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Abstract. We study partial information, possibly non-Markovian, singular stochastic control of
It6—Lévy processes and obtain general maximum principles. The results are used to find connections
between singular stochastic control, reflected backward stochastic differential equations, and optimal
stopping in the partial information case. As an application we give an explicit solution to a class of
optimal stopping problems with finite horizon and partial information.
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1. Introduction. The aim of this paper is to establish stochastic maximum
principles for partial information singular control problems of jump diffusions and to
study relations with some associated reflected backward stochastic differential equa-
tions (RBSDEs) and optimal stopping problems.

To the best of our knowledge, the first paper which proves a maximum principle
for singular control is Cadenillas and Haussmann [8], which deals with the case with no
jumps and with full information. A connection between singular control and optimal
stopping for Brownian motion was first established by Karatzas and Shreve [14] and
generalized to geometric Brownian motion by Baldursson and Karatzas [5]. This was
extended by Boetius and Kohlmann [7] and subsequently extended further by Benth
and Reikvam [6] to more general continuous diffusions. More recently, maximum
principles for singular stochastic control problems have been studied in [1, 2, 3, 4].
None of these papers deal with jumps in the state dynamics and none of them deal with
partial information control. Here we study general singular control problems of It6—
Lévy processes, in which the controller has only partial information and the system is
not necessarily Markovian. This allows for modeling of more general cases than before.

Singular control and optimal stopping are also related to impulse control. For
example, an impulse control problem can be represented as a limit of iterated optimal
stopping problems. See, e.g., [16, Chapter 7]. A maximum principle for linear forward-
backward systems involving impulse control can be found in [24].

We point out the difference between partial information and partial observation
models. Concerning the latter, the information &; available to the controller at time t
is a noisy observation of the state (see, e.g., [22, 23, 25]). In such cases one can some-
times use filtering theory to transform the partial observation problem to a related
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problem with full information. The partial information problems considered in this
paper, however, deal with the more general cases where we simply assume that the
information flow &; is a subfiltration of the full information F;.

Some partial information control problems can be reduced to partial observation
problems and then solved by using filtering theory, but not all. For example, it seems
to be difficult to handle the the situation with delayed information flow, i.e., & = Fi_s
with § > 0 by using partial observation techniques.

The first part of the paper (section 2) is dedicated to the statement of stochastic
maximum principles. Two different approaches are considered: (i) by using Malliavin
calculus, leading to generalized variational inequalities for partial information singular
control of possibly non-Markovian systems (subsection 2.2) and (ii) by introducing a
singular control version of the Hamiltonian and using backward stochastic differential
equations (BSDEs) for the adjoint processes to obtain partial information maximum
principles for such problems (subsections 2.3 and 2.4). We show that the two methods
are related, and we find a connection between them. In the second part of the paper
(section 3), we study the relations between optimal singular control for jumps diffu-
sions with partial information with general RBSDEs and optimal stopping. We first
give a connection between the generalized variational inequalities found in section 2
and RBSDEs (subsection (3.1)). These are shown to be equivalent to general optimal
stopping problems for such processes (subsections (3.2)). Combining this, a connec-
tion between singular control and optimal stopping is obtained in subsection 3.3. An
illustrating example is provided in section 4. There we study a monotone-follower
problem and arrive at an explicit solution of a class of optimal stopping problems
with finite horizon and partial information. Indeed, it was one of the motivations of
this paper to be able to handle partial information optimal stopping problems. This
is a type of a problem which, it seems, has not been studied before.

2. Maximum principles for optimal singular control.

2.1. Formulation of the singular control problem. Consider a controlled
singular Ito-Lévy process X (t) = X¢(t) of the form X (07) = x € R and

dX () = b(t, X (t),w)dt + o (t, X (t),w)dB(t)

(2.1) + [ 0, X(t7),z,w)N(dt,dz) + A(t, X (t),w)dE(t) 5 t € [0,T)

Ro
defined on a probability space (2, F, (Fi)i>o0, P), where t — b(t,z), t — o(t,z), and
t — 0(t, z, z) are given Fy-predictable processes for each z € R, z € Rg = R\{0}. We
assume that b,0,6 and \ are C'' with respect to = and that there exists ¢ > 0 such
that

0
(2.2) g—(t,x,z,w) >—14¢€ as. forall (t,z,2) € [0,T] x R x Ry.

x
Here N(dt,dz) is a compensated jump measure defined as N (dt,dz) = N(dt,dz) —
v(dz)dt, where v is the Lévy measure of a Lévy process 7 with jump measure, N and
B is a Brownian motion (independent of N). We assume E[n?(t)] < oo for all ¢, (i.e.,
Jzo 2%v(dz) < o0). Let

5t§ft;t€[0,T]

be a given subfiltration of F; satisfying the usual assumptions. We assume that the
process t = A(t,z,w) is &-adapted and continuous.
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Let t — f(t,x) and t — h(t,x) be given F;-predictable processes and g(z) an
Fr-measurable random variable for each x. We assume that f, g, and h are C* with
respect to x. The process £(t) = £(t,w) is our control process, assumed to be &-
adapted, cadlag, and nondecreasing for each w with £(0~) = 0. Moreover we require
that £ is such that there exists a unique solution of (2.1) and

T

T
E / 17t X (t).w) [t + (X (T),w) ] + / 1h(t, X (47, w) [dE(t) | < +oo.
0 0

The set of such controls is denoted by Ae.

