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Premia 18

We consider continuous lookback and hindsight options which depend on the
extremal price of the underlying asset during the life of the options. Perhaps,
in exponential Lévy model closed-form formulae are not, in general, available
for pricing these options. Then we need to use a discrete numerical method for
valuating them. In this context, we study the best way to price a continuous
lookback or hindsight option using a discrete lookback or hindsight option, when
the price of the underlying asset is the exponential of a finite activity Lévy
process. For a general overview about this subject see [1].

1 The exponential Lévy model

The price of the underlying asset, under the risk neutral probability is modeled
as followed :

St = S()eXt

where Sy is the initial price, and X is a Lévy process with generating triplet
(v,0,v). It means that the carateristic function of X is given by (see [4], chapter
2)

Ee Xt = (W) wy e R

where ¢ is defined by :

o2u?

o(u) = iyu — + /R(ei'” -1- iu:v]lmgl)z/(dx) (1.1)

Of course, we assume that (e~("=9tS,) is a martingale, where 7 is the

t€[0,T]
continuously compounded interest rate, and ¢ is the continuously compounded
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dividend rate. The process X that we consider here is a finite activity Lévy
process (i.e. ¥(R) < o0). Then we can write it in this form (see [2], chapter 4)

Ny

Xe =70t + 0B+ )Y
i=1

where B is a standard Brownian motion, N is a poisson process with parameter

A=v(R), (Yi);5, areiid. r.v. with law ”V((dﬂg)’ and

Yo =7~ / zv(d)
e <1

We define the following hypothesis :

° (Hl) X is a finite activity Lévy process, integrable, with ¢ > 0 and
Ja > 0 such that Ee(t)Mr < oo

e (H2) X is a finite activity Lévy process, integrable, with o > 0;

2 The theoretical results

Let T the option maturity, 1 = 0.5826 (see [1] for the definition of the parameter
B1) and At = % the step of the fixing dates. At a given time ¢t € [0,7T], the
value of a continuous lookback put option is given by (see [1] for more details)

V(S+) = e—r(T—t)EmaX <S+, sup Su) _ Ste_a(T_T)
t<u<T

where S; = supg<,<; S, is the predetermined max. The call value depends
similarly on the predetermined min S_ = infg<,<¢ Sy

V(S-) = e 0T=T) _ o=(T=HOF min (S,tgiqrgT Su>
The discrete version values at the k' fixing date are
V. (S4) = e "AM=ME max (S+, kréljaécn Sjm) — Spage dn—RAL for the put
V, (S_) = Sppse(=RAL _ —rA(—R)g in <S_, krgnjlgn SjAt) , for the call

where S; = maxo<j<i Sjar and S_ = minp<j<i Sja¢.
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Proposition 2.1. The price of a discrete lookback option at the k" fizing date
and its continuous version at time t = kAt satisfy

Vi (82) = VIV (50000 E) s (990VE 1) 005, 4o ()

n

V(82) = oV, (52059 VE) i (e90VE - 1) 005, 4o ()

where in £ and F, the top case applies to the put and the bottom to the call.

The put relations are true under H1, and those for the call under H2.

The price of a continuous hindsight call at a given time ¢ € [0,7] with
predetermined max S, and strike K is given by (see [1] for more details)

+
V(S4,K)=e TR (max (S+, sup Su> - K)
t<u<T

And similarly for the put

JF
V(S_,K)=e TR <K — min <S_, inf Su>)

t<u<T

The discrete versions at the k" fixing date are

+
Vo (84, K) = e mA—RE <maX <S+7 max SjAt) - K)
k<j<n
and
+
Vo (S_,K) = e TAL =R (K — min (S7 min Sjm)>
k<j<n

Proposition 2.2. The price of a discrete hindsight option at the k' firing date
and its continuous version at time t = kAt sarisfy

Vi (Si, ) = FAVEY (L= moVE K VT) o (\/15>

V (8e, K) = eV, (Siewm\/?mmg@) ‘o (;ﬁ)

where in £ and F, the top case applies to the call and the bottom to the put.
The call relations are true under H1, and those for the put under H2.

3 The variance reduction techniques

We couple two variance reduction techniques in our simulations : antithetic
variates and control variates (see [3] for more details about these methods). We
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know that if X is a Lévy process, then (see [41], remark 45.9)

sup X; = Xr— inf X,

0<t<T 0<t<T
inf Xt =4 XT — Sup Xt
0<t<T 0<t<T

These results also hold for the discrete supremum and infimum. Then, our
antithetc variates are

max Xer, Xy — min Xer
0<k<n n 0<k<n n

in the case of the put lookback and the call hindsight, and

min Xz, X7 — max Xir

0<k<n n 0<k<n n
in the case of the call lookback and the put hindsight, where n denote the
number of discretization points. That technique permits to reduce a bit the
variance. We used as control variates, the discrete option under the Black-
Scholes corresponding model and the terminal price Sp. The two methods
reduce the variance a lot.
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