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Abstract

We price the foreign exchange rate (FX) options and year on year-
on-year (YoY) inflation caps under the Heston type models for FX and
inflation index CPI respectively. In combination with these two models,
we assume the Hull-White interst rate model for the domestic and the
foreign interest rate, and also for the nominal and the real interest rate.
Since these models are not affine, the approximations of the non-affine
terms are proposed so that the approximations of the characteristic func-
tion of the forward FX and the forward inflation index are obtained, then
by the Fourier-Cosine method we can efficiently calculated the price of
FX options and inflation products.

1 Introduction

We assume both of FX and CPI follow the Heston-type stochastic volatility
model and both models incorperate with the Hull-White interest rate models.
Under such model settings, we present an efficient pricing method for the FX
options and the inflation products by using Fourier-Cosine expansions. We also
implement both methods in PREMIA.

The rest of this file is organized as follows. We present the FX models and
the FX options description in Section 2, and then introduce the inflation index
models and inflation products in Section 3. The sketch of the Fourier-Cosine
expansion pricing method will be stated in Section 4. Section 5 is the program
manual for the implementations of both pricing methods.

*weix@Qcias.edu.cn
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2 The FX Model and the FX Options

2.1 The Domestic and Foreign Interest Rate Models

We assume that the domestic interest rate r4(t) and the foreign interest rate
r¢(t) are deriven by the Hull-White one-factor model under their spot measures,
i.e. Q-domestic and Z-foreign respectively:

dra(t) = Xa(0a(t) — ra(t))dt + nadW(t), (1)
dry(t) = Ap(0p(t) — ry(t))dt + npdWF(t), (2)

where W (t) and W%(t) are Brownian motions under Q and Z, respectively. Pa-
rameters A\g, A\ determine the speed of mean reversion to the time-dependent
term structure functions 6,4(t), 07 (t) and parameters g, 7y are the volatility co-
efficients.

Under the domestic and foreign interest rate models (1) and (2), the dynam-
ics of the domestic and foreign zero-coupon bond prices,

Py(t,T):=e¢ I 1()ds  and Pi(t,T):=¢" I m1(®)qs,
are given by the stochastic differential equations as follows:
APy (t,T) = r4(t)dt + naBa(t, T)AWL(t),
APy (t,T) = rp(t)dt +np By (t, T)AWF (t),
where

1 1
By(t,T) = b e MalT=t) _ 1} ,Bs(t,T) = by e M= 1) (3)

2.2 The FX Models

The spot FX £(t) expressed in units of domestic currency, per unit of a foreign
currency, is assumed to follow the Heston-type dynamics:

de(t)/€() = [ra(t) — rp(O)]dt + /v (HAWE (1), (4)
where the volatility v(t) follows
dv(t) = K[7 — v(t)]dt + y/v () dW2(t), (5)

where Wé@(t)7 W2 (t) are Brownian motions under the domestic risk-neutral mea-
sure QQ, the parameters x,7 determine the speed and the long term mean of the
volatility and ~y is the volatility of volatility for the FX.

By changing the spot foreign measure Z to the spot domestic measure Q,
we have the dynamics of the foreign short rate r(¢) as

dry(t) = [Ar(05(8) = (1) = nppes VoD dt +naW R, (6)
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where p¢ ¢ is the correlation of the Q-measured Brownian motions Wé@ (t) and

W?(t) Then under the Q measure, the foreign zero-coupon bond price dynam-
ics is

dPy(t,T) = [ry(t) = pe.yny By (8, TV (t)] dt + naBy(t, T)YAW (1), (7)

Under the spot measure Q, we assume a full matrix of correlations be-
tween the Brownian motions W?(t), W2(t), W?(t), W}Q(t), ie pij:= szQ(t) .
AW (t)/dt # 0, when i # j and i, j € {¢, v, d, f}.

2.3 The FX Models under Forward Measure

Direct calculation of the price of the FX options under the spot measure will
result in solving a 4-dimentional PDE which is infeasible and unstable. To re-
duce the complexity of the pricing problem, we move from the spot measure
to the forward measure where the numéraire is the domestic zero-coupon bond,
Py(t,T).