Since the case with classical control is well known, we choose in this paper to
concentrate on the case with singular control only. However, by the same methods all
the results could easily be extended to include a classical control in addition to the
singular control.

Define the performance functional

(23) JE=E

T T
/ f(t,X(t),w)dt—l—g(X(T),w)—l—/ h(t,X(t_),w)df(t)] :
0 0

We want to find an optimal control £* € Ag such that

(2.4) ® := sup J(§) = J(£Y).
§€As

For £ € Ag we let V() denote the set of &;-adapted processes ¢ of finite variation
such that there exists 6 = 6(£) > 0 such that

(2.5) &+ yC € Ag for all y € [0, 4].
For £ € Ag and ¢ € V() we have

lim L (J(E+y0) — J(0))

y—0t Y
Tof /
=B 5z & X O)V(@)dt + g" (X (T)I(T)
T T
(26) + [ e xa e + h(uX(r))d«t)] ,
0 0

where Y(t) is the derivative process defined by
(2.7) V() = Tim (XD~ XE(0) st € 0.7,
Note that
(25) Y0) = lim, (XE0) = XE(0) = 70 |y-0=0)

We have

ay(t) =Y(t") %(t)dt + Z—Z(t)dB(t) + /Ro %(t, 2)N(dt,dz) + %(t)dﬁ(t)

(2.9) + A(t, z)d( (),
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where we here (and in the following) are using the abbreviated notation

b ob do do
2(0) = oo (1, X(0), 92 (0) = 52 (6 X (1)) et

X

LEMMA 2.1. The solution of (2.9) is
(2.10)

Y(t) = Z(t) {/O Z7H s ME)C(s) + Y Z7H(sT)A(s)a(s)Al(s) | ¢ € (0,7,

0<s<t
with AC(s) = ((s) — ((s7), where

_ %(8, 2)N({s},dz) — %(t)Af(t)
L+ Jg, 52(s,2)N({s},d2) + P2 () AL(H)

(2.11) a(s) s € 10,7,

and Z(t) is the solution of the “homogeneous” version of (2.9), i.e., Z(0) =1 and

(2.12)
dZ(t) = Z(t7) [%(t)dwr %(t)dB(t) +/R %(t,z)N(dt,dz) + %(t)dg(t) .

Proof. We try a solution )Y(t) of the form Y(t) = Z(t)A(t), where

Alt) = / 27N )A(s)dC(s) + B(s)

for some finite variation process §(-). By the Itd formula for semimartingales (see,
e.g., [19, Theorem I1.7.32]) we have

dY(t) = Z(t7)dA(t) + A(t™)dZ(t) + d[Z, A]:,
where

Z,Al; = Y AZ(s)AA(s)

0<s<t
= % 20| [ Gt N(s)az)
0<s<t 0
+ DA 127N + A3(s)

- Z [/R %(S,Z)N({S},dZ) + %(S)Af(s)} [A(8)AC(s) + Z(s7)AB(s)].
0<s<t 0
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Hence
V() = 27) (27 NI + dB(0)]
+ UO Z~ (s)d¢(s )+ﬁ(t)} Z(t™)dI(t)
5— N({1),2) + SAOAE0] WNOACD + 2()A5(0)
t) V(7))
+ 2+ | [ SN .a2)
Ro
+ S 00| NOAC) + 250
where
dn(e) = S0t + SZOdB + [ G N de) + 504

Thus (2.9) holds if we choose 8 to be the pure jump cadlag Fi-adapted process given
by

“A®)Z7 (), 52 (6 DN {1}, d2)AL() + 53 (HAE(?)]

AB(t) = Lt fo, 90(t 2)N({t},dz) + () AL(t)

,t€[0,T). O

Remark 2.2. Note that for any F'(s, z), we have

F(s,z) if p has a jump of size z at s,

F(s,z)N({s},dz) = {

Ro 0 otherwise.

By the It6 formula we get that Z is given by

Z(t) = exp </Ot {%(r) —~ % (%)2 (r)} dr + /Ot %(r)df(r) + /Ot %(r)dB(r)
+/t/R In (1 + @(r,z)) N(dr,dz)
(2.13) / /Ro {ln (1 + — )) ZZ (r, z)} u(dz)dr).

