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1 The Student Copula

1.1 Preliminaries

The default indi
ator variable of the student 
opula and the 
onditional probabilities of the default time

of this 
opula are given by :

Xi =
√

WZi,

Where Zi = ρV +
√

1 − ρ2Vi and
ν
W

= χ2
ν , V , V1, ....VM are M + 1 independent standard gaussians and

independent of W .

Conditional probability with respe
t to (V,W ) :

P (τi < t/(V,W )) = Φ(
W

−1

2 St−1
ν (Q(t)) − ρV )
√

1 − ρ2
)

Default times

In 
ontrast with other 
opulas already implemented in Premia , the 
onditional probabilities depend on

two variables V and W .

1.2 Hull & White and Laurent & Gregory methods

Let Nt :=
∑M

i=1
1{τi≤t}. We have that :

P (Nt = k) =

∫

R

∫

R+

(Φk(v, w)g(w))f(v)dv,

where Φk(v, w) are 
eo�
ients given by Hull & White method's (resp. Laurent & Gregory meyhod's) and

whi
h are numeri
ally de�ned in the pri
er.(See �le CDO_Pri
er/sr
/laurent_gregory.
(or hull_white.
) )

Note that f and g are the fun
tions densitiy of respe
tively V and W . In order to 
ompute e�
iently this

double integral, we employ the method of Gauss & Knorod

1.3 Gauss & Kronrod method's

The Gauss & Kronrod method's 
onsists on 
hoosing some spe
i�
 points xi on a given grid and a�e
ts

them weights wgi su
h that the integral of a given fun
tion f is equal to a weighted sum of the f(xi). In our


ase we use a s
heme of 21 points :

∫ b

a

f(x)dx =
b − a

2
[f

(a + b)

2
wg[11] +

10
∑

i=1

wgi(f(xi −
a + b

2
) + f(xi −

a + b

2
))]

We adapt this method for 
omputing the double integral given above. For this reason we will �x v and use

the Gauss & Kronrod method's a �rst time

Ck(v) =

∫

R+

(Φk(v, w)g(w))

Dk(v) =

∫

R+

(πk(v, w)g(w))
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The points wi of W will be initialized in the obje
t points et and the weights wi will be initialized in the

obje
t weights of the stru
ture student 
opula. In the other hand e have that :

P (Nt = k) =

∫

R

Ck(v)f(v)dv =

∫

R

Dk(v)f(v)dv

In the same way the points vi of V will be initialized in the obje
t points and the weights wi will be initialized

in the obje
t weights of the stru
ture student 
opula. The same method will be used for the other algorithms

on premia 
omputing our 
onditional probabilities : FFT, Hull and White re
ursive approa
h, ...

Initialisation of the Student 
opula


opula ∗ cop;

double ρ = 0.02;

double ν = 5;

cop = init_student_copula(ρ, ν);

2 Double t 
opula

In the framework of the double t 
opula we de�ne :

Xi = ρ

√

(t1 − 2)

t1
V +

√

1 − ρ2

√

(t2 − 2)

t2
Vi,

where V is the student of parameter t1 and V1, ..VM are M Students with t2 parameter. Hen
e,

P (τi < t/V ) = P (Xi < F−1

Xi
(Q(t))/V ) = stt2{(

√

t2
t2 − 2

)
(F−1

Xi
(Q(t)) − ρ

√

t1−2

t1
V )

√

1 − ρ2
}

The most di�
ult task in this algorithm is the implementation of the fun
tion FXi
. In order to solve this

problem we use the following method :

� De�ne a grid of points 
ovring the domain of Xi for all values of ρ,t1,t2.
� Compute FXi

for every point of the grid.

� Use interpolation method to have all the values of fun
tion F .

(See in �le CDO_PRICER/sr
/double_t_
opula.
 :

init_points(copula ∗ cop);

init_cdf(copula ∗ cop);

double_t_cdf(copula ∗ cop, double x); )

Initialisation of the double t 
opula


opula ∗ cop;

double ρ = 0.02;

double t1 = 5;

double t2 = 7;

cop = init_double_t_copula(ρ, t1, t2);

3 Impli
it approa
h : Base-Correlation & Implied Copula

In litterature, several methods permit to 
ompute the spread of a given CDO. However, a 
ru
ial point,

like usually in �nan
ial problems, is the 
alibration of the model parameters and the evaluation of exoti


produ
ts or less tradable produ
ts on the market. In our framework, we will suppose that the CDO tran
hes

are standard (the itraxx, CDX and IG tran
hes) and our aim is to evaluate the spread of a non standard

tran
he using informations on standard ones. The Base-Correlation and implied-
opula are the most useful

methods to solve this problem.
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3.1 The Base Correlation method

The Base 
orrelation method 
onsists on 
omputing the impli
it 
orrelations of the tran
hes not leading

to arbitrage opportunities. Now, we introdu
e the "tran

he 
orrelation"

3.1.1 Tran
he 
orrelation

Given a spread on a tran
he of a standard CDO, the tran
he 
orrelation is the obtained 
orrelation by

inverting the spread formula of a CDO tran
he by the Laurent & Gregory method or by Hull & White one.