The forward domestic measure Q7 is defined by Radon-Nikodym derivative
as follows:
T dQ” Py(t,T)
AQ (t) = = .
dQ  Py(0,T)Ma(t)

(8)
Denote Py(1.T)
b

the forward FX under the T-forward measure. By It6’s formula, the dynamics
of FXT(t) under measure Q is

FXT(t) :=&(t)

_ Pf (t’ T) f(t) Pf(t’ T)
dFXTt) = PAi.T) dé(t) + PAL.T) dPs(t,T) — £(t) P dPy(t,T)
+f<t>m<dpd<t, ) ¢ %(dg(t)dpfu, 7))
%(M(M)dw» - %dm,ﬂdmw).

Then substitute the SDEs of £(t), Py(t,T) and P¢(t,T), we have

dFXT(t)

FXT(@) naBa(t,T) [ndBd(t,T) — pe.a/v(t) — pagnsBy(t, T)} dt (10)

V(O AWE () = naBa(t, T)YAWE(t) + 0By (t, T)AW 2 (1),
where Bg(t,T) and Bf(t,T) as defined in (3).
From the definition of Radon-Nikodym derivative (8), we can redefine the

driven Brownian motions for FX7T(t),v(t),rq(t) and rs(t), then we have the
dynamics of FXT(t),v(t),rq(t) and rs(t), under the T-forward measure Q7 as
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follows:
T
o = AW () Bt DY () + 0y By (e, TIAW] 1) (1)
Wt) = [k(7 = v(t) + 1pvanaBalt, T)Vw®)| dt +2/OAW (1),
drq(t) = [Aa(0a(t) —ra(t)) +n3Ba(t, T)] dt + nadW, (t)
drp(t) = [)‘f(‘gf(t) = 15(8)) = nype, gV V() + nangpa,r Balt, T)] dt + Wy ().

For more details on the above change of measure, please refer to the Ap-
pendix of [1].

2.4 The Payoff Function of FX Options

Denote the time ¢ price of the call option of the spot FX by V (¢, X (t)), X (t) :=
[£(t),v(t). ra(t),re (1))

My(t)
My(T)

My(t) = exp (/Ot rd(s)ds) .

We use the following formula to define the strike K:

V(t, X (1)) = E2 ( max(§(T) — K, om) , (12)

with

K(T) = FXT(0) exp (0.15n\/:7) . with 0, = {~15,-1.0,-0.5,0,0.5,1.0, 1.5}.
(13)
Note that given the information at time ¢, My(t) is deterministic, then

R e

denote by II(¢) the forward price

B max(&(T) — K, 0)
I(t) = B2 ( A7) |]-'t) .

2.5 The Characteristic Functions for Logarithm of For-
ward FX under Forward Measure

By switching from the domestic risk-neutral measure Q to the domestic 7T-
forward measure Q7', the discounting will be decoupled from the expectation,
i.e.

I1(t) = Py(t,T)E" [max (FX"(T) — K,0) |F], (14)

where F X7 (t) is the forward FX under the T-forward measure as given by (9)
and ET [] is the expectation taking under the forward measure Q.
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We make a log-transform of the forward FX, i.e. 27 (t) := log FXT (), its
dymanics can be obtained from (11) as

dzT Clt,/v() — ,,/ dt+\/7dW§ nddeWg(t)H?fodeT(t)’

(15)
where By := By(t,T) and By := By(t,T),

C(t,\/v(t)) = [pe,anaBa — pa, g0 Byl Vv (t)+pa, fndndeBf_* (n3B3 +n3B7) .

Applying the Feynman-Kac formula, we obtain the PDE for the charac-
teristic function of the log-transformed forward FX ¢ := ¢ (u, X(t),t,T) =

ET [ei“mT(T)U"t} as
8 T a T 82 T 8 T
—% = [K(P— V) + pu,d¥nay V(t)Bd} % + [ Clt, /v ] ( fQ - ;;)

82 T 1 82 T
+ |:¢z,u’7y Puv.dYNd\ V Bd + Pu,fYNfVV Bf:| (b 2l/ a;é .

Since the above PDE is not affine, it is not easy to find its solution. An
approximation of the non-affine term in the PDE is proposed as

Vi) S E [V~ Byt ae ™ = (), (16)
where 1 = /T — 72/8k, B2 = \/v(0) — B, B3 = —log[By L (A(1) — B1)], and

Alt) = \/C(t)wt)l]+c(t)d+2p¢lc-(|-t))\d(t)]’
I N =

Note that the approximation of E [\/V(t)] in (16) requires

7> 4% /8k. (17)

For the cases that don’t meet this requirement, one can use the exact formula
of E {\/I/(t)] as an approximation for \/v(t). For more details about this ap-

proximation, please refer to Section 3.1 of [2].

