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Abstract

This paper presents a sparse grid finite difference method to compute an approxi-
mation of European option price. In the first part, we will give a short description of
our model and the PDE formulation associated to the option pricing problem. Then,
we will describe the sparse finite difference method use to solve the PDE. Keywords:
finite difference method, sparse grid, variance swap model.

Premia 18

Introduction

We derive a numerical scheme to compute approximation price as solution of PDE.

In this paper, we are interested in the PDE formulation and discretization schemes for
a multi-factor stochastic volatility model (Varswap-nd for short). We study the pricing
problem for a European call option when the volatility of the underlying asset is random
and follows the exponential of a sum of Ornstein-Uhlenbeck process. This is a generalization
of the Scott model in the one factor case.

*Email: david.pommier@inria.fr
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1 Model definition

The random diffusion model proposed is a four-dimensional market process that takes a
log-Brownian motion to describe price dynamics and a sum of Ornstein-Uhlenbeck subor-
dinated process describing the randomness of the log-volatility.

dSt = (7" — q)Stdt + O-tStth' (].)

We suppose a; = f (Y;), where f is a positive function and (Y;) is the driven process. Some
examples of driven process and f function are presented in [3],[1] for one factor model.

Definition 1.1 (multi-factor model). We consider a driven process (Y;) defined in R™,
so the stochastic volatility (o) depend of a n-dimensional Ornstein-Uhlenbeck process Y; =

T :
(Y;l, e ,Y;") . All one dimensional process Y, 1 <1 < n follows the stochastic differential
equation: ' '

dY; = Xi(m; = Y))dt + BidZy, (2)
where \; and [; are positive constants. We suppose that Wy and Z; are two Brownian
motion with a correlation factor equals to p.

In the following, we consider
1<
J(Y2) = o exp (2 2 YJ) . (3)
i=1

With this choice of volatility function, m; = 0 seems to be natural.

Remark 1.2. Note that n OU process are perfectly correlated. The SDE (2) are driven by
only one Brownian motion.

First, let us note that close formula methods have been not find for this model. This
is due to our choice of f, the volatility function. So we propose a Monte Carlo method to
deal with convergence of Sparse Grid method.

We will present here some technicals points in problem formulation.

To reduce complexity in implementation and subtract some terms in the PDE formu-
lation, we solve problem on Forward Price in place of Spot Price. So we consider than the
discounted price P; of an European contract depend of ¢, F}, V;!, ..., Y;" where F} is given
by :

F' = exp((r — q)(T —1))S,.
To give same rules to each Y}, we use a change of variable. With this, all of them have the
same variance (= 1) at time 7' = oo. We define Y}/ = \/;TY;, so (2) becomes

dY; = —\Yidt ++/2)\dZ,, (4)

and (3) becomes

(%) = vewp (335 2. 5)

We keep the Y; in place of Y, in the following.
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2 Monte Carlo Method

We use a standard Euler scheme for the Monte-Carlo discretization. We apply standard
reduction variance method. This method is consistent with the PDE formulation study in
the next part. We will not compute price in our model, but the surprime u, define as the
difference between the price in our model and the Black & Scholes price with good choice
of volatility.

In other word, we define

Fl =exp((r —q)(T —1))S,, dE! = ooFLdW,.
The suprime is obtained by an approximation of:
u=E[h(F') - h(F)|F]. (6)

To reduce variance on u;, we consider only Put option in choice of h in (6). To define P,
for a call (resp put) option, we add Black & Scholes price of a call (resp put) at u,.
We make choice to simulate z; = log (F T)

3 PDE formulation

With standard assumptions, we can show that

Proposition 3.1. The price of Furopean option is solution of the following backward PDFE,
with x; = log (FtT) :

or 1 ,O*P 1 (92
EJFif( y)? w—§ p;ﬁz R
- 82 " OP .
= Zﬂzﬂja X ~ Y Aip-= 0, (tzy) €[0,T) xRxR",

=1 (

P(z,y,T)= h(x), (z,y)€RxR"

1] 1
(7)
where T is the maturity contract and h the payoff function.
We now apply same technique as used in Monte Carlo method.

