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Premia 18

Introduction

The valuation of American options on two stocks, also called two-colours Rainbow options by
practitioners, is an important problem in financial economics since a wide variety of contracts
that are traded in the O.T.C. market involve such options (Exchange options, Best-of options).
Unlike European options, American options cannot be valued by closed-form formulae, even in
the Black-Scholes model, and require the use of numerical methods.

1 American Options on Two Stocks

The price at time 0 of an American option on two stocks in the Black-Scholes setting is given
by
PA(0,51,82) = sup E {C_TTQZJ(S,}7SE)} .

TG%,T

This price can be formulated, after a logarithm change of variable, in terms of the solution u to
the following variational inequality (see e.g. [10]),

p)
2 Oz

du | 9% 9%u | 95 92 ) ) 92 . 2
max (w—u,a—?—k—lJ 728—;5+a18—£+a23—x1;+p0102w;x2—ru> =0, (t,x1,22) in [0,T[xR
U(T,ﬂl’l,l’Q) = ¢(ex176x2)

(1)

by Pa(t, s1,s2) = u(t,In s1,1n s3).
With the time change of variable ' = T — t and the following geometrical transformation :

(07

(z,y) — (X,Y) = (:): x cos(0) + y * sin(f), (5) : (y * cos(0) — x * sin(&)))
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with, if 0% — 03 #£0

tan(20) = 20’7”1"3 ,

1792
_ (02+03) cos(20)+02—032

4 cos(20) ’
_ (02402) cos(20)+02—0?
8= 4 cos(20) ’
if, 07 — 03 =0, ,
0 — Tg\,
0= (1+1o).
B =31~ lpl).

one obtains,

min (@ZJ —u, % — aAu — grad(vu) + ru) =0, (t,x1,22) in [0, T[x R?
U(O, €1, .132) - w(exl ) em2)

U= ((r—)\l—aj) cos(0)+(r—)\2—02%) sin(6), ((r — Aoy — 02%) cos(f) — (r— A — 02%) sin(@)) (%

2 The finite volume schemes

Let us consider the problem :

ou

a(x,t) + div(u(z, t)v) — aAu(x,t) + ru(z,t) >0, (z,t) € 2x]0,T] (3)

u(z,t) > P(x), (z,t) € Qx]0,T]| (4)

<(z)l; (z,t) + div(u(x, t)v) — aAu(z,t) + ru(a:,t)) (Y(x) —u(z,t)) =0, (x,t) € 2x]0,T[ (5)

u(z,0) =¢(x), v € Q (6)

under the following assumptions
Assumption 1. 1. d € N*,
2. Q C R? is a bounded open polygonal,
3. ap € HY(Q) N C%(Q),
4. ¢ >0 a.e on €,
5. T >0.
A weak for of the problem (3)-(6) yields the following variational inequality :

x]0,T[), u(x,0) = (), p.p. = € Q, satisfying :
t)v )> (v(z,t) —u(z,t)) + aVu(z, t)V(v(z, t) — u(x,t))dz >0

we L0, T; H(Q)), % € L2(Qx
/ <é;q:(m t) + ru(x, t) + div(u(z,
p.p t €]0,T[,Yv € H'(Q),v > 1.

(7)
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By [12], there exits a unique solution of (7).
In order to obtain a numerical approximation of the solution of (7), let us now describe the
space and time discretization of 2x]0, T'.

Definition 1 (Admissible meshes). An admissible mesh of Q) is given by a set T of open bounded
polygonal convex subsets of Q called control volumes, a family € of subsets of Q contained in
hyperplanes of R® with strictly positive measure, and a family of point (xx)ke 7 (the "centers”
of control volumes) satisfying the following properties:

(i)  The closure of the union of all control volumes is €.