In the following, we set

A
(2.14) G(t,s) = Z—S for t < s.
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2.2. A Malliavin-calculus based maximum principle. In this section we
use Malliavin calculus to get a stochastic maximum principle. This technique has been
used earlier, e.g., in [15] and [17]. The main new ingredient here is the introduction
of the singular control which requires special attention. In particular this control
might be discontinuous, and it is necessary to distinguish between the jumps coming
from the jump measure in the dynamics of X and those from the controls and the
perturbations.

Let D denote the space of random variables which are Malliavin-differentiable
with respect both to Brownian motion B and jump measure N. For f € D, let D, f
denote the Malliavin derivative of f at s with respect to Brownian motion and D; .
denotes the Malliavin derivative of f at (s, z) with respect to the jump measure.

To study problem (2.4) we prove the following.

LEMMA 2.3. Suppose £ € Ag and ¢ € V(). Then

lim L€+ y0) — J(©))

y—0t Yy

T
=B /O @B + RO1AC() + > {A®) S(B)a(t)) +h()FACH) |

0<t<T
(2.15)

where (¢(-) denotes the continuous part of ((-) and

(2.16) / Glt.5) | G o)ds + R(s) 7 ().

(2.17) / G(t.5) | G s)ds + Bls) G (a5 = Rit) + 500
e mO=gxmy+ [ Lot [ ),

(2.19) Ho(s,z) = R(s)b(s,x) + DsR(s)o(s,z) + . D, .R(5)0(s, x, z)v(dz),

provided that R € D.

Proof. For £ € Ag and ¢ € V(£), we compute the right-hand side (r.h.s.) of (2.6).
Since Y(0) = 0, we have by the duality formulae for the Malliavin derivatives and
integration by parts

Tof
0 3x

i </ V(s [ (s)ds + 52 (s )dB(s)+/RO 0 (5,2 (ds, d2)

+ G 6] + Me)icts) ) dt]

/ </J/ {Bf )3b(s)+Ds(%(t)) Z_Z(S)

E

- (O )dt]

=B
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i /RDD <g£< >> 52 Z)’/(dz)}ds

L of )\ of
+ o e + T dt]

! B Ta—fs S ob of S 8—0
/ (y@){(/t &U()d)ax()wt(t &U()d)(%m
+/R Dt,z<t gi()d>a—( z)z/(dz)}dt

T
(220) +(t o <>ds> V() I (de(t) + (/ %s)ds) A(t)dat))].

Similarly we get

Bly'(x = 5] [ {sxe o + xS
+ Dt,z<g'<X<T>>>%<t,z)u(dz>}dt
Ro
(2.21) £ YN KN GO0 + o/ (XD
and
Bl [ Ly >d5<t>]
0
Tl Oh 1y ) 2o
—E /0 <y(t ){(t+ o ) +Dt</t+ )
—l—/R Dy . (/ﬁ %df(s)> %(t,z)u(dz)} dt
(2.22) +< [ Grets >> V)G (D) + ( O >> A(t)dat))].

Combining (2.6)—(2.22) and using the notation (2.18)—(2.19), we obtain

(2.23) lim_ ~(J(§ +yC) — J(€) = A1(0) + 42(C),

y—0t Yy

where

IEG (3H° dt+R<>§A<>df<>)]

(2.24) / {R(t) (t)}d¢(t) | -
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This gives, using (2.10) and the Fubini theorem,

0<s<t
T T
-o|f ( | )d@<s>>z (DA
T
(2.25) . ( / Z(s)d@(s>> 2 (DA |
o<t<T \’t*
where
(2.26) dO(s) = %(s)ds + R(s)%(s)df(s).

We thus get, using (2.14),

lim L(J(+y0) — J(0))

y—0t ¥y

T
=B {/O IN@B() + RO A1) + D A)S(Ba(t) A1)

0<t<T

T
—E / IR + (OICE ()
0

(2.27) + > OB + SH)alt) + h(t)}AC(t)]-

0<t<T

This completes the proof of Lemma 2.3. O
We can now prove the main result of this section.
THEOREM 2.4 (maximum principle I). Set

(2.28) U(t) = Ug(t) = At)p(t) + h(D),
(2.29) V(t) = Ve(t) = M) (p(t) + S(t)a(t)) + h(t); t € [0,T].

