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Abstract

We price the foreign exchange rate (FX) options and year on year-
on-year (YoY) inflation caps under the Heston type models for FX and
inflation index CPI respectively. In combination with these two models,
we assume the Hull-White interst rate model for the domestic and the
foreign interest rate, and also for the nominal and the real interest rate.
Since these models are not affine, the approximations of the non-affine
terms are proposed so that the approximations of the characteristic func-
tion of the forward FX and the forward inflation index are obtained, then
by the Fourier-Cosine method we can efficiently calculated the price of
FX options and inflation products.

1 Introduction

We assume both of FX and CPI follow the Heston-type stochastic volatility
model and both models incorperate with the Hull-White interest rate models.
Under such model settings, we present an efficient pricing method for the FX
options and the inflation products by using Fourier-Cosine expansions. We also
implement both methods in PREMIA.

The rest of this file is organized as follows. We present the FX models and
the FX options description in Section 2, and then introduce the inflation index
models and inflation products in Section 3. The sketch of the Fourier-Cosine
expansion pricing method will be stated in Section 4. Section 5 is the program
manual for the implementations of both pricing methods.

∗weix@cias.edu.cn
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2 The FX Model and the FX Options

2.1 The Domestic and Foreign Interest Rate Models

We assume that the domestic interest rate rd(t) and the foreign interest rate
rf (t) are deriven by the Hull-White one-factor model under their spot measures,
i.e. Q-domestic and Z-foreign respectively:

drd(t) = λd(θd(t) − rd(t))dt+ ηddWQ
d (t), (1)

drf (t) = λf (θf (t) − rf (t))dt+ ηf dWZ
f (t), (2)

where WQ
d (t) and WZ

f (t) are Brownian motions under Q and Z, respectively. Pa-
rameters λd, λf determine the speed of mean reversion to the time-dependent
term structure functions θd(t), θf (t) and parameters ηd, ηf are the volatility co-
efficients.

Under the domestic and foreign interest rate models (1) and (2), the dynam-
ics of the domestic and foreign zero-coupon bond prices,

Pd(t, T ) := e
−

∫
T

t
rd(s)

ds and Pf (t, T ) := e
−

∫
T

t
rf (s)

ds,

are given by the stochastic differential equations as follows:

dPd(t, T ) = rd(t)dt+ ηdBd(t, T )dWQ
d (t),

dPf (t, T ) = rf (t)dt+ ηfBf (t, T )dWZ
f (t),

where

Bd(t, T ) =
1

λd

[
e−λd(T −t) − 1

]
, Bf (t, T ) =

1

λf

[
e−λf (T −t) − 1

]
. (3)

2.2 The FX Models

The spot FX ξ(t) expressed in units of domestic currency, per unit of a foreign
currency, is assumed to follow the Heston-type dynamics:

dξ(t)/ξ(t) = [rd(t) − rf (t)]dt+
√
ν(t)dWQ

ξ (t), (4)

where the volatility ν(t) follows

dν(t) = κ[ν − ν(t)]dt+ γ
√
ν(t)dWQ

ν (t), (5)

whereWQ
ξ (t),WQ

ν (t) are Brownian motions under the domestic risk-neutral mea-
sure Q, the parameters κ, ν determine the speed and the long term mean of the
volatility and γ is the volatility of volatility for the FX.

By changing the spot foreign measure Z to the spot domestic measure Q,
we have the dynamics of the foreign short rate rf (t) as

drf (t) =
[
λf (θf (t) − rf (t)) − ηfρξ,f

√
ν(t)

]
dt+ ηf dWQ

f (t), (6)
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where ρξ,f is the correlation of the Q-measured Brownian motions WQ
ξ (t) and

WQ
f (t). Then under the Q measure, the foreign zero-coupon bond price dynam-

ics is

dPf (t, T ) =
[
rf (t) − ρξ,fηfBf (t, T )

√
ν(t)

]
dt+ ηdBf (t, T )dWQ

f (t). (7)

Under the spot measure Q, we assume a full matrix of correlations be-
tween the Brownian motions WQ

ξ (t),WQ
ν (t),WQ

d (t),WQ
f (t), i.e. ρi,j := dWQ

i (t) ·
dWQ

j (t)/dt 6= 0, when i 6= j and i, j ∈ {ξ, ν, d, f}.