With the approximation of the non-affine term, the forward characteristic
function is of the following form:

T (u, X(t),t,T) = exp[A(u, 7) + B(u, 7z (t) + C(u, 7)v(t)], (18)

where 7 = T — t, the function A(7) := A(u, 1), B(7) := B(u,7),C(7) := C(u, 1)
are given by

B'(r) = 0,
C'(r) = —kC(r)+[B*(r) = B(1)}/2+ papyB(r)C(7) + v*C*(7) /2,
Al(r) = w0C(r) + puavnae(T)Ba(r)C(7) = ((1,0(7))[B*(1) — B(7)]

H=pu,anavp(T)Ba(T) + du, 5105 0(7) By (T)] B(T)C(7),
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with B;(1) = A, * [ ~MT — 1] for ¢ = {d, f} and the initial conditions B(0) =

7

1u, C'(0) =0,A(0) =
The above ODE can be sloved as
B(t) = iu, (19)

C(r) = i( u— d)
T - 72(1 _ge,dT) K Pa;,z/ﬂu ’

A

—

N
[

/0 ' (KT + pu,pYMasp(s) Ba(s) — pu.anayp(s)Ba(s)iu

o pmpp(s) By (s)iu] C(s)ds + (a2 + i) / " (s pls))ds,

KE—=YPx viu—d

with d = \/(pzpviu — k)2 — y2iu(iv — 1), g = T

Subsitituting the solution of A(u,7), B(u,7),C(u,7) into (18), we have a
closed form of characteristic function of the forward FX, then by Fourier-Cosine
method, we can calculate the forward price of the option (14) and then the
option price (12) efficiently.

3 The Inflation Models and the YoY Inflation
Caps

3.1 The Nominal and Real Interest Rate Models

The nominal and real interst rates, r, and r,, under the risk-neutral nominal
and real economy measure Q,, and Q,., respectively, are modeled by one-factor
Hull-White models:

drn(t) = (an(t) - an'rn( ))dt + andWQﬂ( ) (20)

drr(t) = (er(t) - arrr(t))dt + nrdW:"@T (t)7 (21)

where W9 (t) and W2 (¢) are Brownian motios under Q,, and Q,., respectively.
Parameters a,,, a, represent the mean reversion speed with the similar meaning
as Ag and Ay in model (1) and (2) and 7, n, are the volatility parameters, the
time-dependent function 6,,(t) and 0,.(t) determine by the nominal and real ini-
tial term structure as observed in the markets.

3.2 The Inflation Index Models

The inflation index, which is also called CPI, denoted by I(¢), and its stochas-
tic variance process v(t) are modeled by the Heston model under the nominal
economy spot measure, Q,:

dI(t) = [ra(t) — t)dt + /o) I AW 2 (),  1(0) >0, (22)
do(t) = kv — v(t dt —|— O’v\/ dW?" ), v(0) > 0.
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where W™ (t), W2 (t) are Brownian motions under the nominal economy spot
measure QQ,,, x is a mean-reversion parameter, o, is the volatility of the volatil-

ity and T denotes the long-term variance level. The inflation rate is defined as

the percentage change of the CPI, i.e. % —1,for0<s<t.

To include the stochastic nominal and real interest rate model for inflation
products pricing, we need to determine the real interest rate in the nominal
economy. By change of measure, we have the real interest rate dynamics under
the nominal economy as

d'rr(t) = [er(t) — PI,rTrV U(t) - arrr(t)]dt + anWan (t) (23)

The correlation structure between the Brownian motions
AW, i= (AW (6), AW 2 (1), W2 (t), AW (1))
is defined by the following symmetric instantaneous correlation matrix:

1 pl,v pl,n pI,r

AW, (dW)" = | 1 pvlv” /’;“ dt. (24)
. 1’

We assume a full rank matrix for the correlation.