(i1) For any K € 7, there exits a subset ek of € such that 0K = Ugye g 0. Furthermore,
€ = Uke T€K-

(i)  For any (K, L) € 7% with K # L, either the "lenght” (i.e. the (d-1) Lebesque measure)
of KNLis0 or KNL =& for some o €. In the latter case, we shall write 0 = K|L
and gipy = 0 € ,3(K|L) € 7*,0 = K|L. For any K € 7, we shall denote by Ny the set
of boundary control volumes of K, i.e. Ny ={L € 7,K|L € ex}.

(iv) The family of points (v )ke 7 is such that xx € K (for all K € 7) and, if o = K|L, it
is assumed that the straight line (xg,xr) is orthogonal to o.

For a control volume K € 7, we will denote by m(K) its measure and ecyt i the subset of the
edges of K included in the boundary 2. If L € Nk, m(K|L) will denote the measure of the

edge between K and L, Tg | the "transmissibility” through K|L, defined by Tr|;, = d@fg).

Similarly, if 0 € et i, we will denote by m(o) its measure and 7, the "transmissibility " through

o, defined by T, = #}:2}_). One denotes cept = Uke TEext, KN for 0 € €cpt, one denotes by K,
the control volume K such that o € ezt ic. The size of the mesh T is defined by

] = diam(K 8

size(T) max iam(K), (8)

and a geometrical factor, linked with the regularity of the mesh, is defined by

diam(K)
reg(T) = max (carde g, Jnax a0

)- 9)

Definition 2 (Time discretization of (0,7")). A time discretization of (0,T) is given by an
integer value N and by an increasing sequence of real values (t"),epo,n4+1) With t° = 0 and
tN+L =T, The time step is uniform and defined by 5t = t"+*1 — ", for n € [0, N].

Definition 3 (Space-time discretization of Q x (0,7)). A finite volume discretization D of
Q% (0,T) is a family D = (7,¢, (v ) Kke 7, N, (t" )necjo,n]), where 7, ¢, (k) ke 7 is an admissible
mesh of Q in the sense of Definition 1 and N, (t"),cjo,n41) 95 a time discretization of (0,T) in
the sense od Definition 2. For a given mesh D, one defines :

size(D) = max(size(T), dt),
reg(D) = reg(T).

Let us now introduce the space of piecewise constant functions associated with an admissible
mesh and some "discrete Hy" norm for this space. This discrete norm will be used to obtain
some estimates on the approximate solution given by a finite volume scheme.

Definition 4. Let Q be an open boundedpolygonal subset of R, and T an admissible mesh.
Define X (1) as the set of functions from Q to R which are constant over each control volume of
the mesh.
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Definition 5 (Discrete norms). Let Q be an open bounded polygonal subset of R, and T an
admissible finite volume mesh in the sense of Definition 1. For u,v € X (1) we define a scalar
product by

[w,v]1,7 =Y TsigmaDouDov = Y Trp(up —ug)(vp —vk) + », Tretkovks — (10)
oece TEEint OECEext
o=K|L

where, for any o € e, T, = Wzl(:) and

Dyu = |ugur| if o € gint, 0 = K|L,

Dou = |ug| if 0 € €K exts

where ug denotes the value taken by u on the control volume K and the sets €, int, Eexts EK ext
are definied in definition 1. We note ||||1.+ the discrete H} norm associated.

The schemes :

Let D be a finite volume discretization of ©Q x (0,7"). Let us now define an implicit up-

. . . o n+1 ~
wind finite volume scheme, the discrete unknowns are u = (uy"™ ), er,ne0,7T] and @ =
~n+1 ifyv -
(UK jee e 0,T] and verify :
0
ug =Y(rK) = VK, (11)
uitt = ma (a5 u ) (12)
mg (ﬁ}?“l - unK) + At Z vKﬁgquf + aAtfu™ g+ rAtmgult = 0, (13)
(AT %
with,
TeRY,
VKo = —/ Uigedy(x) = —U.dim(o).
g
uf sio€éei,0=K|L vk, >0
W u}  sio€éeip,0=K|L vk, <0
ot u?{ sio € EK,ext; VKo >0
0 Si 0 € €K ext, VKo <0