Proposition 3.2. The surprice u; defined by (6) is solution of the following forward PDE:

ou 1 5, 0%u “ 0%u
9 5 (y)? 922 *f 9. pzﬁz 8x8yz (8)

2
Y Z 515]8 a + Z 1yza - ; (f(y>2 - U%) VegaBS (.Clj,t) )

'Lj 1 t
u(z,y,0) =0, (z,y)€RxR",

with the change of time t — T — t.
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4 Short introduction to sparse grid finite difference
method.

We will give some notations in the first paragraph. After that, we will give some examples
on elliptic problems and the discrete scheme to solve it with sparse grid methods.

Note that consistency results have been prove in [9], more reading prove have been
proposed in [5].

4.1 Notations and Preliminary Results

Consider a boundary value problem in the hypercube Q = (0,1)%. One can think of a
Poisson problem Au = f with the Dirichlet boundary conditions u = 0 on 99Q. Let H'(Q)
be the Hilbert space of the square integrable functions whose first order partial derivatives
are square integrable too. The norm in H'(Q) is ||v|| g1 = \/||U||2L2(Q) + [v[35q) where
ol = Tk Ha%H%Q(Q)' Let H}(Q) be the completion in H'(Q) of the subspace of
smooth functions compactly supported in €2. The last elliptic problem has a weak or
variational formulation in Hj(Q2): find v € H(Q) such that [, Vu- Vv = [, fo, for all
v e H (D).
Assume that the solution of the Poisson problem is approximated by a conforming piecewise
multi-linear finite element method on a Cartesian mesh, more precisely with piecewise
linear functions of total degree < d. This is the lowest order finite element method on
this mesh. Assume that the mesh is uniform and that each element is a cube of size
n~!. It is easy to see that the dimension of the approximation space is of the order of
n?: the algorithmic complexity grows exponentially with d, which actually forbids the use
of this method for d > 4. This too rapid growth in complexity is known as the curse of
dimensionality.
Yet, quite recent developments have shown that it may be possible to use deterministic
Galerkin methods or grid based methods for elliptic or parabolic problems in dimension
d, for 4 < d < 20: these methods are based either on sparse grids [1] or on sparse tensor
product approximation spaces [(].
In this paragraph, we aim at rapidly describing the principle of sparse approximations.
This presentation heavily relies on the review article by H.J. Bungartz and M.Griebel
[2]. We concentrate on the previously mentioned Dirichlet boundary value problem in (2.
The solution u will be approximated by a Galerkin method, i.e., a variational problem
posed in a finite dimensional approximation space V;, instead of Hj(Q2). The goal is to use
approximation spaces V,, whose dimensions do not grow too rapidly with d.
The results below are proved in [2].

In this section, bold letters will stand for d-uples: for example, * = (z1,...,24) and
a=(ay,...,aq). Weset 1 =(1,...,1) € R and 0 = (0,...,0) € R Take a sufficiently
smooth function f defined on [0, 1]¢; if & € N% we call D®f the partial derivative

olel

= (5] Qg
Ox{'...0xy

DO f
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where |a| = % | a;. For two multi-index o and B and a scalar \, we define

d
OL,B:ZOQB“ )\Oé:(>\041,...,)\0éd), 2a:(2a1,...,2ad).
i=1
We say that a < Bif a; < fB;,i=1,...,d, and that a < B if a < B and « # 3.
Let us introduce the functional spaces X" (€2), for » € N and ¢ € [1, +o0]:
X(Q) ={ue L1Q), Vas.t. a <rl, D% € LY (NQ)}, 9)

which are endowed with the semi-norms:

1
U] ga = (/ ]Dau]q)q , a<rl, if q< oo,
Q
U] oo, = || DUl o), e <rl, if q = o0.

Note that X %" () is embedded in the more usual Sobolev space W' (Q) = {u € L1(Q), Va s.t. |a| <
r, D e L1(Q)}.
For a multi-index £, consider the Cartesian meshes 7, of Q with mesh steps hy = 27¢ =
(27%,...,27%). The grid nodes of T, are the points &, =2 - hy, 0 <12 < 2%
We note by ¢ the mother hat function:

11—z iflz] <1

o) = { 0 if o > 1,

and ¢, the d-dimensional hat function:

H Tl — ’Lk (10)

¢K 7 -
k=1
We call Vj
Vi, = span (qﬁg,l, 1<2<2f— 1) (11)
We also consider the wavelet subspaces:
Wi, = span {¢g,, 1 <2 < 28— 1,05 0dd 1 <j < d}. (12)
We have

D W

1<k<t

The basis of V; obtained by assembling the previously mentioned bases of Wi, 1 < k < £
is called the hierarchical basis of V5. Calling I, = {2 < 2¢—1 : i; odd ,1 < j < d}, the
hierarchical basis of Vg is {¢k,, ¢ € I, k < £}. Note that the completion of @,y W
with respect to the H'(Q) norm is exactly H} ().

Rescaling the ¢y, as follows

Yo = —2"F g e I, (13)

we obtain another basis of Wj,.
If a function u is smooth enough, then the coefficients of its expansion in the hierarchical
basis are obtained by a simple integral formula:
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Lemma 4.1. If u € H}(Q) N X'%(Q), then
U= Z Z Uk Pa, where ug, = / D3y - Yoy (14)
Q

k>11€1y,

By using Lemma 4.1, one may evaluate the contribution uy of a subspace Wy to the
hierarchical expansion of w:

Lemma 4.2. If u € H}(Q) N X?*2(Q), then the component u, € Wy, of the expansion of u
in the hierarchical representation is such that

|tk L2y < 2_2|k‘3_d|u|2,27

J=1

d 2
< 2—2|k‘3—d+% 22/{:j (15)
|uk|mq) < > [u2,2.

4.2 Sparse Methods, approximation results

It is clear that the dimension of V} is H?:1(2£j —1). In particular, dim(V,,;) = (2" — 1)<.

As already mentioned, the full tensor product space V,; is often too large for practical use

when d > 4.

Let us give an example of a sparse Galerkin method: the discrete space is chosen to be
Vo = b W (16)

1<k [k|<n+d—1
instead of the full tensor product space V3 = @1<x<,1 Wi. One may prove that
d—1

(d—1)!

Therefore dim(V},) is significantly smaller than dim(V,1). It can be seen that a Galerkin
method with V,, is feasible for d of the order of 10. On Figure 1, we display the bases of
V,1 and V,.

Consider the discretization of the Dirichlet problem in 2: the discretization error of the
Galerkin method with the approximation space V,, (resp. Vj,1) is of the same order as the
best fit error when approximating the solution of the continuous problem by a function of
Vi, (resp. Vp1). Let us assume that u is smooth. We know that inf ey, [|[v — ul| g1 <
C27"ulywz2(q), where [ulfy2siq) = Xjaj=2 [[D*ul|72(q). Since V,, is much smaller than V1, a
similar estimate is not true for inf,ecy, ||v —u| g1(q). Griebel et al have proved the following
theorem:

Theorem 4.3. Ifu € H}(Q) N X?*2(Q), and if u,, € V,, is the component of the expansion
of w in the hierarchical representation,

dim(V},) = 2" ( + O(nd_2)> : (17)

o=l Azl /o g1 _ _
P e o1 R ) [ C s (A
2= d—1
|U — un|H1(Q) S < Z) |U|2’2 = 0(2*")|u|272. (19)
V3691 =
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Figure 1: The case d = 2: each entry of this array corresponds to a pair of integer
k = (ki,k2), 1 < ki, ks < 4, and contains the grid corresponding to Wy. Each space Wy
is the tensor product of two spaces whose bases are plotted on the sides of the array. The
full tensor space V,,1 is given by V1 = @1<g<n1 Wi whereas the sparse tensor space V), is
given by V,, = @1<k kj<n+a—1 Wk, (only the spaces W corresponding to the entries above
the diagonal are used to construct V,,)