3.3 The Inflation Models under Forward Measure

To value the inflation-dependent derivatives, it is convenient to use the inflation

model under the T-forward nominal economy measure QZ, instead of the spot

measure Q,,. The forward nominal economy measure is generated by the nom-
inal zero-coupon bond, P, (¢,T). In other words, under the 7T-forward measure
the forward measure, the forward CPI,

(25)
is a martingale.

Under the T-forward measure, the inflation model with a full matrix of
correlations is given by:

AT =17 [\ So&)AWT (t) — 1 By (t, T)AWT (t) + 13, B, (t, T)AW T (t)}
do(t) = [ﬁ(@ — (1)) = TuponiinBalt, T),/v(t)] dt + oo\ SO AW (2),

drp(t) = [0n(t) — anrn(t) + 02 By (t,T)] dt + n, dW L (1)
dr.(t) = [‘97" (t) — apry(t) — neprr V V(t) + NP B (2, T)} dt + nrdWrT (t),
(26)
where 1
Bi(t,T) := P [1 — e*‘”(T*t)} , for 1={n,r}. (27)
l
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3.4 The Inflation Products

We will price YoY inflation cap options under the above stated inflation model.
In general, a cap option, H is defined by a series of so-called caplets, H ie.

(t,7,T,K) = > _T(t,Tj—1, Ti, K) (28)
k=1

where 7 := T}, — Ty _1 defines the tenor parameter with Ty =ty >t and T,, = T
The integer n, defined as n = T;t", denotes the number of caplets in the cap
option and it depends on the tenor parameter and time to maturity of the cap
options. The strike of the cap is K. The pricing of the cap option can be de-
composed by pricing a series of caplets.

The time ¢ price of the YoY inflation caplets starting at time Tj_; and
maturing at time T}, is given by

max ( I (K + 1),0)

~ I(Tk—1)
(t, Ty—1, T, K) = M, (t)E%» ; 29
(7 k—1yLk, ) () Mn(Tk) |]:t ( )
where M, (t) = exp { fo T (s ds} is the nominal money-saving account and

EQ= [] is the expectation taking under the nominal spot economy measure Q,,.

By changing of measure from the nominal spot economy measure Q,, to the
forward nominal measure Q7% and using the definition of the T}-forward CPI
Iz, (t) given in (25), we can rewrite the pricing formula of the YoY inflation
caplet price as:

T(t, T, T, K) = Pu(t, T})E2"* (PT(T’H’T’“) Iz, (1)

Po(Th—1,Tk) Ity (Th—1)

— (K + 1))+ |ft]

(30)
where ()T means max(-,0), P,(s,t) and P.(s,t) for 0 < s < t are nominal and
real zero-coupon bond prices, respectively.

3.5 The Characteristic Functions for the Logarithm of the
Forward CPIs under Forward Nominal Measure

Define the log-transformation of the discounted forward CPI as:
Pr(Ty—1,Ty) Ir,(Tk) )
2(T_1,T}) :=lo : k
LA <Pn(Tk1,Tk) Ir,(Tis—+1)
= log ITk (Tk) — log ITk (Tk—l) + log P,-(Tk_l, Tk) — log Pn(Tk—la Tk).

(31)

To compute the time ¢ price of the YoY inflation caplets, we need to derive
the forward condtional characteristic function of x(Tx_1,Tk),

byoy (u7 t, J](kal, Tk)) — EQT’“ eiu:()(Tk7Tk—1) |]:t} (32)

T [ ullog I'm, (Tw)—log I (Th—1)~+log Pr(Ts_1,Tk)—log Py (Th—_1,T,
- EQ {e [log Iy, (Tk)—log Iy, (Tk—1)+log Pr(T—1,T%)—log (k'lk)]|-7:t7
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given the information up to time t. We derive a closed form for ¢y oy (u, t, 2(Tk—1,Tk))
by three steps of approximations.