2.3 The FX Models under Forward Measure

Direct calculation of the price of the FX options under the spot measure will
result in solving a 4-dimentional PDE which is infeasible and unstable. To re-
duce the complexity of the pricing problem, we move from the spot measure
to the forward measure where the numéraire is the domestic zero-coupon bond,
Pd(t, T ).

The forward domestic measure QT is defined by Radon-Nikodym derivative
as follows:

ΛT
Q(t) :=

dQT

dQ
=

Pd(t, T )

Pd(0, T )Md(t)
. (8)

Denote

FXT (t) := ξ(t)
Pf (t, T )

Pd(t, T )
(9)

the forward FX under the T -forward measure. By Itô’s formula, the dynamics
of FXT (t) under measure Q is

dFXT (t) =
Pf (t, T )

Pd(t, T )
dξ(t) +

ξ(t)

Pd(t, T )
dPf (t, T ) − ξ(t)

Pf (t, T )

P 2
d (t, T )

dPd(t, T )

+ξ(t)
Pf (t, T )

P 3
d (t, T )

(dPd(t, T ))2 +
1

Pd(t, T )
(dξ(t)dPf (t, T ))

−Pf (t, T )

P 2
f (t, T )

(dPd(t, T )dξ(t)) − ξ(t)

P 2
d (t, T )

dPd(t, T )dPf (t, T ).

Then substitute the SDEs of ξ(t), Pd(t, T ) and Pf (t, T ), we have

dFXT (t)

FXT (t)
= ηdBd(t, T )

[
ηdBd(t, T ) − ρξ,d

√
ν(t) − ρd,fηfBf (t, T )

]
dt (10)

+
√
ν(t)dWQ

ξ (t) − ηdBd(t, T )dWQ
d (t) + ηfBf (t, T )dWQ

f (t),

where Bd(t, T ) and Bf (t, T ) as defined in (3).

From the definition of Radon-Nikodym derivative (8), we can redefine the
driven Brownian motions for FXT (t), ν(t), rd(t) and rf (t), then we have the
dynamics of FXT (t), ν(t), rd(t) and rf (t), under the T -forward measure QT , as
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follows:

dFXT (t)

FXT (t)
=

√
ν(t)dWT

ξ (t) − ηdBd(t, T )dWT
d (t) + ηfBf (t, T )dWT

f (t) (11)

dν(t) =
[
κ(ν − ν(t)) + γρν,dηdBd(t, T )

√
ν(t)

]
dt+ γ

√
ν(t)dWT

ν (t),

drd(t) =
[
λd(θd(t) − rd(t)) + η2

dBd(t, T )
]

dt+ ηddWT
d (t)

drf (t) =
[
λf (θf (t) − rf (t)) − ηfρξ,f

√
ν(t) + ηdηfρd,fBd(t, T )

]
dt+ ηf dWT

f (t).

For more details on the above change of measure, please refer to the Ap-
pendix of [1].

2.4 The Payoff Function of FX Options

Denote the time t price of the call option of the spot FX by V (t,X(t)),X(t) :=
[ξ(t), ν(t), rd(t), rf (t)]T :

V (t,X(t)) = EQ

(
Md(t)

Md(T )
max(ξ(T ) −K, 0)|Ft

)
, (12)

with

Md(t) = exp

(∫ t

0

rd(s)ds

)
.

We use the following formula to define the strike K:

K(T ) = FXT (0) exp
(

0.1δn

√
T

)
, with δn = {−1.5,−1.0,−0.5, 0, 0.5, 1.0, 1.5}.

(13)
Note that given the information at time t, Md(t) is deterministic, then

V (t,X(t)) = Md(t)EQ

(
max(ξ(T ) −K, 0)

Md(T )
|Ft

)
,

denote by Π(t) the forward price

Π(t) = EQ

(
max(ξ(T ) −K, 0)

Md(T )
|Ft

)
.

2.5 The Characteristic Functions for Logarithm of For-

ward FX under Forward Measure

By switching from the domestic risk-neutral measure Q to the domestic T -
forward measure QT , the discounting will be decoupled from the expectation,
i.e.

