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In this paper the main purpose is to simulate the path of the CDO spread and index CDS
using itraxx data. We can’t simulate the path of the spread using copula model we will
use a new framework: the Schonbucher’approach.

Premia 18

1 CDS and CDO

A Credit Default Swap is a contract in which party A pays B a regular cash flow till
maturity in exchange for a compensation payment from party B in an event of default
of the underlying corporate bond. The cash flow as a percentage of the notional, aka
credit spread, is determined in such a way that the contract is worth 0 at initiation of the
contract. The cash flow reflects the probability of the event of default that two parties
agreed upon.
A synthetic CDO is a pool of CDS, of which the cumulative loss on the pool is divided
into different tranches. A tranche holder receives regular cash flow as a percentage of the
remaining balance of that tranche and pays out as loss occurs for which that tranche is
responsible till maturity. For example, the holder of the 3% − 7% tranche gets quarterly
cashflow as a percentage of the balance. When the total loss of the pool exceeds 3%, the
balance of 3% − 7% starts to reduce. When the total loss reaches 7%, the balance of that
tranche is gone. In this pricing module, the percentage is absolute and not relative to the
total loss.
The cash flows of all the tranches are determined as the same way as CDS and they reflect
the joint distribution of the default events of all the underlying CDS contracts.

2 Framework

The model is set up on a filtered probability space (Ω, (Ft)t≥0,Q) where Q is a matingale
spot, the filtration (Ft)t≥0 satisfies all the usual conditions.There are M obliagtors which
default time τi for i = 1 · · · M and we assume that all obligators have identical losses in
default which we normalize to one.

i)The default loss process at time t is defined as:

Lt =
M
∑

i=1

1{τi≤t}
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ii)The Q vector of L(T ) at time t ≤ T is described by the vector of probability p(t, T ) =
(p0(t, T ), · · · , pM (t, T )) given by:

pn(t, T ) = P (L(T ) = n|Ft) 0 ≤ n ≤ M

Assumption 1. The default process L(T ) is a time inhomogenous markov chain then
there exist a transition matrix A(., T ) = ((ai,j(t, T ))0≤i,j≤M

) such:

d

dT
p(t, T ) = A(t, T )p(t, T ) 0 ≤ t ≤ T

and the coefficients of transition rates should satisfy:

M
∑

k=0

an,k(t, T ) = 0 0 ≤ n ≤ M

If we know the matrix of tansition rates we can get the matrix P (t, T ) = (Pn,m(t, T ))0≤n,m≤M

given by:

Pn,m(t, T ) =















0 for m < n

exp
(

−
∫ T

t an(t, s)ds
)

for m = n

Pm,m(t, T )
∫ T

t

∑M−1
k=n

Pn,k(t,s)
Pm,m(t,s)ak,m(t, s)ds for m > n

Assumption 2. One step transition rate

We will assume that we can’t have more than one default in (T, T + ∆T ) that means for
each n = 0 · · · M , an,k(t, T ) = 0 ∀k > n + 1. Then we can get a new expression of P (t, T ):

Pn,m(t, T ) =















0 for m < n

exp
(

−
∫ T

t an(t, s)ds
)

for m = n
∫ T

t Pn,m−1(t, s)am−1(t, s) exp
(

−
∫ T

s am(t, u)du
)

ds for m > n

Proposition 1. Intensity of the loss and time consistency assumption
i)The loss intensity at time t is given by: λL(t) = aL(t)(t, t)
ii) The process (pn(t, T ))t≥0 given by pn(t, T ) = PL(t),n(t, T ) is a Q martingale.

If we set

dan(t, T ) = µ(t, T )dt + σ(t, T )dWt

then by the assumption of time consistency ii) Schonbucher show that:

PL(t),n(t, T )µm(t, T ) = −σm(t, T )vL(t),m(t, T )

where vL(t),m(t, T ) is the volatility of the dynamics of PL(t),n(t, T )
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3 Spread of index CDS and Spread of CDO

3.1 Spread of the CDS index

Let assume that the recovery rate R = 0 and that βt = exp
(

−
∫ t

0 rsds
)

where the interest

rate is deterministc ,The payment leg at time t is given by:

PLt = stE

(

∫ T

t

1

βs

(M − L(s))ds|Ft

)

= st

(

∫ T

t
B(t, s)

M
∑

n=0

(M − n)pn(t, s)ds

)

and the defaut leg at time t is given by:

DLt = E

(

∫ T

t

1

βs

dL(s)|Ft

)

=

∫ T

t
B(t, s)

M
∑

n=0

an(t, s)pn(t, s)ds

The spread st at time t is such that: PLt = DLt then:

st =

∫ T
t B(t, s)

∑M
n=0 an(t, s)pn(t, s)ds

∫ T
t B(t, s)

