s(Tm+1|0m+1,Tm,om) can be
approximated by its Fourier-Cosine series as in (3)

pX\a(xm+1|Um,+1yxmaO'm)
Nl km Cakm Tl — a
Pl 77— Tm;Om41,0m | EXP | —1 cos | km———
a b—a b—a b—a
2 Z Re ﬂ'o o o Vexp [ikrim— %) cos [ primtl =9
b_aki ¥ b—a m+1,%m p b_a b—a

where ¢(w; Ty, Omt1,0m) is the conditional characteristic function as defined
in (10) and the last equation derives from the fact that

2
(=
\‘w

o

g

=)
¢

TWT

@(w;xm,0m+1,am) =€ @(w;070m+130m)'

Substituting px|s(Zm+1/0m41, Tm, 0m) by its Fourier-Cosine expansion and
interchanging the summation over k with the integration over x,,,1, we have

J—1 'N—-1
~ k . T —a
C(xmvo'vmtm) e o Z Wy Z Vi,j (tm+1)Re {‘P (bﬂ', Cjaam> etk =a } )
j=0 k=0 —a
(16)
with
2 @ Tl — @
Viej (tmg1) = b_ a/b V(Tmt1, Gy tmg1) COS <k7rb+—1a> dzmy1, (17)
and

&(WaCjaUm) = pU(CJ‘O—m)SD (w’O7CJ70m) . (18)

By interchanging the summations in (16), we derive the discrete formula for
the continuation value:

'N-1
Loy Oy tm) e " Re Z Br(Tums ) F™H L (19)
k=0
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where

J—1
_( km
B ) 1= 3 w3Vi (fms1) 3 (b_a,cj,am) | (20)
Jj=0

By definition (18)of® (lﬁ—”a, Gjs am), it can be computed analytically by (9)
and (10), then to obtain S (0., t,,) we need to calculate Vi j(t,,41). Since the
calculation of Vi j(tm+1) in (17) involves the option value v(zmi1, (), tmt1)s
by Bermudan option pricing formula (13), we will derive Vj ;(t,,) for m =
M, M —1,---,1,0 in succession.

For m = M,

Vij(tar) =

—al, g(xar,tar) cos <k71’x2/[a> dx . (21)

Then (21) can be computed analytically as

Gr(0,b), for call options

. (22)
Gi(a,0), for put option,

Vij(tm) = {

where )

2 —a
Gi(l,u) :== P 9(y, tm) cos <k7rz — a> dy. (23)

Since g(x,7) is given explicitly as in (12), the analytical formula of Gy(l,u) is
shown in Appendix Al.

Form=M —1,---,1, we will derive Vj_;(¢,,) sequently, backwards in time,
by repeating the following computational procedure. Suppose that we have
Vi,j(tm+1), we need to derive Vj ;(t,,). By inserting Vi ;(tm+1) into (20), we
obtain £k(¢p,tm) for p = 0,1,---,J — 1. Then by (19), we have (X, Cps tm,)-
To derive Vi j(t,,) we determine the early-ezercise point, x),((p,tm), at time
tm, which is the point where the continuation value equals the payoff, i.e.,
c(x} (Cpotm)s Om, tm) = g(xk,, tm). Many numerical methods can be used to
search the early exercise point, Newton’s method is used here. Based on x}, ((p, tm),
we can split Vj ;(tn,) into two parts: one on the interval [a,z},] and the other

on (z,,b], ie.,
Cropla,x), (Coytm)s tm) + Gr(x), (Cpytin), b)  for a call
Vogttn) = { G076 ) ) + Gl G 1) D 0
(@5 (Cpotm ), byt ) + Gr(a, 23, (Gpy tm)),  for a put,
where
Cl(t,2,tm) = o [ e, Gyrtm)cos (kn =) dw,  (25)
kp(T1,22,tm) 1= s c(@, Cp, tm) cos | kmy—ro | dz,

G (1, 22) as given in (23). To calculate Vi, ; (¢, ), we need to calculate Cy(x1, T2, ty,).
Substituting the approximation of continuation value c¢(z, (p,t,,) of (19) into
(25), we have the approximation of Cy (21, x2,tm):

ék,p(x17x2atm) (26)

2 r2 N T —a
L —rAt 7,7171'% B
= / e Re nE,O B (Cpy tm )™ P coS (lmr 5 a) dx.

x1
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Interchanging the order of integration and summation in the above formula, we
have

'N-1
Crop(1,22,tm) =" > Re[Mp (21, 22) B0 (G tm)] (27)

n=0

where ) 2
Mo (21, 22) 1= r— /gﬂ1 e 5=4 cos <k7r§: a> dz, (28)

where it can be obtained analytically as in Appendix A2. The computation
complexity of é]f’p(l'l,l‘g,tm) for k=0,---,N—-1,p=0,---,J —1,m =
M —1,---,1 can be reduced by a property of the N x N matrix M (z1,22)
with elements My, ,,(21,22),k,n =0,--- , N — 1, which can be decomposed into
a Hankel matrix M¢(z1,22) and a Toeplitz matrix M#(x1,x2). Details about
matrix My, (21, 22) will be given in Appendix A2. Then by (27) and the ana-
lytical formula for G (I, u), we compute Vi ,(t,,) from (24).

Repeating the same computational procedure, we can derive the Vi ,(tm), k =
0,---,N—1,p=0,---,J —1 backward in time from t,;_; to 1, finally we ob-
tain a grid of option prices v(zo, (p,t0),p = 0,---,J — 1 by applying Vi ,(¢1) in
(20) then (19). Then the initial price v(zo, 00, tp) can be obtained by a spline
interpolation or a shift of the grid such that oq is exactly on the grid.