(1) Suppose & € Ag is optimal for problem (2.4). Then a.a. t € [0,T], we have
(2.30) EU) | &) <0 and E[U(t) | &]dEC(t) = 0,
and for all t € [0,T] we have

(2.31) EV(t)| &) <0 and E[V(t) | &]AE(L) = 0.
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(ii) Conversely, suppose (2.30) and (2.31) hold for some & € Ag. Then £ is a
directional substationary point for J(€) in the sense that

(232 Jim ~(J(€+46) =€) <0 for all ¢ € V(E)

Proof. (i) Suppose ¢ is optimal for problem (2.4). Then

lim, < (J(§+y¢) — J(€)) <0 for all ¢ € V(¢).

y—0t ¥y

Hence, by Lemma 2.3,

(2.33) E / TU(t)dgC(t)+ D> VA | <0 forall ¢ € V(E).
0

0<t<T

In particular, this holds if we fix ¢ € [0,T] and choose ¢ such that
d((s) = a(w)de(s); s € [0,T7,

where a(w) > 0 is &-measurable and bounded and d;(.) is the unit point mass at t.
Then (2.33) gets the form

EV(t)a] <0.
Since this holds for all bounded &;-measurable a > 0, we conclude that
(2.34) E[V(t) | &] <o.

Next, choose ((t) = —£%(t), the purely discontinuous part of £&. Then clearly ¢ € V(&)
(with 0 = 1), so by (2.33) we get

(2.35) E| ) V)(-AL) | <o
0<t<T
On the other hand, choosing ¢ = ¢4 in (2.33) gives
(2.36) E| ) VAL <o.
0<t<T

Combining (2.35) and (2.36) we obtain

(2.37) E [ > EB[V(E) | &AL =0.

0<t<T

=F [ > VAL

0<t<T

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/18/14 to 128.93.12.56. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SINGULAR STOCHASTIC CONTROL OF ITO-LEVY PROCESSES 2263

Since E[V (t) | &] < 0 and A&(t) > 0, this implies that

EV(t) | £] A&(t) = 0
for all ¢ € [0,T7, as claimed. This proves (2.31).
To prove (2.30) we proceed similarly. First choosing

aC(t) = a(t)dt; t € [0,T),
where a(t) > 0 is continuous and &:-adapted we get from (2.33) that

T
E /0 U(t)a(t)dt]<0

Since this holds for all such &;-adapted processes we deduce that
(2.38) ElU(t) | &] <0; a.a. te|0,T].
Then, choosing ((t) = —£°(t) we get from (2.33) that

T
E /0 U(t)(-dgﬂ(t))]@.

Next, choosing ((t) = £°(t) we get

E /TU(t)dgc(t)1<O
0
T
E /0 U(t)dee(t

= 5| [ Fw |&%%ﬂ—a
which combined with (2.38) gives

E[U(t) | &]dE°(t) =
(ii) Suppose (2.30) and (2.31) hold for some ¢ € Ag. Choose ¢ € V(£). Then
&+ yC € Ag and hence d€ + yd¢ > 0 for all y € [0, §] for some § > 0. Therefore,

Hence

T
yE/ DA () + Y V(A
0 0<t<T
—yE / E[U() | £Jdc(t)+ 3 EIV(E) | E1ACH)
0<t<T
_E / EU®) | &1 () + S EV(1) | £]A&(H)

0<t<T

+yE/E V& + S EVE) | &AW

0<t<T

=F
0<t<T

/E )| EJd(E°() +y¢o(0) + Y EIV() | &] (£+y<)(t)]<0

by (2.30)—(2.31). Hence the conclusion follows from Lemma 2.3. O
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Remark 2.5. Note that if %(s,z) = g*(s x) = 0 for all s, 2,2, then a(s) =0
and hence U(s) = V(s). Therefore, in this case, conditions (2.30)-(2.31) reduce to

the condition
(2.39) EU(t) | &) <0 and E[U(t) | £]dE(t) =

Markovian case. Equation (2.30) is a pathwise version of the variational inequal-
ities in the (monotone) singular control problem in the classical Markovian and full
information (& = F) jump diffusion setting. Indeed we have in this case (in dimen-
sion 1)

(2.40) dX (t) = b(t, X (¢))dt+o(t, X (£))dBt)+ [ 0(t, X(t7), 2)N(dt, dz)+\(t)dE(t)

Ro

and

(2.41)  JS(t,x) = EY®

/st<>>ds+g /th )de(s) |

where b : R2 5 R, 0 :RZ 5 R, 0:R2xRy =, A:RZ 5 R, f:R23 R, g: R =R,
and h : RZ — R are given deterministic functions. Define

Do do 1 o
Agp(t,x) = 2 +blt.a) 55 + S0 (b )55

(2.42) —|—/R {cp(t,x +0(t,z,2)) —o(t,x) — 0(t, x, z)%(t,x)} v(dz).