∑M
n=0(M − n)pn(t, s)

3.2 Spread of CDO

Let (0, aH) a CDO tranche and NU = a ∗ M the upper number of default which impacted
the CDO then the payment leg is given by:

PLt = stE

(

∫ T

t

1

βs

(NU − L(s))1{L(s−)<NU}ds|Ft

)

= st

(

∫ T

t
B(t, s)

NU
∑

n=0

(NU − n)pn(t, s)ds

)

and the default leg is given by:

DLt = E

(

∫ T

t

1

βs

1{L(s−)<NU}dL(s)|Ft

)

=

∫ T

t
B(t, s)

NU
∑

n=0

pn(t, s)an(t, s)ds

then the spread st is given by:

st =

∫ T
t B(t, s)

∑NU
n=0 pn(t, s)an(t, s)ds

∫ T
t B(t, s)

∑NU
n=0(NU − n)pn(t, s)ds

In conclusion if we know the matrix of transition rate the we can simulate the path of
index CDS spread or a CDO spread..

4 Calibration of the spread using itraxx data

4.1 Simulation of the matrix of transition probability

In the first step to calibrate the spread we will simulate the matrix of transition probability
P (t, T ) given the matrix of transition rates A(t, T ). We simulate this matrix with the
function proba see in the file tryschon.c.
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double ∗ ∗ ∗ pr

pr = proba( double t, double T, int M, int nb, double ∗ ∗trans)

where t is the end of the path of the simulation of the spread, T is the maturity of the

spread,M is the number of firms, nb is the number of step,trans is the matrix of the

transition rates and we get:

pk

(

i ∗ t

nb − 1
, t +

(T − t) ∗ j

nb − 1

)

= pr[k][i][(j] ∀0 ≤ i, j < nb ∀0 ≤ k < M ;

4.2 Simulation of the dynamcs of the spread

In the second step given the matrix of transition rates we can simulate the matrix of

probability and using the closd formula’s of index CDS spread and CDO tranche gving

in the last section. We simulate these spreads in the file spread_dynamique.c call by

spread_CDS and spread_CDO

double sp;

sp = spread_CDS( double t, double T, int M, int nb, double r , double R, double ∗ ∗trans)

where r is the interest rate and R the recovery rate.

sp = spread_CDO( double t, double T, int M, int nb, double r , double a , double b, double R,

double ∗ ∗trans)

where (a, b) is the tranche CDO, 0 ≤ a, b ≤ 1

4.3 Calibration of the matrix of transition rates using itraxx spread

Given the matrix of transition rates we know how to simulate the spread of the index CDS

and the spread of the CDO tranche. In this section we explain how to fit the spread of

the itraxx data using the good matrix transition rate

first step: Calibration of A(0, T )

we assume that an(0, s) = cste ∀n, s ∈ {NL · · · NU} × (0, Ti)

Ti = 3Y, 5Y, 7Y, 10Y and {NL · · · NU} ∈ {{0 · · · 7}; {7 · · · 13}; {13 · · · 19}; {19 · · · 26}; {26 · · · 46}; {46 · · · }}

Remark 1. NL is the lower number which reduce the CDO tranche and NU is the upper
number which reduce the tranche for example for the itraxx assuming M = 125 and the
recovery rate R = 0.4 the NL of CDO tranche (0, 0.03) is 0×M

(1−R) and the NU = 0.03∗M
(1−R) .

We take all the CDO tranches of the itraxx and we get the all the set {NL · · · NU}
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We calibrate A(0, T ) with the function initial_rates_CDO in the file initial_calibration.c

.

double ∗ init;

init = initial_rates_CDO(T, nb, r, spread)

where spread is the itraxx spread data for 3Y, 5Y, 7Y, 10Y , M is fixed to 125 and R = 0.4

second step: Calibration of A(t, T ) , t > 0 .

The second step consists to simulate all the path of A(t, T ) given A(0, T ) ,we use the

dynamics of an(t, T ):
dan(t, T ) = µn(t, T )dt + σdWt

Given the volatility of the transition rates we use the consistency property to calibrate

the drift term.

double ∗ ∗ ∗ trans;

trans = calib_rates_CDO(t, T, nb, r, spread)

4.4 Simulation of the spread

Using the calibrated matrix of transition rates we can simulate all the CDO tranche (a, b)
with any maturity T , any recovery R ...The function which give the path of the spread is

calib_spread_CDO and we can find it in the file spread_calib.c

double ∗ sp;

sp = calib_spread_CDO(t, T, M, nb, vol, r, a, b, R, spread)

Remark 2. To calibrate the index CDS we use more and less the same assumptions and
we can find it in the files initial_calibration.c and spread_calib.c which give the index
CDS spread.
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