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Abstract

We expose a simplified review of Malliavin calculus on Poisson space and
an application to sensitivity analysis for Asian options in a market with jumps
as in [5], using the methods of [8]. A simulation graph resulting from an
implementation in Premia of the algorithm is presented.
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1 Introduction

Sensitivity analysis consists in the computation of partial derivatives (also called

Greeks) of the form

2
Delta = 8(;;96), Gamma = (;;gx),
Rho = (90(1”)7 Vega = 80(0)7

or 0o

where C({) = FE [ f (F C)} is an option price and ( is a given parameter (volatility,

initial condition, interest rate ...). The Greeks can be computed by permutation of
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however this does not apply to a non-differentiable f, for example in the case of digital

options [f(x) = likec)(2)], or for the second derivative (Gamma) of a European

option [f(z) = (x — K)T]. Finite differences of the form
Clz(1+¢)) —C(z(1 —¢)) Clx(1+¢)) —2C(x) + C(z(1 —¢))

Gamma = ;

Delta =
e 2¢ ’ g2

or more generally

1

£ (Bl ()] -7 ()

are also inefficient from the point of view of numerical computations, since the error
in the difference & {f (F“”E)ﬂ - F [f/ (FCU*E))} can not always be neglected in
front of ¢ when the expectations are computed by Monte-Carlo methods. In [3], a
method relying on a Malliavin calculus argument has been introduced, using a gra-
dient operator D,, having the derivation property and acting on random functionals.

The chain rule of derivation
Duf (F) = f/(F)Dy, F*

allows to express f/(F°) as
Dy f (F¢
iy = 2 )
D, F¢

Thus (1.1) can be transformed as

Sl (7)) = [ () 7] - [pemr (7).

Assuming further that D, has an adjoint operator § we get

0 O F*¢

el Al = ¢ Sl

el ()] = | (7)o (w5 )]
The interest in this formula is that it no longer involves the derivative f’ of f and
thus it yields more efficient computational results. In view of the above, we will

essentially need an operator D which satisfies a chain rule of derivation and has an

adjoint operator §.
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In this section we review several integration by parts formulas on the Wiener and
Poisson spaces. We start by chaos decompositions and multiple stochastic integrals
methods in the setting of normal martingales, which include Brownian motion and

compensated Poisson processes.

2.1 Normal martingales

Let (M;)icr, be a square-integrable martingale, and further assume that (M;)icr,
is a normal martingale, i.e. d{M,;, M;) = dt, see [1], [7]. We denote by I(f) =
JoC f(t)dM; the single stochastic integral of f € L?(R,), and by I,(f,) the iterated
It6 integral of the symmetric function f,, € L*(R%):

(e%e] tn to
I”(fn) = n'A A /0 fn(tla"'atn)thl "'thna

with the isometry formula:

E[In(fn)]m(gm>] - nll{n:m} <fm 9m>L2(R1)- (2'1)

The gradient operator D and the Skorohod integral operator § are defined by linearity

as

Dtln<fn) = nIrhl(fn(*at))? t€Ry, (2'2)

and
O(In(fas1(%,)) = Inga(fasr)- (2.3)

They are closable operators, extended to their respective domains Dom (D), Dom (§),

and from (2.1) they are mutually adjoint in the following sense:
E[(DF,u)r2r,y] = E[Fé(u)], F € Dom (D), u € Dom (0).
Moreover, ¢ satisfies the following relation with the stochastic integral:
5(u) = /O T u(t)dM, (2.4)

provided u is an adapted square-integrable process.
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Let (By)ier, be a standard Brownian motion, which is in particular a normal mar-
tingale. As in Section 2.1, we denote by I,(f,) the iterated Wiener integral of
fn € L*(R%). 1td calculus shows that

on

Il (’U)[n(uon) = Int1 (U @) 'U) + n(u, 'U>L2(R+)[n,1('u,o(n71)). (25)