Π(t) = Pd(t, T )ET
[
max

(
FXT (T ) −K, 0

)
|Ft

]
, (14)

where FXT (t) is the forward FX under the T -forward measure as given by (9)
and ET [·] is the expectation taking under the forward measure QT .
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We make a log-transform of the forward FX, i.e. xT (t) := logFXT (t), its
dymanics can be obtained from (11) as

dxT (t) =

[
ζ(t,

√
ν(t)) − 1

2
ν(t)

]
dt+

√
ν(t)dWξ(t)−ηdBddWT

d (t)+ηfBf dWT
f (t),

(15)
where Bd := Bd(t, T ) and Bf := Bf (t, T ),

ζ(t,
√
ν(t)) = [ρx,dηdBd − ρx,fηfBf ]

√
ν(t)+ρd,fηdηfBdBf − 1

2

(
η2

dB
2
d + η2

fB
2
f

)
.

Applying the Feynman-Kac formula, we obtain the PDE for the charac-
teristic function of the log-transformed forward FX φT := φT (u,X(t), t, T ) =

ET
[
eiuxT (T )|Ft

]
as

−∂φT

∂t
=

[
κ(ν − ν) + ρν,dγηd

√
ν(t)Bd

] ∂φT

∂v
+

[
1

2
ν − ζ(t,

√
ν(t))

] (
∂2φT

∂x2
− ∂φT

∂x

)

+
[
φx,νγν − ρν,dγηd

√
ν(t)Bd + ρν,fγηf

√
ν(t)Bf

] ∂2φT

∂x∂v
+

1

2
γ2ν

∂2φT

∂v2
.

Since the above PDE is not affine, it is not easy to find its solution. An
approximation of the non-affine term in the PDE is proposed as

√
ν(t) ≈ E

[√
ν(t)

]
≈ β1 + β2e−β3t := ϕ(t), (16)

where β1 =
√
ν − γ2/8κ, β2 =

√
ν(0) − β1, β3 = − log[β−1

2 (Λ(1) − β1)], and

Λ(t) =

√
c(t) − [λ(t) − 1] + c(t)d+

c(t)d

2[d+ λ(t)]
,

c(t) =
1

4κ
γ2(1 − e−κt), d =

4κν

γ2
, λ(t) =

4κν(0)e−κt

γ2(1 − e−κt)
.

Note that the approximation of E
[√

ν(t)
]

in (16) requires

ν > γ2/8κ. (17)

For the cases that don’t meet this requirement, one can use the exact formula

of E
[√

ν(t)
]

as an approximation for
√
ν(t). For more details about this ap-

proximation, please refer to Section 3.1 of [2].

With the approximation of the non-affine term, the forward characteristic
function is of the following form:

φT (u,X(t), t, T ) = exp[A(u, τ) +B(u, τ)xT (t) + C(u, τ)ν(t)], (18)

where τ = T − t, the function A(τ) := A(u, τ), B(τ) := B(u, τ), C(τ) := C(u, τ)
are given by

B′(τ) = 0,

C ′(τ) = −κC(τ) + [B2(τ) −B(τ)]/2 + ρx,νγB(τ)C(τ) + γ2C2(τ)/2,

A′(τ) = κνC(τ) + ρν,dγηdϕ(τ)Bd(τ)C(τ) − ζ(τ, ϕ(τ))[B2(τ) −B(τ)]

+[−ρν,dηdγϕ(τ)Bd(τ) + φν,fγηfϕ(τ)Bf (τ)]B(τ)C(τ),
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with Bi(τ) = λ−1
i [e−λiτ − 1] for i = {d, f} and the initial conditions B(0) =

iu, C(0) = 0, A(0) = 0.

The above ODE can be sloved as

B(τ) = iu, (19)

C(τ) =
1 − e−dτ

γ2(1 − ge−dτ )
(κ− ρx,νγiu− d) ,

A(τ) =

∫ τ

0

[κν + ρx,νγηdϕ(s)Bd(s) − ρν,dηdγϕ(s)Bd(s)iu

+ρν,fγηfϕ(s)Bf (s)iu]C(s)ds+ (u2 + iu)

∫ τ

0

ζ(s, ϕ(s))ds,

with d =
√

(ρx,νγiu− κ)2 − γ2iu(iu− 1), g =
κ−γρx,ν iu−d

κ−γρx,ν iu+d
.

Subsitituting the solution of A(u, τ), B(u, τ), C(u, τ) into (18), we have a
closed form of characteristic function of the forward FX, then by Fourier-Cosine
method, we can calculate the forward price of the option (14) and then the
option price (12) efficiently.