In the following, we set ρm for m = 1, .., 5 the 
omputed tran
he 
orrelations and ρBi is the Base 
orrelation

of the ith tran
he given by :

C(0, aHi , ρBi) =
i

∑

m=1

C(aLm , aHm , ρm) (1),

where aLm and aHm are respe
tively atta
hment points and posting ones asso
iated to the m tran
he. By


onvention we set aL1 = 0. The quantity C(aLm , aHm , ρm) denotes the loss on the tran
he [aLm , aHm ] by

onsidering the 
orrelation ρm. The equation (1) ensures the abs
en
e of arbitrage opportunities : the loss on

the tran
he [0, aHi ] is equal to the sum of the losses on tran
hes [0, aL1 ], [aL1 , aL2 ], ....[aLi , aHi ].

3.1.2 The spread 
omputation of a non standard tran
he using the Base 
orrelation method

In order to 
ompute the spread of a non standard tran
he [aLm , aHm ] (e.g. [0.04,0.05℄) using the "Base


orrelation" method, we will pro
eed as follows :

� First, we 
ompute the base 
orrelation of the standard tran
hes [0, a
′

Lm ] and [0, a
′

Hm ] ,a
′

Lm and a
′

Hm

denote the posting points su
h that aLm ∈ [0, a
′

Lm ] and aHm ∈ [0, a
′

Hm ].
� Using an interpolation method we 
ompute the base 
orrelation of the tran
hes [0, aLm ] and [0, aHm ].
Hen
e, we 
an 
ompute the loss on these tran
hes and then dedu
e the loss on the tran
he [aLm , aHm ].

� Given the loss on the tran
he, we will 
ompute the tran
he 
orrelation by inverting the loss formula.

� Finally, given the 
orrelation we 
an 
ompute the spread of a CDO tran
he.

The pri
er fun
tion 
omputing the base 
orrelation, the impli
it 
orrelation of a tran
he and the spread

tran
he are in �le CDO_PRICER/sr
/Base_Correlation.


correl_impl = Base_Correl(produit ∗ prod, double ∗ s1, double s2)

correl_tranche = rho_Base(produit ∗ prod, double ∗ s1, double s2)

pl = pl_Base(produit ∗ prod, double ∗ s1, double s2)

dl = dl_Base(produit ∗ prod, double ∗ s1, double s2)

Here, prod is a stru
ture 
ontaining the 
hara
teristi
s of a CDO (maturity ,number of �rms , atta
hement

points and posting points). The ve
tor s1 denotes the spread of the standard tran
hes and the ve
tor s2

denotes the spread the CDS Index.

3.2 Implied Copula

The Hull and White idea is to 
ompute the intensities thanks to the market data. The distribution

fun
tions of these intensities will lead us to evaluate the non standard spread tran
hes.

3.2.1 How to 
hoose the intensities

The intensities will be impli
itly de�ned as a data given by the standard tran
hes and the CDS index.

We have the data over six produ
ts : the spreads of the standard CDO tran
hes and the spread of the CDS

index. The idea is to de�ne a minmal intensity and a maximal one, then 
hoose the intensities in this interval.

More pre
isely, we set λmin = 0 the minimal intensity and λmax the maximum one . The maximum intensity

is 
hosen su
h that P (τ ≥ T ) = 1, where T is the maturity. We denote :

V (s, λ) = PL(s, λ) − DL(s, λ)

the value of a 
ontra
t produ
t, where PL(s, λ), DL(s, λ) are respe
tively the premium leg and the default

leg. We set :

Vmin =

6
∑

i=0

Vi(λmin), Vmax =

6
∑

i=0

Vi(λmax),

3



where Vmin denotes the sum of the 
ontra
ts over our produ
ts by using the intensity λmin. However,

Vmax denotes the sum of the 
ontra
ts by using the intensity λmax.

The n intensities (λk)
1≤k≤n that we will 
hoose su
h that the sum of the 
ontra
ts 
omputed by using

the intensities on the interval [λmin, λmax] 
over uniformly the interval [Vmin, Vmax] :

6
∑

m=1

Vm(λk) = Vmin +
k − 1

n − 1
(Vmax − Vmin),

for all k = 1, ..., n.

3.2.2 How to 
hoose the probabilities

Given the impli
it intensities, we have to de�ne the probabilities :

πk = P (λ = λk)

and the value of the 
ontra
t produ
t :

Vm =

n
∑

k=1

πkVm(λk).

The probabilities πk asso
iated to the intensities are de�ned su
h that the value of evry 
ontra
t is equal to

zero :

Vm =
∑n

k=1
πkVm(λk) = 0 m = 1, ..., 6

s
 :πk ≥ 0
∑n

k=1
πk = 1. This will leads us to solve the following optimization problem :

minπ{
6

∑

j=1

V 2
j (π)) +

c

2

n−1
∑

k=2

(πk+1 + πk−1 − 2πk)
2

λk+1 − λk−1

}

sc :

n
∑

k=1

πk = 1 πk ≥ 0

where c is a penalization 
onstant. The fun
tions 
omputing the PL and the DL of a given tran
he

using the implied 
opula method are in �le CDO_PRICER/sr
/Implied_Copula.
.

pl = pl_impl(produit ∗ prod, double ∗ s1, double s2)

dl = dl_impl(produit ∗ prod, double ∗ s1, double s2)
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