Then the variational inequalities for the value function (¢, ) = supge 4, J*(t, ) are
(see, e.g., [16, Theorem 6.2])

(2.43) Ap(t,z) + f(t,x) <0 for all ¢, x,
dp

(2.44) At ==

(t,z) + h(t,z) <0 for all ¢,z

with the boundary cond1t1on o(T, z) = g(x).
Let D = {(t,x); (t) 5= (t,x) + h(t,x) < 0} be the continuation region. Then

(2.45) Ap(t,z) + f(t,z) =01in D,
(2.46) (t, X (t)) € D for all t,
dp . .
(2.47) {/\( )5 (t, X)) + ht, X(t))} dée(t) = 0 for all ¢, a.s.,
(2.48) {Agp(t, X () + h(t, X () }AE(t) = 0 for all £, as,
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where X (t) = Xé(t) is the process corresponding to the optimal control ¢ and
Agp(t, X (t)) is the jump of ¢(t, X (t)) due to the jump in & at time ¢.

Hence, comparing with Theorem 2.4 we see that /\(t)%f (t, X (t)) + h(t, X (¢)) cor-
responds to A(t)E[p(t) | F¢] + h(t, X (t)) which means that g—i(t,X(t)) corresponds
to E[p(t) | Fi.

2.3. A Hamiltonian-based maximum principle. We now present an alter-
native way of computing the right-sided derivative of (2.6) for the computation of

lim L(J(E4y¢) — J(€) for £ € As, ¢ € V(E).

y—0t Y

The method is based on using a singular control version of the Hamiltonian as follows.
Define the stochastic differential Hamiltonian

H(t,z,p,q,r(.))(dt,d€) : [0,T] x RxRXR X R+~ M

by
H{(t,x,p,q,7(.))(dt, dE)
= {f(t, x) + pb(t,x) + qo(t, x) + / r(t, 2)0(t, z, z)u(dz)} dt
Ro
(2.49) + (AL @) + bt 2) ME®) + A(E @) /R r(t, 2)N({t}, d2) AE(H).

Here R is the set of functions r(.) : Ro — R such that (2.49) is well defined and M is
the set of all sums of stochastic dt— and d{(t)— differentials, £ € Ag.

Let £ € Ag with associated process X (t) = X¢(t). The triple of F;-adapted
adjoint processes (p(t), q(t),r(t,2)) = (pe(t), ge(t), re(t, 2)) associated to & are given
by the following BSDE:

dp(t) = —%—Ij(t X(E7),p(t7),q(t™),r(t7,-))(dt, (1))

+ q(t)dB(t) +/ r(t, z)N(dt,dz); 0 <t <T

Ro
(2.50) p(T) = g'(X(T)).

Solving this equation provides a relation between the adjoint process p and p given
by (2.17).

PROPOSITION 2.6. Let p(t) be the process given by (2.17) and let p(t) be the
adjoint process given by the BSDE (2.50).Then

(2.51) p(t) = E[p(t) | Fil.
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Proof. The BSDE (2.50) for p(t) is linear and its solution is

(2.52) p(t) = E

T
sxmnee )+ [ as){ e 5o m],

where G(t, s) is defined in (2.14). Hence, by (2.12),

T
= BIZ0O)R() + ¢/ (X(T)) Z(s—>{%<s>ds + 57 (5)dB(s)

0 - 2
+ 5 55 (52N (ds, d2) + %(s)df(s)}

T T
+f (/ %s)dw%(s)ds(s)),

oz
+ s %( 2)N(du,dz) + m(u)d ( )} | Fil
T
—E Z(t)R(t)+/t Z(s)R(s){%(S)d +g (s)dB(s)
o0 - (2
o [ Gt 2N )+ S5 <>}|ft]
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By the duality formulae this is equal to

T
B\ 200+ [ (206 RE) G (5)ds + Z(6)R(6) 3 (E(8) + Do (Z(5) RSN G ()
+ DS+ Z(Z(S)R(s))%(s, z)u(dz)ds) | Fi
- 0+ [ 009 (R o615 + R PN 6)E(S) + Do o) 32 5
00
+ s DS+,ZR(S)%(s,z)u(dz)ds> | ft]
= Z(t)E[p(t) | Fi] by (2.17). O
In the following as well as in section 2.4, we assume

(2.53) %(t,gc) = %(t,gc) =0 forallt z.

The following result is analogous to Lemma 2.3.
LEMMA 2.7. Assume (2.53) holds. Let £ € Ag and { € V(§). Put

n=~&+yC  foryel0,0(8)]

Assume that

E

T
/ {|X"<t> ~ XS0 + / P2(t, 2)(dz)) + p2(E) (o (t, X7(8) — o(t, XE(b)?
0 Ro

Ro

(2.54) + |0(t, X"(t), 2) — O(t, X5(t), z)|21/(dz)}dt] < oo forally €10,0(8)].