3 The Inflation Models and the YoY Inflation

Caps

3.1 The Nominal and Real Interest Rate Models

The nominal and real interst rates, rn and rr, under the risk-neutral nominal
and real economy measure Qn and Qr, respectively, are modeled by one-factor
Hull-White models:

drn(t) = (θn(t) − anrn(t))dt+ ηndWQn
n (t), (20)

drr(t) = (θr(t) − arrr(t))dt+ ηrdWQr
r (t), (21)

where WQn
n (t) and WQr

r (t) are Brownian motios under Qn and Qr, respectively.
Parameters an, ar represent the mean reversion speed with the similar meaning
as λd and λf in model (1) and (2) and ηn, ηr are the volatility parameters, the
time-dependent function θn(t) and θr(t) determine by the nominal and real ini-
tial term structure as observed in the markets.

3.2 The Inflation Index Models

The inflation index, which is also called CPI, denoted by I(t), and its stochas-
tic variance process v(t) are modeled by the Heston model under the nominal
economy spot measure, Qn:

{
dI(t) = [rn(t) − rr(t)]I(t)dt+

√
v(t)I(t)dWQn

I (t), I(0) ≥ 0,

dv(t) = κ[v − v(t)]dt+ σv

√
v(t)dWQn

v (t), v(0) ≥ 0.
(22)
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where WQn

I (t),WQn
v (t) are Brownian motions under the nominal economy spot

measure Qn, κ is a mean-reversion parameter, σv is the volatility of the volatil-
ity and v denotes the long-term variance level. The inflation rate is defined as

the percentage change of the CPI, i.e. I(t)
I(s) − 1, for 0 < s < t.

To include the stochastic nominal and real interest rate model for inflation
products pricing, we need to determine the real interest rate in the nominal
economy. By change of measure, we have the real interest rate dynamics under
the nominal economy as

drr(t) = [θr(t) − ρI,rηr

√
v(t) − arrr(t)]dt+ ηrdWQn

r (t). (23)

The correlation structure between the Brownian motions

dWt :=
(

dWQn

I (t),dWQn
v (t),dWQn

n (t),dWQn
r (t)

)

is defined by the following symmetric instantaneous correlation matrix:

dWt(dWt)
T =




1 ρI,v ρI,n ρI,r

· 1 ρv,n ρv,r

· · 1 ρn,r

· · · 1


 dt. (24)

We assume a full rank matrix for the correlation.

3.3 The Inflation Models under Forward Measure

To value the inflation-dependent derivatives, it is convenient to use the inflation
model under the T -forward nominal economy measure QT

n , instead of the spot
measure Qn. The forward nominal economy measure is generated by the nom-
inal zero-coupon bond, Pn(t, T ). In other words, under the T -forward measure
the forward measure, the forward CPI,

IT (t) := I(t)
Pr(t, T )

Pn(t, T )
(25)

is a martingale.

Under the T -forward measure, the inflation model with a full matrix of
correlations is given by:





dIT (t) = IT (t)
[√

v(t)dWT
I (t) − ηnBn(t, T )dWT

n (t) + ηrBr(t, T )dWT
r (t)

]

dv(t) =
[
κ(v − v(t)) − σvρv,nηnBn(t, T )

√
v(t)

]
dt+ σv

√
v(t)dWT

v (t),

drn(t) =
[
θn(t) − anrn(t) + η2

nBn(t, T )
]

dt+ ηndWT
n (t)

drr(t) =
[
θr(t) − arrr(t) − ηrρI,r

√
v(t) + ηnηrρn,rBn(t, T )

]
dt+ ηrdWT

r (t),

(26)
where

Bl(t, T ) :=
1

al

[
1 − e−al(T −t)

]
, for l = {n, r}. (27)
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3.4 The Inflation Products

We will price YoY inflation cap options under the above stated inflation model.
In general, a cap option, Π̃, is defined by a series of so-called caplets, Π̂, i.e.

Π̃(t, τ, T,K) =

n∑

k=1

Π̂(t, Tk−1, Tk,K) (28)

where τ := Tk −Tk−1 defines the tenor parameter with T0 = t0 ≥ t and Tn = T .
The integer n, defined as n = T −t0

τ
, denotes the number of caplets in the cap

option and it depends on the tenor parameter and time to maturity of the cap
options. The strike of the cap is K. The pricing of the cap option can be de-
composed by pricing a series of caplets.

