Pricing of Exotic Options under Infinite Activity Lévy Model

DIA El Hadj Aly *

An infinite activity Lévy process can be approximated by a Lévy process with finite activity. The
resulting errors can be controlled. In this note we will see how, once the approximation made, we can
evaluate the prices of lookback and Asian options.
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1 Preliminaries

A real Lévy process X is characterized by its generating triplet (v, 02,v). Where (v,0) € R x R, and v
is a Radon measure satisfying

/ (1A 2?) v(dr) < oo
R
By Lévy-1td6 decomposition X can be written in this form

X :7t+oBt+X,f+liﬁ)1)?f (1.1)

With
[AX,|>1

X! = / wlx(dexds)= > AX,
|z|>1,s€[0,t]

0<s<t
Xe = / x(Jx (dx x ds) — v(dx)dt)
e<|z|<1,s5€[0,t]

/ xJx (dz x ds)
e<|z|<1,s€[0,]

e<|AX <1

S AX, -t / v (dz)

0<s<t e<|z|<1

Where J is a Poisson measure on R x [0, 00) with rate v(dz)dt and B is a standard Brownian motion. In
Lévy-Khinchine representation X, we characterize X by its characteristic function. That means

Ee Xt = (W) wy e R

where ¢ is given by

o?u?

o(u) = iyu — + /R(ei“"” — 1 —duzll |y <1)v(dz) (1.2)
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For any € € (0,1) we define the process R® by

Rf = —X{ +lim X} 1.3
t t T 5118 t (1.3)
and X°€ by
Xf =t +0B + X! + X{ (1.4)
Then
X=X+ R} (1.5)
We set
M; = sup X
0<s<t
MY = sup X¢
0<s<t
m$~ = inf X¢
0<s<t
Mf = sup (XS + o W,)
0<s<t
Where W is a standard Brownian motion independent of X, and o(e) = f‘z|<€ x?v(dx).

2 Simulation method

We focus on the simulation of a lookback option with maturity 7', where the Levy process is infinite
activity without Brownian part. Our goal is to simulate Mp. In fact we can not simulate My, we

A

will then approximated by M or (M)S. This introduces a bias. Denote by J the Poisson measure on
R x [0, 00) of intensity v(dz)dt, then for ¢ > 0, we have

Xf = X;— RS

= 7t+/ xJX(dxxds)+/ xJx (dz x ds)
|z|>1,s€[0,t]

e<|2|<1,5€[0,4

= |~ —/ av(dx) t—|—/ xJx (dx x ds)
e<|z|<1 |z|>e€,s€(0,t]

= |v- / av(dx) t—|—/ xJx (dx x ds)
e<|z|<1 z>€,5€[0,t]

+/ xJx (dx X ds)
r<—¢€,s€[0,1]

N N,
AP RIESNS
i=1 i=1

Where
V=7 — / av(dz), (2.6)
e<|z|<1

N
v (o) the rv. (Y, are i.i.d. with common law

v(e,+00)? i )i21

the r.v. (Yi+)i>1 are i.i.d. with common law

Ve (~da)

“Cx.0- TIhe measures v and v correspond respectively to v restricted on (0, +o0c) and on (—o0,0).
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The process X¢ is a compound Poisson process. So to simulate M., it suffices to simulate the instants
of jump of X and the corresponding jump. The random variable EM )5 must be approximated by its
discrete version in the case of lookback options. The number of discretization points in this case is
greater than in the case of classic jump-diffusion model. The Probem that arises is because the numbers
of jumps on [0,T] is relatively large, how to quickly simulate the size of the jumps. The simulation of
the instants of jump is relatively simple. We will focus on the simulation of of the positive jumps. The
simulation of (Yii)vz>1 will be identical. Let A} = v(e, 00). The cumulative distribution function of ¥;"
cannot be determined explicitly, and so the inverse of the cdf either. So one way to simulate Y| is to
use rejection sampling. This is time consuming, especially since it will make on average AS T simulations.
The alternative is to make a discrete inversion of the cdf, F, of Y1+. We have, for all z > ¢

Fy(x) = )\11 /I v(dx)

We will define a positive real A in order to have v(A,+oc) very small, in order of 10716 for example
(that is what we choose in our simulations). We suppose then that the r.v. Y;" is in [e, A]. Set for any
ke{0,...,n}

A—

T, = k e—i—e
n
v = Fy (zx)
Fo(4)

Where n is the number of the discretization points on [e, A]. Note that yo = 0. How do we compute
(Fy(2k))<p<,! Notice that for any k € {1,...,n}, we have

k
Fi(a) = Y (Fale)) = Fala;))
with

(Fy () — Fy(a;1)) = / v(dz)

Tj—-1

Depending on the Lévy measure, we will define an approximation method for the integrale f;f] ) v(dx).
.
We define the function G4 by, for any y € [0, 1]

Gily) =z

where x is the unique real satisfying 51((?) =y. Let y € [0, 1], to compute G (y), we use the following

method. We have to find first the integer k > 1 satifying yx—1 < y < yx. Then we have

G4 (y)
yF(A) = yp—1 +/ v(dy)

Tr—1

We must approximate the above integrale depending on G, (y), and express the latter as a function of
y. We will call G4, the discrete inverse function of Fy. When n and A go to the infinity, we will get
the inverse function of F',. For our simulations, we suppose that Y1+ is equal in distribution to G4 (U),
where U is a uniform r.v. on [0, 1].