Let H, denote the Hermite polynomial of degree n and parameter o2 > 0 defined by

Hy(z,0%) =1, Hi(z,0%) = z, and the recurrence relation
Hyi(2,0%) = 2H,(2,0%) —no*H,_i(z,0?), n > 0. (2.6)

The comparison of (2.5) and (2.6) shows by induction that I,,(e;") = H,(I1(ex)),

where (e,,)nen denotes a Hilbert basis of L*(R, ), and more generally:
L(egy* o+ o) = Hy, (Ii(ew,)) - - Huy(Ii(ex,))-

In other terms, the multiple stochastic integral of a function f,, given by its devel-

opment
o N1,...,Mg _ON1 L ong
f” - Z Oy ..k €y © ©Cry s
ni+-tng=n
k1,...,kq>0

is a series of polynomials of degree n:

L(fa) = D>_  apieHa (Ii(ex,)) -+ Hyy(Ii(er,)).
ni+-tng=n
Ktk >0
Similarly, any orthogonal decomposition of the form
F= E[F] + Z Z azll,’.'.'.',’z;Hm (Il<€k1)) e Hnd<[1<ekd))
n=1ny+-+ng=n

k1. skq>0

can be rewritten using multiple stochastic integrals as
F=E[F]+ ) L(fa)
n=1

The chaos representation property of Brownian motion states that every square-
integrable Wiener functional admits such a decomposition. Using this expansion,

the gradient and Skorohod integral operators D, d, can be defined as in (2.2), (2.3),
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integral with respect to Brownian motion as in (2.4). The derivation rule
H)(x) =nH, 1(x) (2.7)

of Hermite polynomials implies the relation

Dif(Ii(er), ..., Ii(en)) = i ek(t)ai)f(ll(el), L Lien),  t>0,

hence D has the derivation property. On the Wiener space, the operator D has been

used in [8] for the computation of Greeks in continuous markets.

2.3 Poisson case

Consider a standard Poisson process (Ny)cr, , and let {N(A) : A € B(R;)} denote

the random measure associated to (IV;)ier, from
N((s,t]) = Ny — Ng, 0<s<t.

We denote by I,(f,) the iterated integral of the symmetric function f, € L*(R%)

with respect to the normal martingale N, = N, — ¢, t € R, with the relation
Li(u) L, (v°") = Lo (v ow) +nl, (uwv) ov° ™) 4 nu, v) 2w, oy In1 (00" 7Y), (2.8)

where o is the Lebesgue measure. The Charlier polynomials of parameter ¢ > 0 are

defined as Cy(x,t) =1, Cy(x,t) = x — t, and from the recurrence relation
Chii(z,t) = (x —n —t)Cy(2,t) — ntCr(x, 1), n>1. (2.9)
By comparison of (2.8) with (2.9) we get
I,(1%") = CL(N(A),0(A)), AeBRy), n>0.

More generally, if f,, has the decomposition

. T yeeny Ngqoni . ong
fn= E A, s Lt 0 ol
k1 kq
n1+~-+nd:n
k1,....kq=>0

In(fn) = Z CL?IZII ..... I?; nl(N(AZ1>’U(A21)) e Cnd(N(AZd>’U(AZd)7 n > 1

.....
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F=EF+Y S a0, (N(AL),o(AL) - Cu(N(AL ), o(AL))

,,,,,
n=1 ni+-tng=n
k1, kg >0

becomes
F=E[F]+ ) L(f),
n=1

and the Poisson process also has the chaos representation property. The gradient and
Skorohod integral operators D, 0, are also defined as in (2.2), (2.3), with the same
properties as in the general setting of normal martingales, i.e. they are mutually
adjoint and they satisfy (2.4). However, the Charlier polynomials satisfy the finite
difference rule

Co(k+1,t) — Cy(k,t) = nChy(k,t),

from which it can be shown that
D.F(N.)=F(N. + 1[tm)) — F(N),

cf. [9], [I1]. Hence in the Poisson case, the use of chaos decompositions does not

yield a derivation operator, and therefore it is not suitable for the computation of
Greeks.