The time t price of the YoY inflation caplets starting at time Tk−1 and
maturing at time Tk is given by

Π̂(t, Tk−1, Tk,K) = Mn(t)EQn




max
(

I(Tk)
I(Tk−1) − (K + 1), 0

)

Mn(Tk)
|Ft


 , (29)

where Mn(t) := exp
[∫ t

0
rn(s)ds

]
is the nominal money-saving account and

EQn [·] is the expectation taking under the nominal spot economy measure Qn.

By changing of measure from the nominal spot economy measure Qn to the
forward nominal measure QTk and using the definition of the Tk-forward CPI
ITk

(t) given in (25), we can rewrite the pricing formula of the YoY inflation
caplet price as:

Π̂(t, Tk−1, Tk,K) = Pn(t, Tk)EQTk

[(
Pr(Tk−1, Tk)

Pn(Tk−1, Tk)

ITk
(Tk)

ITk
(Tk−1)

− (K + 1)

)+

|Ft

]
,

(30)
where (·)+ means max(·, 0), Pn(s, t) and Pr(s, t) for 0 < s < t are nominal and
real zero-coupon bond prices, respectively.

3.5 The Characteristic Functions for the Logarithm of the

Forward CPIs under Forward Nominal Measure

Define the log-transformation of the discounted forward CPI as:

x(Tk−1, Tk) := log

(
Pr(Tk−1, Tk)

Pn(Tk−1, Tk)

ITk
(Tk)

ITk
(Tk−1)

)
(31)

= log ITk
(Tk) − log ITk

(Tk−1) + logPr(Tk−1, Tk) − logPn(Tk−1, Tk).

To compute the time t price of the YoY inflation caplets, we need to derive
the forward condtional characteristic function of x(Tk−1, Tk),

φY oY (u, t, x(Tk−1, Tk)) := EQTk

[
eiux(Tk,Tk−1)|Ft

]
(32)

= EQTk

{
eiu[log ITk

(Tk)−log ITk
(Tk−1)+log Pr(Tk−1,Tk)−log Pn(Tk−1,Tk)]|Ft

}
,
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given the information up to time t. We derive a closed form for φY oY (u, t, x(Tk−1, Tk))
by three steps of approximations.

Approximation 1: By taking iterated expectation under Fk−1, we have

φY oY (u, t, x(Tk−1, Tk))

= EQTk

{
e−iu[ITk

(Tk−1)−log Pr(Tk−1,Tk)+log Pn(Tk−1,Tk)]×

EQTk

[
eiu log ITk

(Tk)|Fk−1

]
|Ft

}
, (33)

where the inner expectation is the characteristic function for log ITk
(Tk) given

ITk
(Tk−1) and it can be approximated by

φi(u, log ITk
(Tk), Tk−1, Tk) := EQTk

[
eiu log ITk

(Tk)|Fk−1

]

≈ eA(u,Tk−Tk−1)+iu log ITk
(Tk−1)+C(u,Tk−Tk−1)v(Tk−1). (34)

The function of A(u, τ) and C(u, τ) can be derived similarly as (19), for the
explicit formulas and theirs derivations, please refer to [4]. By approximation
(34), the characteristic function of φY oY defined by (32) can be approximated
by

φY oY (u, t, x(Tk−1, Tk))

≈ EQTk

{
eiu[log Pr(Tk−1,Tk)−log Pn(Tk−1,Tk)]eA(u,Tk−Tk−1)+C(u,Tk−Tk−1)v(Tk−1)|Ft

}

:= φY oY,1. (35)

Approximation 2: The zero-coupon bond price of nominal economy Pn(Tk−1, Tk)
in (35) can be given by, see page 75-78 of [5],

Pn(Tk−1, Tk) = eAn(Tk−1,Tk)−Bn(Tk−1,Tk)rn(Tk−1), (36)

where Bn(Tk−1, Tk) as defined in (27) and

An(Tk−1, Tk) = log
Pn(0, Tk)

Pn(0, Tk−1)
[Bn(Tk−1, Tk)fn(0, Tk−1)

− η2
n

4an

(
1 − e−2anTk−1

)
Bn(Tk−1, Tk)2

]
.