Approximation 1: By taking iterated expectation under Fj_;, we have

dyoy (u,t,x(Th—1,Tk))
_ EQTk {e—iu[ITk (Ti—1)—log Pr(Ti—1,T)+log Py (Ti—1,T%)] «

]EQTk [eiu log I, (Tk) |-7:k—1} ‘]:t} 7 (33)

where the inner expectation is the characteristic function for log I, (T}) given
I, (T)—1) and it can be approximated by

¢i(u,1og Iy, (T1,), T—1, Ty) := EX"* [eiulogIT’“ (Tk)|]:k71}

~ eA(u,kaTk_l)+iu log ITk (Tk_l)JrC(’u,,Tk*Tk_l)v(Tk71)' (34)

The function of A(u,7) and C(u,7) can be derived similarly as (19), for the
explicit formulas and theirs derivations, please refer to [1]. By approximation
(34), the characteristic function of ¢y,y defined by (32) can be approximated
by

Pyoy (u,t, 2(Th—1,Tk))
~ [ {eiu[log Pp(Th—1,Tk) 108 P (T 1,T0)] A (1w, T = Th—1)+C (w0, Te =T 1)0(The—1) |]_-t}

= Oyov,1- (35)

Approximation 2: The zero-coupon bond price of nominal economy P,,(Tj—1,T%)
in (35) can be given by, see page 75-78 of [5],

Pn(Tk—laTk) _ eAn(Tk,—1,Tk)*Bn(Tlc—l,Tk)7“n(Tk,—1)7 (36)
where By, (T;—-1,T) as defined in (27) and

A(To 1. T) = log —rotk)
(Th—1,Tk) og Po0. Tk 1)

[Bn(kah Tk)fn<07 Tkrfl)

2
*4777” (1 —e 29 Te=2) B, (Th—1, Ty)?
Qnp

But the zero-coupon bond price of real economy P,.(Ty_1,T)) can not be de-
rived analytically due to the fact that the dynamics of the real interest rate
are not affine under the nominal measure. So we propose an approximation of
P.(Ty-1,Ty) by approximating the variance process under Q,, by its expecta-
tion to make the dynamics of real interst rate affined. The appriximation of
P.(Tx—1,Ty) is given by

P (Tp_1,Ty) ~ eAr(Tk—l1Tk)_Br(Tk—17Tk)rr(Tk)’ (37)
where B, (T;—1,T}) as defined in (27) and

Pr(07Tk)

AT(Tk—laTk) = logm

[Br(Tk—1,Tk) fr(0, Ti—1) + A(Th—1, Tx)

2

r —2a, Tk 2
e (1~ e Te1) B (T, Th)?|
4ar( e ) By (Ti—1, Ti)
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with

A(Ty—1,Ty)

E VoM 2220 (1 = Tt = By(Tie1, Th) = Bu(Tie1,Th)

(s

1 (1 _ e*(an+ar)(Tk*Tk—1)> )
an + ay

E [ U(Tk)] is given as in (16).

By substituting the nominal and the real zero-coupon bond expressions (36)
and (37) into (35), we have the approximation of (32) as

oy oy (ust, 2(Ti—1,Tk))
A (Th1,T) = An (T 1, T )|+ A(w, T =Th—1)

]EQT"" [ec(uka_Tk—l)U(Tk—1)+iu[Bn(Tk—l7Tk)rn(Tk—l)_Br(Tk—l7Tk)7r(Tk—1)]|ft
= Oyoy,2- (38)

Approximation 3: We approximate (38) by spliting the expectation into two
terms as follows:

oy oy (uyt, x(Th—1,T))
il A (T 1, Ti) = An (T 1 Ti) | +-A(u, Te—Ti—1 ) Q"% [ecw,n—nfl)v(nfl)|ft} %

Q

EQ {eiu[Bn(Tk_l,Tk)rn(Tk_l)fB,.(Tk_l,Tk)r,.(Tk_l)] |]_-t} (39)

= ¢yov,3.

We will derive the formulas for the two expectations (39).