Remark 1. we can also consider a implicit central finite volume scheme :

uge = Y(rK) = VK, (14)
uptt = max (&7}{“, u?() , (15)
n+1 n+1 n+1
meg (ﬁ’};“l — u”K) +At Z VKL U UL + Z vKguﬁ +aAt[u™t 1K]1,T+rAthu}‘(+1 =0.
OCEK int 2 OCEK ext 2

oc=K|L
(16)
Definition 6 (Approximate solution). Let D be an admissible discretization of Q@ x (0,T) in

the sense of definition 3. The approximate solution (C°° in time on Q x (0,T))of (3) — (6)
associated to the discretization D is defined almost everywhere in Q x (0,T) by :

—nA 1)At —
up(z,t) = WU"KH%—WU"K,V(:CJ) € K x[nAt, (n+1)At],Yn=0...N,VK € T.
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Thanks to this Definition, one gets almost everywhere in Q x (0,7) :

Oup(x,t uitt —

ot At

[nAt, (n+ 1)At],Vz € K,Vn=0...N,VK € 1.

3 Existence of the solution and stability results for the implicit
schemes

Lemma 1. Under Assumptions 1, let D be a discretization of 2 x (0,T) in the sense of Defini-

tion 3. If (ux)Ke T s a solution of the implicit upwind finite volume scheme (11) - (13), then
neN
there exists a sequence (0} )n=o..n € [0, 1] such that :
KeT

u?l_uK_eK( n+l_u”K),VKET,Vn:0...N.

Lemma 2 (Existence and uniqueness). Under Assumptions 1, let D be a discretization of € x
(0,T) in the sense of Definition 3. Then there exists a unique solution (u'f)ke 1 to the system

neN
of equations (11) - (13).

Proposition 1 (L™ and L? estimate). Under Assumptions 1, let D be a discretization of  x
(0,T) in the sense of Definition 3 and let (u) ke be the unique solution of the scheme (11)

nel0,N+1]
- (13). Then,
[ufc| <[]l Loe (), VK € 7,¥n € [0, N + 1],

cmd l l
1
5 Z l+1 i Z i Z nHl_yny2 g Z At[un+1,un+l}1,7 <

KeT KeT n=0

11 e ) m(Q) + T [u”, 1,7, VI < N

4 Estimate

Corollary 1. Under Assumptions 1, let (Dp,)men be sequence of discretization of € x (0,T)
in the sense of Definition 3 such that At,, NP 0, size(Tpm) NP 0, ¢ € R such that ( >
m—+00 m——+00

reg(Dp,) Vm € N,and let (uly) xer  be the unique solution of the scheme (11) - (13). Then,
ne[0,N+1]

there exists U € L* (2x]0,T[), and a subsequence noted (up,,),,en Such that up,, N U

m—-+00

for the weak topology of L? (2x]0,T[).

Proposition 2. Under Assumptions 1, let (Dy,)men be sequence of discretization of @ x (0,7

in the sense of Definition 3, ¢ € R such that ¢ > reg(D) ,and let (u%) ket be the unique
ne[0,N+1]
solution of the scheme (11) - (13). Then, there exists C' > 0 only depending on ¢, o, Q, T, U,

r, such that :

n+1l 2
a[uNH,uNH T+ ZAt Z mg (uK A7 uK) < C’,v,a,Q,T,7,r).

n=0 KeT
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Corollary 2. Under Assumptions 1, let (Dp,)men be sequence of discretization of € x (0,T)
in the sense of Definition 3 such that size(T,) NP 0, ¢ € R such that ¢ > reg(D),and let

m—r+00
(u%) el[f)eNcrl] be the unique solution of the scheme (11) - (13). Then, the set {‘r)g—f}]vj is
n )
borned in L*(2x]0,T[) and so, there exists Z € L*(2x]0,T[) such that, op to a subsequence,
oup,,

S bmen tends to Z in the weak topology of L*(Q2x]0,T[) as m — +oo.