But the zero-coupon bond price of real economy Pr(Tk−1, Tk) can not be de-
rived analytically due to the fact that the dynamics of the real interest rate
are not affine under the nominal measure. So we propose an approximation of
Pr(Tk−1, Tk) by approximating the variance process under Qn by its expecta-
tion to make the dynamics of real interst rate affined. The appriximation of
Pr(Tk−1, Tk) is given by

Pr(Tk−1, Tk) ≈ eAr(Tk−1,Tk)−Br(Tk−1,Tk)rr(Tk), (37)

where Br(Tk−1, Tk) as defined in (27) and

Ar(Tk−1, Tk) = log
Pr(0, Tk)

Pr(0, Tk−1)
[Br(Tk−1, Tk)fr(0, Tk−1) + Λ(Tk−1, Tk)

− η2
r

4ar

(
1 − e−2arTk−1

)
Br(Tk−1, Tk)2

]
,
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with

Λ(Tk−1, Tk) = E

[√
v(Tk)

] ρI,rηr

ar

[Tk − Tk−1 −Br(Tk−1, Tk) −Bn(Tk−1, Tk)

1

an + ar

(
1 − e−(an+ar)(Tk−Tk−1)

)]
.

E

[√
v(Tk)

]
is given as in (16).

By substituting the nominal and the real zero-coupon bond expressions (36)
and (37) into (35), we have the approximation of (32) as

φY oY (u, t, x(Tk−1, Tk))

≈ eiu[Ar(Tk−1,Tk)−An(Tk−1,Tk)]+A(u,Tk−Tk−1) ×
EQTk

[
eC(u,Tk−Tk−1)v(Tk−1)+iu[Bn(Tk−1,Tk)rn(Tk−1)−Br(Tk−1,Tk)rr(Tk−1)]|Ft

]

:= φY oY,2. (38)

Approximation 3: We approximate (38) by spliting the expectation into two
terms as follows:

φY oY (u, t, x(Tk−1, Tk))

≈ eiu[Ar(Tk−1,Tk)−An(Tk−1,Tk)]+A(u,Tk−Tk−1)EQTk

[
eC(u,Tk−Tk−1)v(Tk−1)|Ft

]
×

EQTk

[
eiu[Bn(Tk−1,Tk)rn(Tk−1)−Br(Tk−1,Tk)rr(Tk−1)]|Ft

]
(39)

:= φY oY,3.

We will derive the formulas for the two expectations (39).

For 0 ≤ s ≤ t ≤ T, we have

EQT
[
eC(u,T −t)v(t)|Fs

]
= ψ(u, s, t, T )

2κv

σ2
v exp

[
ψ(u, s, t, T )e−κ(t−s)C(u, T − t)v(t)

]
,

(40)
provided that

ψ(u, s, t, T ) :=
1

1 − 2σ2
v

4κ

[
1 − e−κ(t−s)

]
C(u, T − t)

≥ 0.

For 0 ≤ s ≤ t ≤ T, denote Y (t, T ) := Bn(t, T )rn(t) − Br(t, T )rr(t), its
conditional characteristic function can be approximated by

EQT
[
eiuY (t,T )|Fs

]
≈ exp

{
iuEQT

[Y (t, T )|Fs] − 1

2
u2VarQ

T

[Y (t, T )|Fs]

}
,

(41)
where

EQT

[Y (t, T )|Fs] = Bn(t, T )EQT

[rn(t)|Fs] −Br(t, T )EQT

[rr(t)|Fs] ,

VarQ
T

[Y (t, T )|Fs] = B2
n(t, T )VarQ

T

[rn(t)|Fs] +B2
r (t, T )VarQ

T

[rr(t)|Fs]

−2Bn(t, T )Br(t, T )CovQT

[rn(t), rr(t)|Fs] ,
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with EQT

[rl(t)|Fs] ,VarQ
T

[rl(t)|Fs] , for l = {n, r} given in Chap. 3.3 of [5]:

EQT

[rn(t)|Fs] = rn(s)e−an(t−s) − αn(t) − αn(s)e−an(t−s)

+
η2

n

an

[
1 − e−an(t−s)

an

− e−an(T −t) − e−an(T −2s+t)

2an

]