For 0 < s <t <T, we have

2KU

B [T 7] = ., T) F exp [(u, 5,1, T)e I, T~ t)o(d)]
(40)
provided that
1

202 >0
1— 2 [1—et=9)]C(u, T —t)

Y(u,s,t,T) =

For 0 < s <t < T, denote Y (t,T) := B,(t,T)rn(t) — B, (t,T)r.(t), its
conditional characteristic function can be approximated by

EQ" [e“‘y(t’TH}'s} ~ exp {qu@T Y (t, T)|Fs] — %uQVarQT [Y(t,T)|]-"S]} ,
(41)
where
BV V(1) F) = Ba(t, T)E [rn(t)|F] = Be(t, TIE® [ry (1) F],
Var?' [V (t,T)|F,] B2(t, T)Var?' [r,(t)|F,] + B2(t, T)Var?' [r,(¢)|F,]
—2B,(t,T)B,(t, T)Cov®" [r,(t), rr(t)| Fs],
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with EQ" [ry(t)|F,], Var®" [r,(t)|F.], for I = {n,r} given in Chap. 3.3 of [3]:

EQ” [rn(t)|Fs] = rn(s)e—an(t—s) — o (t) — an(s)e—an(t—s)
,'72 1— e—an(t—s) e—an(T—t) _ e—an(T—Qs—&-t)
+-= { _ }
an an 2a,,
2
Var®” [ra(t)|Fs] = I [1 _ 672an(t—5):| ,
2a.y,
EQ” e (OIF] = m(s)e= 09 —a (1) — ap(s)e =)

t
+/ o—ar(t—u) {nnnrmen(“vT) = premE [ v(u)} } du,

2
Var [ ()|F] = g [L-e)]
-

(COVQT [rn(t), T ()| Fs] = pnﬂ,\/Var@T [rn ()| Fs] Var®" [r,.(t)|F],

2
ai(t) = ri(0) + % (1- e_‘”t)z, for 1={n,r}.
1

Note that using the approximation form of E [ v(u)} as given by (16), the

integration in E¢" [r-(t)|Fs] can be calculated analytically, then we have

EQ” [r-(1)|Fs] =~ rr(s)efar(tfs) —an(t) — ar(s)efar(tfs)
N Pr,r [1 —gar(t=s)  gman(T—t) _ ear(ts)an(TS)}
+ )

an Ay ar + anp
1— efa,,.(tfs) e Bat _ efa,,.(tfs)fﬂgs
*nrpl,r |:B1 + 62 :|
Ay Qr — 53

Substituting (40) and (41) into (39), we derive the closed form approxima-
tion for the conditional characteristic fucntion of z(Tx_1,T%), for k =1,--- ,n,
which is defined in (32) and will be used to derive the caplet price in the next
section.

4 Pricing FX Options and Inflation Products by
Fourier-Cosine Expansion

We present here a sketch of the Fourier-Cosine expansion method for pricing
the FX options and inflation YoY cap, for more details about the calculatation
of option prices by Fourier-Cosine method, please refer to [3].

The expectation part in the forward price of the FX option, II(¢), as given

n (14), and in the inflation YoY caplet price, II(¢, Ty—1, Tk, K) in (30), can be
expressed as:

ET[K* max(e"T) —1,0)|F] = ET [u(y, T")|a] :/Rv(y,T*)f(wa)d% (42)
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where z and y are the state variables of the process z(-) at time ¢ and time T*
and

v(y, T") == K*max(e’ — 1,0), (43)
f(y|z) is the conditional probability density for x(T*) = y given x(t) = x. For
the FX option forward price II(t), T* = T, K* = K, z(T) = log [FX™(T)/K*];
for inflation YoY caplet price ﬁ(t Tioo1, T, K), T* =Ty, K* = K+ 1,z2(T}) =

Pr(Ti—1,Tx) I, (Tk) *
1Og{[l’ T lTIZ)ITkIETk 1)} /K }

Firstly, we truncate the infinite integration range of (42) without loosing
significant accuracy to [a,b] € R, and we obtain its approximation vy :

b
ulet)= [ oDl (44)
where a and b are choosen such that the truncate error is under control.