3 Estimates of the inverse cdf of the jumps

We will, for some popular models, estimate the function G;. The models that we consider in this section
are VG, CGMY and NIG. Nonetheless, using the same methodology we can estimate the function G
for any other model.



3.1 The Variance-Gamma case

Let G be a gamma process with de parameters (u,x) € R% x R (see [8]), satisfying Gy = 0 and for
any t > 0 and h > 0, Gy — Gt have a gamma distribution with parameters (h";, ﬁ) In fact in
financial applications p = 1, and the process (Wg,),~o is a VG processus VG with parameter (6,0, ).
Its characteristic exponent is given by -

. o %
o(u) =log [ {1 —ifku+ -k

The process (VVGt)t207 can be defined by its Lévy measure v. Indeed

e~ Mz efG\z|
v(dz) =C 1,-0dx + C’W]lx@dz
Where
1
c = -
K
1 /2 02 0
M = 422 7
oV Kk + o2 o2
1 /2 02 0
G = Vitete
oV Kk o o
This is a particular case of the CGMY process (by taking Y = 0, see [4]). The probability density function

of Y;" is then

— Mz
f+($):)\2€xa T >e€

Then for any = > €

Hence

c o[
Felon) ~ Felon) = 5o [
Th—1

We approximate this integrale by

Eﬁe_M“*1 /wk @dy = Eﬁe_Mx’“*l log < Tk )
A% zp1 Y AL Tk-1

The function G satisfy

yF(A) = yp1 +

As previously the above integrale is approximated by

C ot g <G+<y>>

)\j_ Tp—1

Hence G (y) can be approximated by

)\E
Tp—1€Xp [g (Yl (A) = yx—1) G_Mlkl} (3.7)
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3.2 The CGMY case
It is a pure jump Lévy process (see [3]), with Lévy measure

—Mz 6_(”$|
1,vodz + C—1,c0dr

e
v(de) =C FEas

$1+Y'

Where C, G and M are positive, and Y € (0,2). When Y = 0, we get the Variance-Gamma model. Tts

characteristic exponent is given by

1w

C((M—iu)log( M)—i—(G—i—iu)log(l—i-%u)),

In the CGMY model, the probability density function of Y;" is

C e—A4$
fi(2) = EW7 T >€
Then its cdf is

C [*e My
Fi(z) = o Wdy

Hence

C Lk e—Aly
Fi(op) = Fi(zg-1) = )\T/ Wdy
+ JrE—1

Then we approximate Fy (zy) — Fy(xx—1) by

ge—Mxk,1 /Tk dy — ¢ e—Mﬂck71 L _ L
A% e, WY ALY xky_l o:}c/

So G is solution of the equation

C /G+(y) e~ My

yF(A) =y + s ledy

Tr—1

We approximate the above integrale by

C o (L1
ALY vior (Ge®)Y

Hence G (y) can be approximated by

) ey [MY <(1 W) ”15@/) e <<1+g)y -

)

)} Y £1



3.3 The NIG case

Like the VG model, the NIG (Normal Inverse Gaussian) model (see [2]) is a particular case of the
hyperbolic models. It is charterized by four parameters : a, 8,  and pu. Where 0 < |8] < «, 6 > 0 and
p € R. Tts generating triplet are (7,0, ), where

s
vy o= ,u—|—2a76/ sinh(pz) K (o)
0

5
a—Kl(a|x|)eﬂmdx
mlz|

1 B 1 1
Ky (2) = 5/]% y " exp (—22 <y+y>>dy

In financial applications we set p = 0. Then the NIG is represented by three parameters : (o, 3, 3) The
cdf of Y7 is

<
—
QU
8
~—
Il

with

1)
Fi(@) = 2Ky (ax)e®, x> e
T

And then its cdf is given by
o ["K
Fy(z) = OL/ Meﬁydy
™) oy

Therefore

Fi(zg) — Fr(agp—1) = — ePVdy

™

ad / Ky (o)
Th—1 y
To approximate the above integrale, we need to study the asymptotic behaviour of K;. We have (see [1],

Formula 9.7.2 and Formula 9.8.7)

C
Ky (x) T for a given C>0

Hence the following approximation
ad ko d ad 1 1
— a1 K1 (amp_1)e’ ™ / %’ = — a1 K (awp_q)el ( - )
i Th_1 y T Thk—1 Tk

In NIG case G satisfy

ad 9+ K (o
yF(A) =yp1 + — Kilay) By
T Jay_y Y
So we approximate G (y) by
( I m yFL(A) gk 6ﬁzk_1>_1

~ 3.9
Th—1  ad Tp—1 K1 (axp_1) (8:9)

The Y| case is treated in the same way, we only need to substitute 5 by —g.
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4 Asian option valuation