Corollary 3 (Space-translate and Time-Translate estimate). Under Assumptions 1, let D be a
discretization of Q@ x (0,T) in the sense of Definition 3, ¢ € R such that { > reg(D) and let up
the approzimate solution in the sense of Definition 6 be prolonged by zero on R\ Qx]0,T].
Then there exists Cy only depending on T, 1, o, 7, d and C3 only depending on T, 1, o, d,r, U such
that :

lup(-+m,.) = up (s |72 (garny < Coln| (In] + 4size(r)) , ¥n € RY,

and
Jun (. +2) = (. ) [2aqgan, < ACs, YA €0, T].

With this preceding estimates, one can apply the Riesz-Frechet-Kolmogorov compactness crite-
rion.

5 Compactness

Corollary 4. Under Assumptions 1, let (Dp,)men be sequence of discretization of Q x (0,T)
in the sense of Definition 3 such that At,, NP 0, size(Tum,) NP 0, ¢ € R such that { >

m—r+00 m——4o0
reg(Dy,) Vm € N,and let (u'y) ket be the unique solution of the scheme (11) - (13). Then,
ne[0,N+1]
up to a subsequence,

up,, U dans L*(Q2x]0,T)).

m——+00

where U is defined by the Corollary 1 and checks U € L? (0, T, H! (Q)), U(t,.) = 0a.e. on 0Q, a.e.t €
10,T[, and %% = Za.e. on 0, T[xQ.

6 Convergence

Proposition 3. Under Assumptions 1, let (Dy,)men be sequence of discretization of Q x (0,T)
in the sense of Definition 3 such that At,, — 0, size(t,) — 0, ¢ € R such that { >
m—+00 m—+00
reg(Dy,) Vm € N,and let (u) ket be the unique solution of the scheme (11) - (13). Let
nel0,N+1]
(up,,)men the sequence of approzimate solution in the sense of the Definition 7?7, and let
U the limit of a subsequence (up,,),,cn thanks to Corollary 4. Then, for all function w €

L? (O,T; H&(Q)), such that w(t,.) > 1 a.e. on Q, the following inequality holds :

ou

5t (z,t)(w(x,t) = U(x,t)) + aVU(z,t)V(w(z,t) — Uz, 1))+
Q

rU(z,t)(w(z,t) — U(x,t)) + (w(z,t) — U(z,t))div(U(x, t)0)dx > 0 p.p t €]0,T7.
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7 Numerical Results

7.1 Localization and Stability
We define three localizations.

Lemma 3 (Localization). We consider,

—rTATYS 1l 2
Paioc(0,51,82) = sup E {e " loc¢(STATo,S,STATo,s)]>

Te%,T loc loc

with TF = inf{t > 0,|S} — s| < loc, |S2 — s2| < loc}.

loc

Then, if (s', s?) = (K — min(s', s?))*,

loc —al loc — a2
IPA(0, 51, 52) — Patoe(0, 51, 52)| < 4K [2 N )}

VToy )~ N VTos
if (s, s%) = (max(s', s?) — K)T,
|P4(0,51,52) — Pajoc(0, 51, 52)| <

2 2

8 [exp ( +T(r — M| + ";>) +exp ( T — ol + ”22))

loc — al loc — a2
\/(2_N( \/TO'l)_N( \/TO'Q)

if (st s%) = (s' — pus®)*,

loc —al loc — a2

VToy )~ VToy )

2
|PA(0, s1,52)—Paioc(0, 51, s2)| < 8exp (51 +T(|r — M| + U;)) \/(2 — N(

2
where, ai = T'|r; — A\; — %’| and N is the repartition function of a standard normal distribution.