Secondly, we replace the density by its cosine expansion in vy,

Flylz) = ZAk cos( b:z> (45)

where the summation ¥ here with the first term is weightedd by one-half and

Aplz) = b2a[fﬂMMam<m€_Z)

2 km . kam
- ) () w

where the second equation in (46) is obtained by comparing the cosine coeffi-
cient Ag(x) of f(y|z) with the definition of conditional characteristic function

10} (b’” ;U) and qb(
given x(t) = x and the closed forms for the prices of FX options and YoY infla-
tion caplets can be derived from (18) and (39), respectively.

;x| is the conditional characteristic function of x(7™)

Substituting (45) into (44), we have

b

1 (3.t0) = 2(b— a)

—a
5 Z Ay () cos( kﬂ' - Ydy.  (47)

a

Then interchange the summation and integration, we have

vi(z,t0) = =(b—a ZAk

l\JM—\
Q
S~—
b
B
—
S~—
=
—
N
[0 ¢)
S~—

with .
2
Vi i= . Cl/a v(y,T) cos(k:ﬂ'z
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Then replacing (46) of Ay in (48), we have

N—1
. . k G a

E" [K* max(e”™) —1,0)| 7] = > Re {¢ (b ﬂa;x) e_””baVk} . (50)
k=0

which is the COS formula for general underlying processes.

At last, we just need to determine Vj in the above COS formula which can
be calculate analytically. By definition of v(y,T) in (43) and definition of Vj in
(49), we have

2
Vie = 3= K7[€k(0,0) — ¥ (0, )], (51)
where

o 1 d—a\ 4 c—a\ .
(e, d) = 71+(kw)2 {cos(lmb_a)e cos(knrb_a>e (52)

(e, d) = {([Zin (C];T‘;f_]f) —' sin

Please refer to [3] for more details about Fourier-Cosine expansion method.

5 Program Manual

We implement the pricing method of FX options and inflation YoY caps in
Heston model incorperated with Hull-White interest rate model by using Fourier
Cosine expansions. The number of Fourier-Cosine terms is 2° for FX options
and 2'° for inflation YoY caps. The program HAS TO work with the pnl library.

5.1 Pricing FX options

Model Parameters:

v0: the initial value of the volatility, ©(0) for dynamics given in (5);

kappa: the speed of the mean reversion of varince, k as given in (5);

vbar: the long-term variance level, 7 as given in (5);

gammav: the volatility of volatility, v as given in (5);

pdO: the initial domestic interest rate, rq(0) as given in (1);

lambdad: the mean reversion parameter of domestic interest rate, \; as given
in (1);

etad: the volatility of domestic interest rate, 14 as given in (1);

pf0: the initial foreign interest rate, 7;(0) as given in (2);

lambdaf: the mean reversion parameter of foreign interest rate, Ay as given in
(2);

etaf: the volatility of foreign interest rate, ny as given in (2);

rhol2, rhol3, rhol4, rho23, rho24, rho34: the correlation parameters p¢ ., pe.d, Pe. £+ Pv.ds Pu.f> Pd, f
respectively, as given in Section 2.2.
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Parameters of the product:

csi0: the initial value of exchange rate, £(0) as in (4).
delta_n: strike of the FX option, d,, as in (13);

T: the maturity of FX options, T" as in (12).

5.2 Pricing inflation YoY caps

Model Parameters:

v0: the initial value of the volatility, ©(0) for dynamics given in (22);

kappa: the speed of the mean reversion, x as given in (22);

vbar: the long-term variance leverl, T as given in (22);

sigmav: the volatility of volatility, o, as given in (22);

rn0: the initial nominal interest rate, r,(0) as given in (20);

an: the mean reversion parameter of nominal interest rate, a,, as given in (20);
etan: the volatility of nominal interest rate, 7,, as given in (20);

rr0: the initial real interest rate, r,.(0) as given in (21);

ar: the mean reversion parameter of real interest rate, a, as given in (21);
etar: the volatility of real interest rate, n,. as given in (21);

rhol2, rhol3, rhol4, rho23, rho24, rho34: the correlation parameters pr v, p1,n, P17 Pv,ns Po,rs Prr
respectively, as given in (24).

Parameters of the product:

t0: the starting date of the cap, Ty as in (28);

tau: the tenor parameter 7 and defines as 7:= Ty, — Tr_1 ;
T: the maturity of options, T}, as in (28);

strike: the strike of cap, K as in (28).
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