Theorem 4.3 says that under the assumption that u € H}(Q2)NX?*2(Q) (which is a rather

strong regularity assumption, much stronger than the assumption v € Hj(Q) N W?2%(Q)
required when the full tensor product space is used), then using the sparse approximation
space V,, instead of the full tensor space V,; does not deteriorate the accuracy, at least
with respect to the H' semi-norm. There is a moderate deterioration for the L? norm of
the error.
In our presentation, we have focused on sparse methods based on tensorizing one dimen-
sional hierarchical bases made of hat functions. This technique can be generalized to
other classes of bases functions, for example higher order piecewise polynomial functions
or wavelets as in Figure 2.

Figure 2: An example of wavelets
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4.3 Sparse Grids Finite Difference Method

Before defining finite difference methods on sparse grids, we need to introduce new nota-
tions and concepts.

Consider the one variable shape functions: ¢p;(x) = ¢(2z — i), £ > 1,1 < i < 2° — 1,
and call V; the space spanned by (¢g;)1<;<2¢—1. Call Wy the subspace of V; spanned by
(¢e2i-1)1<i<oe-1. We have V; = W, @ Vy_1. We have already seen that V; C ...V, C
Vie1 C ... is a multiresolution analysis of H}((0,1)). For a function v € C°([0,1]) s.t.
u(0) = u(1) = 0, we have

00 28—1
u=> Y ugidizi-1,
(=1 i=1
and the projection of u on V} is
21 ¢ 2k—1
i
Z (OIS Z Z Uk, i Ok, 2i—1-
i=1 k=1 i=1

The change of coordinates (u);_; e 1+ (Wgi)pe1. ri1.. 20— is called Ty, which define

777777777

transformation from nodal base to wavelet /hierarchical base. We call U, and U* the column
vectors: U* = (ub?, ... ,u“zfl) e R and U, = (W1 Upoe-1) € R2". We have

Uy
U = |
Uy
We denote by P’ the restriction operator
P':C([0,1]) —» R*~', Plu=U" (20)
Note that T[l is the representation of the operator P’ in the wavelet basis, i.e.,

ok—1 Ul
Pt (Z Z Uk,z'¢k,2i+1) =T, :

k<t i=1 Ué

We introduce the interpolation operator I*:

201
R 5 0%0,1]), I'U =Y wign, (21)
i=1
We also denote by D’ the finite difference operator for the discretization of j—;:

D' R¥~! — R¥ !
1 22
VU,V e R*"! (DU, V) =2 / (I‘uy(r‘vy. 22)
0
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We consider the uniform grids of (0,1): w’ = 27¢{1,...,2° —1}. For £ € N?, 1 < £, we
introduce the Cartesian grid of Q: Qf = []%, w%. A grid function on Q¢ is a mapping
from Q¢ to R. The space of the grid functions on Q¢ is exactly [T%_, R2“~!. The mapping
(U")1<pent1 F> U = D 1<yt q U, is an isomorphism from the space of the grid functions
on Qf onto V; defined in (11). Moreover, the function u can be written on the wavelet
basis u = Y 1<p<p Youer, UkaPra- Calling Ug the vector (ug,)wer,, the grid function will be
represented by the family (Ug)1<g<e-

For a positive integer n, we define the sparse grid Q" as follows:

Q" = U1§g7|g|§n+d_1Q£ c QL. (23)

An example of a sparse grid in dimension d = 2 is presented in Figure 3.