T
259 =] [ o)+ hco + 3 A 0 [ N aac)

0<t<T
Proof. We compute the r.h.s. of (2.6). By the definition of H, we have

Oo

i = | [ 30 (G0 ) 220t~ a2 0

0 af,r

(2.56) —/R r(t,z)%(t,z)u(dz)dt) ]

E )y
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By the equations for p(t) and )(t),

Elg"(X(T)Y(T)]
/y dp(t) / p(E)dV(t)

= E[p(T)
/ Yt dt—|—/ A y(t )go(t 2)r(t, z)v(dz)dt

+ A /ﬁ L 2)N({t}, dz)AC(t)

0<t<T

T T
) {-Ganae f + [ o gioa [ poxaac
0o
il

AL
/y

(257) + Y At / L 2)N({t}, d2)AC(t)

0<t<T

dt+/ s Y(t g 2)r(t, z)v(dz)dt

Summing up (2.56)—(2.57) and using (2.6) we get (2.55), as claimed. O

Proceeding as in the proof of Theorem 2.4, we obtain the following.

THEOREM 2.8 (maximum principle II). (i) Suppose £ € Ag is optimal for prob-
lem (2.4) and that (2.53) and (2.54) hold. Then

(2.58)  E[pONE) +h(t) | &] <0; E[p(t)AE) + h(t) | E]dE(t) = 0 for all t

and
(2.59) E[X®)(p(t) 4—/]R r(t, z)N({t},dz)) + h(t) | &] < 0;
(2.60) EA#)(p(t) +/]R r(t, 2)N({t}, dz)) + h(t) | E]AL(L) =

(ii) Conversely, suppose (2.54) and (2.58)—(2.60) hold. Then & is a directional
substationary point for J(&) in the sense that lim,_,o+ —( (E+yC)—J(&)) <0 for all

CeV().

2.4. A Mangasarian (sufficient) maximum principle. The results of the
previous sections have been of the type of “necessary” conditions for a control to be
optimal in the sense that they state that if a given control is optimal, then a certain
Hamiltonian functional is maximized. In this section we give sufficient conditions for
optimality. We do this in terms of the stochastic differential Hamiltonian H and the
adjoint processes p(t), q(t),r(t, z) defined in (2.49) and (2.50), in the case when A and
h do not depend on x.

THEOREM 2.9 (Mangasarian maximum principle). Assume that

e (2.53) holds,

ez — g(x) is concave,

° there exists a feedback control é é (z,dt) € Ag with corresponding solution

X(t) = ( ) of (2.1) and p(t),q(t),7(t,z) of (2.50) such that

£(z) € argmazee 4, BIH (t,,p(t7), 4(¢7), v (1,-))(dt, dE(1) | €0,
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i.€.,

E[P(OA®) + h(t) | EdE(t) + A E [/R Pt 2)N({t}, d2) | &} Ag(t)

0

< E[p(H)AE) + h(t) | EJdE(E) + At E [/R P(t, z)N({t}, dz) | 5t] A(t)
for all £ € Ag,

o h(x):= E[H(t,z,p(t™),q(t™),7(t,))(dt, dE(t)) | &] is a concave function of
x (the Arrow condition),

T
E / (X (1) — X020 + / R 2)lde)

+0(t)*(lo(t, X () — o(t, X (1))

(2.61)+ [ [0(t, X (t),2) — 0(t, X (t), z)|2l/(dz)}dt] <oo forall & € Ag.

Ro

Then & is an optimal control for problem (2.4).
Proof. Choose & € Ag and consider with X = X¢

(2.62) J(€) —J(E) =N+ L+ I,

where

(2.63) L—E / (F(t X (¢ X (t))}dt} ,
(2.64) I, = E[g(X(T)) — g(X(T))],

(2.65) L—F / (h(t)de(t) ()}1.

By our definition of H we have

/{Htx (), (1)) (dt, de)

- H(taX( )7 ( 7)7(1(t7)7f(t77 ))(dtadé)}
T T
—/ {b(t, X (£)) = b(t, X (1)) }p(t) dt—/o {o(t, X (1) — o(t, X () }q(t)dt

/ A {6(t, X (t —0(t, X (t), 2)}(t, 2)v(dz)dt
- / PV INDE(L) — A(E)E(t)} / (h(t)dE(t) — h(t)dé ()}
0
(266) - 3 At / N({t}, d=)(A(t) — A |-
0<t<T
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By concavity of g and (2.50)

(2.67)
IQSE[g%X(T))(X(T) X(T))] = EB(T)(X(T) - X(T))]
T
:E[ / (X(t) — X () }dp(t) + / Bt X (1)
T
4 / {o(t, X(8)) — ot X (8))}a(t)dt
0
T
(2.68) + /0 i (0, X (1), 2) — 6(t, X(£), 2)Yi(t, 2)w(dz)dt
LY e / N({1)d=)(AE(H) — Aé(t))}
o<t<T
T B . OH o
— 5| [ ceen) - %o >>{—%<t X)) 4067 ), e )0}
T . T R
+ / P )bt X (1)) — b(t, X ()}t + / PV ADE(E) — MHE ()}
0 0
T
4 / {o(t, X () — ot X (1) }a(t)dt
0
T
+/ {0(t, X (t),2) — 0(t, X (t), 2)}7(t, 2)v(dz)dt
0 Ro
(260) + 3 At / N({t). d=)(AE(E) Aé(t))]