The backward recursion algorithm is summarized as follows:
Initialization

e Find a, and b, by Newton’s method;
e Calculate Vj ,(tar) with the analytic formula;

e By (18) calculate&(lﬁ—ﬁa,(p(p),fork=0,~-- JN—=-1,p=0,---,J—1,j=
0,1,--,J—1.

Main loop to recover V(t,,) from V(t,,41) for m=M —1 to 1

e Fork=0,-- ,N—1,p=0,---,J — 1, with Vj (tm+1) and 3(£=, (;, ()
given for j =0,---,J — 1, Bx((p, tm) is derived by (20).

o With Sk (Cp, tm) given for k=0,--- ,N—1,p=0,---,J — 1, the continu-
ation value ¢(Zy,, (p, tm) is calculated by (19).

e Determine early-exercise point x}, (p, tm) by solving the equation

(25 (Cps tm)s Oms tn) = (@73, tm)
using Newton’s method;

o For (z1,22) = (a,2},(¢prtm)) and (z1,22) = (23,({p.tm), b), calculate
MG p(z1,22) for n =0, N —1, and M§ (21, 22) for k=0,--- ,N—1
by (32) and (31), then derive Mj , (z1,22) and Mg, (21,72) for k =
0,---,N—1,n=0,---,N — 1 by the the property of Hankel matrix and
Toeplitz matrix;
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e Calculate Cy (@, 2*(Cpytm)s tm) and Chp(2*(Cpy tm), b, tn) with (27) for
k=0,---,N—1,p=0,---,J — 1, using the property of product of the
matrix M(z1,x2) with a vector 3((pytm) = (Br(Cprtm))nog stated in
Appendix A2.

e Recover Vi ,(ty,) from (24).
Final step

e Calculate c(zg, (p, to) by inserting Vj, ,(¢1) into (20) and (19), then obtain
v(zo, Cp, to). Use spline interpolation to get v(zo, 0o, to)-

4 Program Manual

We implement the Bermudan options pricing by Fourier Cosine expansion. The
program HAS TO work with the pnl library.

Model Parameters:

lambda: the speed of the mean reversion, A in (6).

eta: the volatility of volatility, n in (6).

vbar: the mean level of variance, 7 in model (6).

v0: the initial value of U, in model (6).

rho: the correlation between log-stock and log-variance process, p in model (6).

Parameters of the product:

S0: the initial value of stock price.

strike: strike of the Bermudan option.

T: the maturity of the Bermudan option.

r: the discount interest rate.

divident: the payout dividend.

M: number of early-exercise dates, the American option price can be obtained
by increasing M to sufficient large.

Flags for call option and put option:
flag:callput flag: 1 for call option, -1 for put option.

Parameters for Fourier-Cosine method:
N: number of Fourier-Cosine series, N in (16).
J: number of steps for quadrature method, J in (16).

5 Appendix
5.1 Al: Gi(l,u)

By definition of G (I,u) and payoff function g(z,t,) = [a- K (e* —1)]", we
have

1, for a call (29)

b—a

2
Gr(l,u) = ——aK (" u") — (", u")], o=
—1, for a put,
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with
o max(l,0), for a call . Jmax(u,0), fora call
~ | min(,0), for a put, | min(u,0), for a put.

and

B { {sin (nﬂﬁ) — sin (nﬂéj—i)} =, n#0

u—1, n=0.

5.2 A2: My, (l,u)

By definition of My ,,(l,u) in (28) and using e’® = cos a + i sin a, we have

)
Mk,n(l7u) = _; ( Z,n(lvu) +Mi,n(l,u)) )

where
c (ul:—lt)lﬂi’ k=n= O’
Mk,n(l’u) = exp(i(n+k)%)—exp(i(n+k)%) . (31)
TE , otherwise
TR o T
z,n yU) = exp (i(n—k) &= _exp (i(n—k) =27 32
p(i(n—k) L2 g—kp(( )H)’ k£n.

The matrices

Mc(l’u) = {M%n(l,u) i\{;ioﬂ Ms(l’u) = {M}Z,n(l’u) A

k,n=0

have special structure: M°(l,u) is a Hankel matrix and M?*(l,u) is a Toeplitz
matrix. Both of the Hankel matrix and the Toeplitz matrix yield the prop-
erty that the products of a vector with Hankel matrix and the Toeplitz matrix
respectively can be transformed into a circular convolution. The product of
Topelitz matrix M*(l,u) with the first column [mg,m_1, -+ ,m1_n] with a
vector u = [ug,u1,- - ,un—1] is equal to the first N elements of m; ® us with
the 2N-vectors:

T
mg = [m07m717"' 7m17N707mN717mN727"' aml] 5

and
ug = [ug, U1, ,un—1,0,---,0].
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The product of Hankel matrix M¢(l,u) with the first row [mg, my,-- -, mn_1]
with a vector u = [ug,u1, -+ ,un—1] is equal to the first N elements of m.® u,,
in reversed order, with the 2/N-vectors:

T
me = [m2N—17m2N—2a e 7m1,mo] ,

and
Uce = [07 aOaanulv"' 7uN—1]-

This property of the product of a vector with the Hankel or Toeplitz matrix
reduces the computation complexity of Fourier-Cosine method. For more details
about the Hankel matrix and the Toeplitz matrix, we refer to [3].
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