Sparse Grid Level 8 Din 2

Figure 3: An example of a sparse grid ford =2, n+1=28

A grid function on Q" is a mapping from Q" to R. The space of the grid functions on
2" is isomorphic to V,, defined in (16). As for the full tensor grid, a grid function on Q"
can be represented on the wavelet basis by 321 <k jkj<n 2ser, Uk Pk, Calling Uy the vector
(Uk)eer, » the sparse grid function will be represented by the family (Ug)1<k,kj<ntd—1-

We now define the sparse finite difference discretization of 59—;2: given the vectors k =
1
(ka,...,...kq) € N*! i € I and a sparse grid function represented by (Ug)1<k,k|<ntd—1

let k be the positive integer k =n +d —1 — |Ivc|, we introduce Uy, by

' T
U:. = : where U(j,k,’i) - <U(J7I}),(m,i))

{m odd, 1<m<2i—1}
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Proposition 4.4. The sparse grid discretization of the operator 68—; is
1

(Uk)1<k,k|<n+d—1 = (Vi) 1<k, k|<n+d—1

krp—1 (24)
such that Vi, =T, D17 Uy, Vk,v € I
The sparse grid discretization of the operators 8872?, %, j=1,...,d, can be done in a

similar way.

Classical finite difference operator on (0,1) Let we call the linear finite difference
schemes. They should be compute as a matrix vector product which include usual scheme
of order M, but exclude ENO schemes. All this operator should be use in place of D* in
(24).

e For operator —:
ox

— Centered scheme of order M = 2 :

ou
E (x =) = (D%u)Z = R : (25)

— Left decentered scheme of order M = 1:

U w(z;) —u(x; —27¢
gm(a::xi)%(D[uL: (@) 2(2 ) (26)

— Right decentered scheme of order M = 1:

wlm +274) —u(x;
(v =)~ (Diu) = (i + 2_2 ( >. (27)

@
ox

e for second order operator, centered scheme of order M = 2:

ul(z; +27) —2u (2;) +u (z; —27¢

0%*u

da?

e Product by tensor product coefficient : suppose that ¢ (x) = ¢1 (21) ... cq (xq),

d
HCZ.:T(d)OCdOT(d]jO"'OT(l)OClOTa])-. (29)
=1

Remark 4.5. As see in (29) standard multiplication is could be very expensive in com-
putational time. In fact, we have to do the product on the nodal base, so we have to
apply transformation from nodal to hierarchic and the inverse in each direction which c is
dependent.



14 pages 11

4.4 Consistency result

It is natural to define the restriction operator P¢: u > u|ge and the interpolation operator
F=1" . @I%: [IL,R* " = Q). The finite difference approximation of 92 u on
the grid Q¢ is (Ifo (D*® Id)o P%)(u). It has been proved by Koster, see [5], that the sparse
grid approximation of 92 ,u can be written in terms of these finite difference operators:

Theorem 4.6. For a function u € C°(Q) s.t. u =0 on 99Q, we note D, (u) the function
of Vi, whose expansion in the wavelet basis is given by (Vi)i<k|kj<nta—1 i (24), where
(Uk)1<k,k|<n+d—1 5 the expansion on the wavelet basis of the projection of u on V,. Then

D, (u) = ( > f(E)I* o (DM @ Id) oPk) (u), (30)

1<k, [k|<n+d—1
where f(k) is recursively defined by

f(k) = 0, if k| >n+d—-1o0rk <1,
fk) = 1—=> f€), iflkl<n+d—1andk > 1.
Lkt

Before stating a consistency estimate, let us introduce some Hoélder spaces: let a belong
to R%. Call [a] the vector of N whose i*" component is the integer part of ;. Call

{a} = a — [a]. We note C*(2) the space of continuous functions u such that for all
B < [a], DPu is continuous and

Dlel h) — Dl
Sup{\ u(@+ h) — Dl(a)|

T[T g ) &, x+heQ|h]>01= 1,...,d} < 4o00.