0<t<T

Combining (2.62)—(2.69) we get, using concavity of H,

59 -s@ <5 [ ' {0 a0, 7 ) )

— H(t, X(t7),p(t7),4(t7), (¢, )(E, ) (dt, dE (1))
(2.70) ~ (X = KONG5l )7l e délo) .
Since h(z) is concave, it follows by a standard separating hyperplane argument (see,

e.g., [20, Chapter 5, section 23]) that there exists a supergradient a € R for h(z) at
x=X(t"), ie.,

h(z) —h(X(t7)) < a(z — X(t7)) for all z.

Define
p(z) = h(z) —W(X({t7)) —alx— X(t7)) z€R
Then
o(z) <0 forallz
and

p(X(t7)) =0.
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Hence
X)) =0,
which implies that
DL X (7)), 400), #(6, )(d, dE() = T2 (X (4) =
Combining this with (2.70) we get
T~ J(€) < h(X(7) ~ hR () ~ (X(7) - K ) FE(X ()

<0, since h(x) is concave.

This proves that é is optimal. O

2.5. A special case. From now on, we restrict ourselves to the case when

) -
(2.71) il el 0 and A(t,x) =A(t) <0 as. forallt e [0,T].
We thus consider a controlled singular Ito-Lévy process X¢(t) of the form X¢(0) = x
and
(2.72)  dXS(t) = b(t)dt + o(t)dB(t) + [ 6(t, 2)N(dt, d=) + AB)de(t) 5 t € [0,T),
Ro

where b(t), o(t), 0(t, z) are given Fi-predictable processes for all z € Ry. We denote
by X°(¢) the uncontrolled state process, that is,

(2.73) dXO(t) = b(t)dt + o(t)dB(t) + | 6(t,z)N(dt,dz); t € [0,T].
Ro

We consider the optimal singular control problem

(2.74) sup J(§),
§EA:

where J(&) is as in (2.3), that is,

T T
(2.75) J(£)=E /O f(t,Xf(t),w)dt+g(Xf(T),w)+/0 h(t, XS(t7),w)dE(t)

with the additional assumptions that f and g are C? with respect to z,

(2.76) "(z) <0 &(s x) <0, and %(S x) >0 forall sz

: g — ) 8x2 3 — ) ax 3 — ) )

and at least one of these three inequalities is strict for all s,z. In the following, we
set

(2.77) At ) =
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We now prove a key lemma which allows us to provide connections between op-
timality conditions for Problem (2.74) and reflected BSDEs in the next section.

LEMMA 2.10. Let X%(t) be the state process (2.72) when a control £ is applied
and X°(t) be the uncontrolled state process (2.73). We have the equality

T
B+ [ s xSonas [ s, X4 ate) bt X0 | &
(278) Bl (00 + [ 2 o X0(ods + kS — KE 25| 1]
where
(2.79) kS = [ 4(de)
with
u T o2
Wf(U)=E( o)+ [ xwde) + [ G X0)
oh
(2.80) / A(r)dE(r ds> () + 5 (u,X5<u>>|su]
and
A5 = B[ x<0) - [ (s / A(s)de
T

(2.81) + 01 (5, x0s / Ar)de(r ) ()f(u)|€t].

Proof. We have

I
Q\
»
o
3
_|_

/OT q" (XO(T)—F/OU )\(s)dg(s)) A(w)dé (u)
:g’(XO(T))+/Ot <X0(T) /u (s )dg(s)> Aw)dé (u)

(2.82) +/t+ ( /A )dé(s ) u)d§(u)
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and similarly

T
(2.83) /t %(S,Xf(s))ds

-/ O x0(s))ds
. / ! (f of (5% + [ A0en) ) Mujasta ) as

= [ 2o xpas
+/</§( '+ [ df))()f()
(2.84) + /t j < /u ' % (S X0(s) + /O ' A(r)dg(r)) ds> Mu)de ().

Therefore

T
g+ [ G xsenas+ [ G X<zt e Xg())l&]

X t+ T

T
E

=F

T
gD+ [ G X005+ 1§~ KE - A st] ,

where A$ is given by (2.81) and

K- Kf = [ o o (xom)+ [ A
+/UT% (s X / A(r)dé(r >ds) |5u] A(w)dé (u)

(2.85) +/t+ E [gZ(u XE(w)) | 54 de (u).