2.4 Derivation operator on Poisson space

The use of infinitesimal perturbations in the Malliavin calculus on Poisson space
has been introduced in [2], [1], [3], [6]. In this section we give a presentation of
the Malliavin calculus on Poisson space of [3], [12], [13], adapted to our framework.
Let (T;)r>1 denote the jump times of (NN¢)scpo,r7, on a probability space (€2, Fr, P).
Let C.((0,7)), resp. CL((0,T)), denote the space of continuous, resp. continuously
differentiable, functions on [0, 7] with support in the open interval (0,7).

Definition 2.1. Given T > 0, let Sy denote the set of smooth functionals of the

form

F = fol{NT:O} -+ Z 1{NT:n}fn(T17 ... ,Tn), (2.10)

n=1

where fo € R and f, € C*([0,T]"), 1 <n < m, is symmetric in n variables, m > 1.
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mo1 T T
E[F]:eiATfo‘i‘ei)\TZﬁ/o /0 fn(tlaatn)dtldtn
n=1"""

Definition 2.2. Given w € C.((0,T)), let D,, denote the gradient operator defined
on F € St of the form (2.10) by

Zl{NT n}z (Tk) Ok fr (T4, ..., T}),

where O f,, denotes the partial derivative of f,, with respect to its k-th variable.

The next proposition relies on the finite-dimensional integrations by parts:

mo1 Tk n
E[D,F] = —e_’\TZ—'/ /0 Wt fultrs - t)dt - - dt
k=1
= ’”Z / /fntl,.-.,n Sl )ty - dt,
k=1
k=N

E|F Y w'(T
k=1

—E [F /OT w’(t)dNt] ,

where w'(t) denotes the derivative of w with respect to ¢ and where we used the

boundary conditions w(0) = w(T") = 0.

Proposition 2.1. Let w € C1((0,7)).

a) The operator D, is closable and admits a closable adjoint D}, such that
E|GD,F|=E[FD,G], F,Gé¢€ Sr. (2.11)
b) For all F € Dom (D,,) N L*(Q) we have F € Dom (D:) and:
DiF=F / £)dN; — Dy F. (2.12)

Proof. Relation (2.11) is proved above when G = 1. Now, define D: G, G € Sy, by
(2.12), with for all ' € Sr:

T

BE[GD,F] = E[Dy(FG) — FD,G] = E [F (G / w'(£)dN, — DwGﬂ — E[FD.G),
0

which proves (2.11). From this relation we have

[EUG] < [E[FD,G] - EUG]| + |E[F,D,G]]
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from which the closability of D,, follows: if F,, — 0 in L*(Q) and DF,, — U in L*(Q2),
then U = 0. For all F in the space Dom (D,,) of functionals F' € L*(Q) for which
there exists a sequence (F},),eny C St converging to F' such that (D, F},)n,en converges
in L*(Q), we let D, F = lim,, o D, F,,, and D, F is well-defined. A similar argument
applies to Df and finally, (2.12) is extended to F' € Dom (D,,) N L*(2). O

In particular, D} 1q coincides with the Poisson stochastic integral of w’:
T
Dilg = / W (£)dN;.
0

The following proposition provides derivation rules for Poisson deterministic and

stochastic integrals.

Proposition 2.2. (i) Assume that F(t,k) € Dom D, t € Ry, k € N. We have
T T
D, / t,N)dt = / WiV F(t, NN, + / (Do F(t, N,)dt.
0 0
where Vi f(t,k) = f(t,k) — f(t,k —1).
(ii) Assume that F(t,k) € Dom D,, t € Ry, k € N, and F(-, k) € C}(R,). Then

T T
D, / t,N)dN, = — / Wi F(t, Ny)dN; + / (D, F](t, N,)dN..
0 0

3 Computations of sensitivities

The main tool for the computation of sensitivities is presented in the next proposition.
It follows from a classical Malliavin calculus argument applied to the derivation

operator D,,. Let I = (a,b) be an open interval of R.