The last quantity corresponds to a semi-norm on C*(Q2), which we call |u|caq)-
Theorem 4.6 is the key to the following consistency estimate, obtained in [5]:

Theorem 4.7. Assume that u € C*(S2), where cy > 2, a; > 0,7 =2,...,d, and that u =0
on 0S). Let P™ be the restriction operator on the sparse grid Q,: P™(u) = u(2,). We have
the consistency error estimate

0*u

2
Oxt

1P (55) = P" 0 Dn(u)|os < Cn27mminler=2ezecaDy| g g (31)
Similarly, for the sparse discretization of the Laplace operator, the consistency error may
be bounded by Cp2mmin(e1=2ez=20a=22) ly| . o if u € C(Q) with oy > 2,7 =1,...,d.
We see that the sparse grid discretization of A is consistent and that the consistency error
is almost of the same order (up to the factor n) as the consistency error obtained with a
full tensor grid.
We are left with studying the stability of the sparse grid discretization. As far as we know,
there is unfortunately no theoretical stability estimates. There is even no proof that the
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matrix D arising in the discrete problem is invertible. Indeed D does not fall into the well
studied classes of matrices: in particular, D is neither a symmetric nor a M matrix. No
discrete maximum principle is available. Nevertheless, numerical tests were done in [9],
indicating that the stability constant , i.e., ||D™}| s is bounded by Cnd=1,

If such a stability estimate is true, we see that the sparse grid discretization of the Poisson
problem is convergent, with an error of the order of nd2-"min(@1-2,02=2,..,aa=22) "if ¢, ¢ CQ(Q)
with a; >2,i=1,...,d.

4.5 Sparse Grid in practice

Consider Poisson problem on (0, 1) with Dirichlet homogene conditions.

" 0%

i=1

The discrete approximation of this problem is obtain by (24) :

(}nj TZ-D“'Tﬂ) U=F. (33)

=1

In fact, all application 7;,D'%,and T} ! is associated to matrix with only three non zero
entries by row. So Matrix application is never construct to preserve optimal complexity.
and the best way to solve (33) without construct matrix, is to use Krylov minimization
methods like GMRES or BICGSTAB. We only need to matrix vector application construct

by applying step by step all applications in <Z TiDl’iTi1> U.
i=1
Examples to solve Poisson Problem and Heat equation is given in examples/libpnl
repository. It seems to be the best way to study Sparse Grid code.

More details on implementation is given in [7] chaper 9.

5 Application of Sparse Grid Method in Finance

We study in this part, the discretization of (8) by a sparse finite difference scheme.

5.1 Exact PDE formulation

Localization The initial problem (8) is given on a non-bounded domain. To apply
numerical method, we have to truncate domain and impose boundary condition.

e on y; = y"**, flow is out drawing so boundary condition don’t impact solution in
center of domain.

max

e onx=2x""orz=2x"" u(xr,y,. .. ,Yst)=0.
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ou 1 82 - (92u
9t §f(y) G *f o PZ@ 8x8yz (34)
1 2 2
—”21 B o 8 ot Z g 5y = 3 )" = 00) Vegas (x,1).
(35)
with (z,y,t) € [2™", ™) x [~y y"**] x [0,T] and
u(w,y,0) =0 (z,y) (v,y,) € [2™",a™] x [~y yi"]
u(xmin/mam7y’ ) =0 (y’t) S [_yz 7y;na$] [O7T]
w(x, y™mmee 1)y =0 (z,t) € [x™MT ™) x [0, T] (36)
Technical point To reduce point wise multiplications operator L given by
82u 1, L,ou " PPu
— — == — )\
is written in source code as follow
1P f(y)*u 1 6’f( fly)u 9lnf(y) of (y)u
Lo =55 2 Zﬁ% a dy; Oy Oz (38)
2 n 816
+= ij:lﬁzﬁja a ;)‘zyzail

5.2 Time discretization

We apply 6-scheme for time discretization. We note w,(z,y) the approximation of u at
time t,,. Equation (34) becomes

% — L (Ouy, + (1 —0)up—) = ; (f(y)2 — 08) Vegaps (q:, tnfé) : (39)
We have to solve at each time step, same equation as (32) :
(1 —0AtL)u, = f, (40)
with 1
(1+(1—0)AtL) u,1 + At§ (f(y)2 - 0(2)) Vegaps (a:,tn_g . (41)

6 Conclusion

Lots of details not given here like : use of other boundary conditions, preconditionner
construction, code structure, ..., could be found in [7].
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