We will focus on the fixed strike Asian put option. The call case can be easily deduced. Floating Asian
options, can be valuated using fixed strike options and symmetry. Consider the following payoff:

+
1 /7
(K -7 / Soes d3> , fixed strike Asian put option
0
We set

+
—rT 1 r X
Vo, = e™E|(K - = Sope*ds
T Jo

The generating triplet of X is (v,0,v). In fact we will estimate the quantities V¢ and V¢ obtained by
replacing X by X€ or X¢€. Let (Tje)j>1 be arrival times of X€. Note

TS = 0
T = TSAT
We have
1T "
Ve = ’“TE< - = / Soexsds>
T Jo
NT+1
e Z /
N;+1 +
= ¢ "R Kf — Z / I Y g , see (2.6)
So
+
NS+1 -
g Nr i1 T .
Vi = TR K- ) e = / " eheds
j=1 i-1
. +
NS+1 . _
) =L i Sy el — el
T 4 x5
Jj=1 0
+
—Tg | So Nyl “/oT +377 IYE YTy 1+Z] Ly
= e —_——
T = %
Hence N
g N&+1 XT;_ _e)(ﬁj_1
VeE=c"TE K—% PP ——— (4.10)
= 7o

When we replace X€ by X ), we get



Proposition 4.1. Let X be an infinite activity Lévy process with generating triplet (v,0,v) and f be a
Lipschitz function. We assume that EeMT < co. Then

Np+1 e <675(T;_T;1) 1
—1 e

B 1/T e _ So e e 2
= i Soe™ds | =Ef | 7 Y el - +o(e)gs | | +0(ale)?),
j=1

Y0

with

(P
o = / 6(s=T5 ) (Ws — Wy ) ds

IS j—1
Te i
Jj—1

Knowing N and (T;) , the r.v. (gj) are independent and gaussian, and

1<j<NE 1<j<Ng+1
1 A A € (e e € (e e
var (g5) = W ((275 (TjE - Tje_1> - 3) 26 (T =T50) 4 4o (T5-T520) _ 1) (4.11)
0

Furthermore we have

N A

S(Te—T¢
) = ﬂevg(@?_f;ﬂ) _ e’)’o( J 771) -1

cov (ge»,WAe — Wi
SR 76 (+6)”

j—1

(4.12)

5 Numerical examples

In the VG model My is approximated by M. In the table 5, we observe the convergence of our
method with respect to €. Note that the errors are relative, and the benchmark price is that obtained by

€ price | Monte Carlo error | total error
10~ | 7.076 0.05% 24.7%
1072 | 9.347 0.08% 0.50%
1073 [ 9.401 0.08% 0.04%

Table 5.1: Approximation of the continuous call lookback price in VG model. Les parameters are :
Sp = 100, r = 0.0548, § = 0, T" = 0.40504, S, = 100, § = —0.2859, x = 0.2505, ¢ = 0.1927 and
n = 1000000. The benchmark call price is 9.39827.

[Becker(2008)]. .
In CGMY model, My is approximated by M. In the table 5, we observe the convergence of our
method with respect to e. The errors are relative, and the benchmark price is that obtained by [Feng-

€ price | Monte-Carlo error | total error
1071 | 14.12 0.07% 1.88%
1072 | 13.869 0.07% 0.06%
103 | 13.860 0.07% 0.00%

Table 5.2: Approximation of the discrete put lookback price (where the number of discretization points
is N = 252) in CGMY model. The parameters are : Sy = 100, r = 0.05, § = 0.02, T = 1, S; = 100,
C=4,G=50, M =60, Y = 0.7 and n = 1000000. The benchmark price is 13.8600.

Linetsky(2009)].
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€ price | Monte-Carlo error | total error
1071 | 12.89 0.0% 5.46%
1072 [ 12.24 0.08% 0.15%
1073 | 12.21 0.08% 0.01%

Table 5.3: Approximation of the discrete put lookback price (where the number of discretization points
is N = 252) in NIG model. The parameters are : So = 100, » = 0.05, § = 0.02, T =1, S, = 100, a = 15,
[ = —5,0 = 0.5 and n = 1000000. The benchmark price is 12.2224.

In NIG model, Mt is approximated by M; In the table 5, we observe the convergence of our
method with respect to e. The errors are relative, and the benchmark price is that obtained by [Feng-
Linetsky(2009)].

In table 5.4 we have Asian options prices in NIG and CGMY models. Parameters for NIG model are:
a = 6.1882, § = —3.8941, 6 = 0.1622 and r = 0.0387. Parameters for CGMY model are: C' = 0.2703,
G =17.56, M = 54.82, Y = 0.8 and r = 0.04. Others parametres are given in the table 5.4. These results

¢/Model | NIG | CGMY
101 12.624 | 11.624
1072 12.673 | 11.642
10—3 12.675 | 11.642

Table 5.4: Approximation of a fixed strike Asian call option. Parameters are: Sy = 100, 6 =0, T =1
and n = 1000000. Monte-Carlo error is 0.03%.

can be compared with Fusai-Meucci’s results(for NIG) and Cerny-Kyriakou (for CGMY).
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