Proposition 3.1. Let (F°)cer be a family of random functionals, continuously dif-
ferentiable in Dom (D,,) in the parameter ¢ € I. Let w € C1((0,T)) such that
D,F*#0, a.s. on {

aFC;&O} (el
o



bnd3&eh that O:F¢ /D, F¢ is continuous in ¢ in Dom (D,,) N L*(Q). We have fo%
any function f such that f(F¢) € L*(Q), ¢ € I:

S E [0 = B [Wer(r), 3

where the weight W¢ is given on A by

O F¢ D,D,F¢ D,,0,F¢
< )— < Cel.

T
. /
We=pore (/0 W (BAN+=h e D, F<

Proof. Assuming that f € C;°(R), we have

0 " 0
act F(FO] = E_f (F°) (%FC}
_ | OFe
— E_DwFCDwf(FC)]
= E|f(FOD: <g<l;i>].

Using (2.12) and the chain rule of derivation for D,,, the weight D} < gff;i) can be

computed using Poisson stochastic integrals:

¢ ¢ T ¢
D: (a@“F ) _OF w'(t)dNy — D, ( O )

v\ DuF<) = DuF< Jo Dy F¢

OFS T D,OFS  O.F¢
t)dN, — —= D,D,F*|.

(DwFC o WO e T D Fy

The extension to square-integrable f is obtained as in [8], [5], using an approximating

sequence (fy,)nen of smooth functions. O]

For the Delta we have ¥ = 2 F and

1 ( F T, D,F F
We= - <DwF/O widN, — R+ (DwF>2DwaF>.

4 Market model and simulations
Consider (S¢)iejo,r) an underlying asset price

dSt = TtStdt + UtStdet, S() =x.
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St - F(t, Nt>,
with -
F(t k) = medo O3 TT (1 + o7, (1)) .
=0

The weight corresponding to the Delta of an Asian option with price

Cla)=e b mt [ f ( /O ' S:jduﬂ ,

is equal to:

Tro fOT U}tSt—ﬁNt_ dNt (f(;T tht—BNt_dNt)z

1 foT Stdt fOT wngt 1 fOT Stdt f(;T Wt (’LU; + ozwt) St_ﬁNt_ dNt

I

and the finite difference method gives Delta as

it Ca(1+) 2—60(3:(1 - )

We take T' = 1, x = 100, » = 0.095310, o = 0.008944, ¢ = 0.001, and a Poisson
process intensity of 500. For the Malliavin approach we choose w; = sin(nt/T) as
weight function. In the following graph, realized with Premia, the Delta of a binary
Asian option with Strike K and price

1 T
C(ZL’) =eTE [1[[{700[ (T/O Sfdt>‘|

is represented as a function of the Strike K with 10000 iterations for each value of

K for both the Malliavin and finite difference methods.

The simulation graph shows a better convergence of the Greeks obtained from the
Malliavin method on Poisson space for Asian options in a market with jumps, when
compared to the finite difference approximation.

In [5] a more general model has been considered, for an underlying asset price given

under the risk-neutral probability by the linear equation

dS; = 1(N,) St + (N, ) S, (B, AN, — vdt), (41)



&%&aeg@gk)km is a discrete-time process independent of (N;);er, , which models 11
jumps of different heights. This method can be extended to a model with

state-dependent coefficients given by a nonlinear equation of the form
dSt = Odt(St)dt + Ut(‘st*)ﬁNt_ dNt, So =X, (42)

where the computations of fOT S.dt and its derivatives can still be performed by
induction. An independent diffusion term may also be introduced in the driving

stochastic differential equation as in the complete market model of [10]:
dS;y = rySpdt + 045 (1{¢t:0}dBt + ¢+(Bn,_dN; — tht)> , teRy,

where ¢ : R, — R is a deterministic bounded functions satisfying
L+oBn, ¢ > 0,1 € Ry, and (Bi)ier, is a Brownian motion independent of
(Nt)t€R+ .
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