VarQ
T

[rn(t)|Fs] =
η2

n

2an

[
1 − e−2an(t−s)

]
,

EQT

[rr(t)|Fs] = rr(s)e−ar(t−s) − αr(t) − αr(s)e−ar(t−s)

+

∫ t

s

e−ar(t−u)
{
ηnηrρn,rBn(u, T ) − ρI,rηrE

[√
v(u)

]}
du,

VarQ
T

[rr(t)|Fs] =
η2

r

2ar

[
1 − e−2ar(t−s)

]
,

CovQT

[rn(t), rr(t)|Fs] = ρn,r

√
VarQT [rn(t)|Fs]VarQT [rr(t)|Fs],

αl(t) = rl(0) +
η2

l

2a2
l

(
1 − e−alt

)2
, for l = {n, r}.

Note that using the approximation form of E

[√
v(u)

]
as given by (16), the

integration in EQT

[rr(t)|Fs] can be calculated analytically, then we have

EQT

[rr(t)|Fs] ≈ rr(s)e−ar(t−s) − αr(t) − αr(s)e−ar(t−s)

+
ηnηrρn,r

an

[
1 − e−ar(t−s)

ar

− e−an(T −t) − e−ar(t−s)−an(T −s)

ar + an

]

−ηrρI,r

[
β1

1 − e−ar(t−s)

ar

+ β2
e−β3t − e−ar(t−s)−β3s

ar − β3

]
.

Substituting (40) and (41) into (39), we derive the closed form approxima-
tion for the conditional characteristic fucntion of x(Tk−1, Tk), for k = 1, · · · , n,
which is defined in (32) and will be used to derive the caplet price in the next
section.

4 Pricing FX Options and Inflation Products by

Fourier-Cosine Expansion

We present here a sketch of the Fourier-Cosine expansion method for pricing
the FX options and inflation YoY cap, for more details about the calculatation
of option prices by Fourier-Cosine method, please refer to [3].

The expectation part in the forward price of the FX option, Π(t), as given

in (14), and in the inflation YoY caplet price, Π̂(t, Tk−1, Tk,K) in (30), can be
expressed as:

ET ∗

[K∗ max(ex(T ∗) − 1, 0)|Ft] = ET ∗

[v(y, T ∗)|x] =

∫

R

v(y, T ∗)f(y|x)dy, (42)
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where x and y are the state variables of the process x(·) at time t and time T ∗

and
v(y, T ∗) := K∗ max(ey − 1, 0), (43)

f(y|x) is the conditional probability density for x(T ∗) = y given x(t) = x. For
the FX option forward price Π(t), T ∗ = T,K∗ = K,x(T ) = log

[
FXT (T )/K∗

]
;

for inflation YoY caplet price Π̂(t, Tk−1, Tk,K), T ∗ = Tk,K
∗ = K + 1, x(Tk) =

log
{[

Pr(Tk−1,Tk)
Pn(Tk−1,Tk)

ITk
(Tk)

ITk
(Tk−1)

]
/K∗

}
.

Firstly, we truncate the infinite integration range of (42) without loosing
significant accuracy to [a, b] ∈ R, and we obtain its approximation v1 :

v1(x, t) =

∫ b

a

v(y, T )f(y|x)dy, (44)

where a and b are choosen such that the truncate error is under control.

Secondly, we replace the density by its cosine expansion in y,

f(y|x) =

+∞∑

k=0

Ak(x) cos

(
kπ
y − a

b− a

)
, (45)

where the summation Σ here with the first term is weightedd by one-half and

Ak(x) :=
2

b− a

∫ b

a

f(y|x) cos

(
kπ
y − a

b− a

)

=
2

b− a
Re

{
φ

(
kπ

b− a
;x

)
exp

(
−i kaπ
b− a

)}
, (46)

where the second equation in (46) is obtained by comparing the cosine coeffi-
cient Ak(x) of f(y|x) with the definition of conditional characteristic function

φ
(

kπ
b−a

;x
)

and φ
(

kπ
b−a

;x
)

is the conditional characteristic function of x(T ∗)

given x(t) = x and the closed forms for the prices of FX options and YoY infla-
tion caplets can be derived from (18) and (39), respectively.