One uses the following polynomial approximation for the repartition function of a standard
normal distribution :

1 22
N(z)~1-— exp [ == | (b1t + bat® + bst® + bat* + bst?), siz > 0,
(x) o p( 2)(1 2 3 4 5t°)
with
p = 0.2316419
by = 0.319381530

by = —0.356563782
bs = 1.781477937
by = —1.821255978
bs = 1.330274429
1
t = 1+4+px®
Explicit central finit volume scheme :
uje = Vi, (17)
ulptt = max (ﬂ}‘gﬂ, u(}{) , (18)
. N nog o n o
—_— <UK+1 B uK) At Y <“K2“L) /KIL —Giigpdy(z) +At Y HTK/ —T.iigdy(z) +

LENK OEEK ext

VKL
kKU

aAt[u™, 1), + + rAtmguy = 0.



9 pages 8

Explicit upwind finite volume scheme

uje = VK, (20)

ui = max (11}?'1, u(}() , (21)

mg (ﬂ?jl - u?() + At Z VKoUy 4 + @At[u", 1)1 7 + rAtmgul = 0. (22)
(A5

o? o3 o2 o? o1
U= ((7"—)\1—?1) cos(@)—i—(r—)\g—é) sin(6), ((r — Ay — 72) cos(f) — (r— A1 — 71) sin(@)) (=)2).

Lemma 4 (L™ stability). Let D be an admissible discretization of Q x (0,T) in the sense of

definition 3.

Let (ufc) e, be the unique solution of the explicit central scheme (17) - (19).

If, At < — m o] VK €T and if Ty > i ’/U —U.ngedy(z)
migz+g ZUGEK,ext TKU+ZL€NK (aTKL + 4>

T,Vo € €, then :

VK €

HUT771+1HL00 S Hu?HLoo,Vn = ON

Let (uf) g, be the unique solution of the explicit upwind scheme (20) - (22).

mg B
If At < rmK+(ZU€EK(vKg)++aTKa)’VK €T, then :

7.2 Pratical implementation and results

We choose to evaluate the American Put option on the minimum of two underlying assets with
+
payoff (S, S?) = (K — min(S?, S2)> . We assume that the initial values of the stock prices

are st = 100, s = 100, the volatility o; = 0.2,09 = 0.2, the interest rate r = log(1.05), the
continuous dividend rates d; = 0,92 = 0, the exercice price K = 100, the maturity 7" = 1 and
the correlation p = 0. We take as the "true" reference price, the one issued of the multinomial
BEG tree-method with 3000 step and compare it wich the following algrithm :

1. the explicit DPEXP algorithm

2. the DPADI algorithm

3. the BEG algorithm

4. the explicit finite volume algorithm

5. the explicit finite volume algorithm with a smaller time step

For the last algorithm, we multiply by 0.6 the time step obtained by the stability condition.
All computation was perfomed on a PC Pentium IV 2.4 GH computer with 512 Mb of RAM.
The "centers" of control volumes are defined as follow :

xr = x[i* N +j] = (vl —loc + i * h,v2 — loc + j * g),¥(i,5) € [0, N]?
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N x M DP-EXP DP-ADI BEG FV-EXP | FV-EXPdt*0.6 | TRUE
100 x 100 | 10.3065;1s 10.2947;1s | 10.2974;1s | 10.3196;1s 10.3081;1s 10.3080
200 x 200 | 10.3054;6s 10.3031;2s | 10.3030;1s | 10.3108;3s 10.3095;4s 10.3080
300 x 300 | 10.3073;32s | 10.3050;7s | 10.3048;1s | 10.3098;11s 10.3084;19s 10.3080
400 x 400 | 10.3082;100s | 10.3058;18s | 10.3057;2s | 10.3085;35s 10.3082;59s 10.3080

Table 1: American Put option on the minimum of two underlying assets
2%loc 2*loc*\/% .
where the space steps are defined by h = =3¢ and g = —x~~". The control volume K is the

rectangle centered in xx with the measure m(K) = hg.
It appears that the numerical FV-EXP method are finally faster than DP-EXP and slower than
DP-ADI or BEG.
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