Substituting (45) into (44), we have

v1(x, t0) =
1

2
(b− a)

∫ b

a

2

b− a
v(y, T )

+∞∑

k=0

Ak(x) cos(kπ
y − a

b− a
)dy. (47)

Then interchange the summation and integration, we have

v1(x, t0) =
1

2
(b− a)

+∞∑

k=0

Ak(x)Vk ≈ 1

2
(b− a)

′N−1∑

k=0

Ak(x)Vk, (48)

with

Vk :=
2

b− a

∫ b

a

v(y, T ) cos(kπ
y − a

b− a
)dy. (49)
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Then replacing (46) of Ak in (48), we have

ET ∗

[K∗ max(ex(T ∗) − 1, 0)|Ft] ≈
N−1∑

k=0

Re

{
φ

(
kπ

b− a
;x

)
e−ikπ a

b−aVk

}
, (50)

which is the COS formula for general underlying processes.

At last, we just need to determine Vk in the above COS formula which can
be calculate analytically. By definition of v(y, T ) in (43) and definition of Vk in
(49), we have

Vk =
2

b− a
K∗[ξk(0, b) − ψk(0, b)], (51)

where

ξk(c, d) :=
1

1 +
(

kπ
b−a

)2

[
cos

(
kπ
d− a

b− a

)
ed − cos

(
kπ
c− a

b− a

)
ec (52)

+
kπ

b− a
sin

(
kπ
d− a

b− a

)
ed − kπ

b− a
sin

(
kπ
c− a

b− a

)
ec

]
(53)

ψk(c, d) :=

{[
sin

(
kπ d−a

b−a

)
− sin

(
kπ c−a

b−a

)]
b−a
kπ
, k 6= 0,

(d− c), k = 0.
. (54)

Please refer to [3] for more details about Fourier-Cosine expansion method.

5 Program Manual

We implement the pricing method of FX options and inflation YoY caps in
Heston model incorperated with Hull-White interest rate model by using Fourier
Cosine expansions. The number of Fourier-Cosine terms is 29 for FX options
and 210 for inflation YoY caps. The program HAS TO work with the pnl library.

5.1 Pricing FX options

Model Parameters:

v0: the initial value of the volatility, ν(0) for dynamics given in (5);
kappa: the speed of the mean reversion of varince, κ as given in (5);
vbar: the long-term variance level, ν as given in (5);
gammav: the volatility of volatility, γ as given in (5);
pd0: the initial domestic interest rate, rd(0) as given in (1);
lambdad: the mean reversion parameter of domestic interest rate, λd as given
in (1);
etad: the volatility of domestic interest rate, ηd as given in (1);
pf0: the initial foreign interest rate, rf (0) as given in (2);
lambdaf: the mean reversion parameter of foreign interest rate, λf as given in
(2);
etaf: the volatility of foreign interest rate, ηf as given in (2);
rho12, rho13, rho14, rho23, rho24, rho34: the correlation parameters ρξ,ν , ρξ,d, ρξ,f , ρν,d, ρν,f , ρd,f

respectively, as given in Section 2.2.
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Parameters of the product:

csi0: the initial value of exchange rate, ξ(0) as in (4).
delta_n: strike of the FX option, δn as in (13);
T: the maturity of FX options, T as in (12).

5.2 Pricing inflation YoY caps

Model Parameters:

v0: the initial value of the volatility, ν(0) for dynamics given in (22);
kappa: the speed of the mean reversion, κ as given in (22);
vbar: the long-term variance leverl, v as given in (22);
sigmav: the volatility of volatility, σv as given in (22);
rn0: the initial nominal interest rate, rn(0) as given in (20);
an: the mean reversion parameter of nominal interest rate, an as given in (20);
etan: the volatility of nominal interest rate, ηn as given in (20);
rr0: the initial real interest rate, rr(0) as given in (21);
ar: the mean reversion parameter of real interest rate, ar as given in (21);
etar: the volatility of real interest rate, ηr as given in (21);
rho12, rho13, rho14, rho23, rho24, rho34: the correlation parameters ρI,v, ρI,n, ρI,r, ρv,n, ρv,r, ρn,r

respectively, as given in (24).

Parameters of the product:

t0: the starting date of the cap, T0 as in (28);
tau: the tenor parameter τ and defines as τ := Tk − Tk−1 ;
T: the maturity of options, Tn as in (28);
strike: the strike of cap, K as in (28).
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