Thus K¢ is given by (2.79). O
THEOREM 2.11. Suppose there exists an optimal control & for Problem (2.74).
Then we have

(2.86) E g (X°(T)) + gf(s XO(s))ds + K5 — Kf — A5 | & >0,
t
fp— Tof 0 ¢ Y ¢
(2.87) E | (X°(T)) + t 5 (5. X (s))ds + K — K — AT | & | dE = 0.

Proof. From Theorem 2.4 and Remark 2.5, we get that the optimality conditions
are given by (2.39) which here get the form

T

T
E g’(Xg(T))+/t %(S,Xf(s))dS—F )

(2.88)

(s, X (s ))de(s) — it X0 >>|st]zo,
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T
Bl + [ 5 X
T
(2.80) T / O (s, XS(s7)de(s) — bt X(0) | .| de(t) = 0

a.s. for all t € [0,7]. Moreover, using (2.76), we see that K° defined by (2.79) is
nondecreasing and right-continuous and

(2.90) dK*(t) =0 dé(t) =0 forall € € Ag.

Using Lemma 2.10, we get that the optimality conditions (2.88)—(2.89) are thus equiv-
alent to (2.86)—(2.87). O

3. Connections between optimal singular control, reflected BSDESs, and
optimal stopping in partial information. In this section, we provide connec-
tions between the singular control problem discussed in subsection 2.5, RBSDEs, and
optimal stopping. In the following, we will use the notation z+ = max(x,0) and
x~ =max(—=z,0) ;2 € R.

DEFINITION 3.1 (partial information RBSDEs). Let F: [0,T] x Rx Q — R
be a given function such that F(t,y,w) is an E-adapted process for all y € R and
F(-,0,-) € L3([0,T] x Q). Let L; be a given E-adapted cadlag process such that
E[supte[oﬂ (Li)?] < co and all the jumping times of L, are inaccessible. Let G €
LQ(P) be a given Ep-measurable random variable such that G > Ly a.s. We say
that a triple (Yy, My, Kt) is a solution of an RBSDE with driver F', terminal value G,
reflecting barrier Ly, and partial information filtration &t € [0,T] if the following
hold:

(3.1) Y; is E-adapted and cadlag,

My is an E-martingale and cadlag,

T
(3.3) E / |F(s,Ys)|ds| < o0,
0

T
34) Y :G+/ F(s,Y,)ds — (Mr — M) + Kr — Ki, t € [0,7],
t

or equivalently

T
(3.5) Y,=E G+/ F(s,Y,)ds + K — K, | &,
t
(3.6) K is nondecreasing, E-adapted, and cadlag, and Ky = 0,
(3.7) Y: > Ly a.s. for all t € [0,T7,
T
(3.8) / (Vi — LK, = 0 a.s.
0

Remark 3.2. The conditions on L; are satisfied if, for example, L; is a Lévy
process with finite second moment. See [12]. For conditions which are sufficient to
get existence and uniqueness of a solution of the RBSDE, see [11, 12, 13, 18].

3.1. Singular control and RBSDEs in partial information. We now relate
the optimality conditions (2.86)—(2.87) for the singular control problem discussed
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in subsection (2.5)—that is, in the special case when (2.71) and (2.76) hold—and
RBSDEs.

THEOREM 3.3 (From singular control to RBSDE in partial information). Suppose
we can find a singular control £(t) such that (2.86)—(2.87) hold. Define

rof

(3.9) Y, =E =

gXUT) + [ 255, X (s))ds + K§. — K7 | &,

where K¢ is as in (2.79). Then there exists an &-martingale My such that (Yy, My, K¥)
solves the RBSDE (3.1)—(3.8) with

(3.10)  F(t) = Bf (t, X°(t)) |5t} . G=E[¢(X°(T)) | &r], and Ly = AS,

where AS is given by (2.81).
Proof. We can write

T t
(3.11) Y, =E G+/ F(s)ds+K§|5t] —/ F(s)ds — KF.
0 0
Define
T
(3.12) M, :=E G+/ F(s)ds+K§|5t].
0
We get
t
(3.13) Y; = —/ F(s)ds + M; — K;.
0

In particular, choosing t =T,
T

(3.14) G=Yr= —/ F(s)ds + My — K§.

0
Subtracting (3.14) from (3.13) we get
(3.15) Y, -G = / s)ds — (Myp — M;) + K5 — K&,
which shows that Y; satisfies (3.4). Moreover, the optimality conditions (2.86)—(2.87)
can be rewritten Y; > Af and [V; — Af]dKf =0. 0

Next we discuss a converse of Theorem 3.3.
THEOREM 3.4 (from RBSDE to singular control in partial information). Set

(3.16) Fo =[x 8] 6= B (0@ | &l

Suppose there exists a solution (Y, My, K;) of the RBSDE corresponding to F, G, and

a given barm’er Ly in the sense of Definition 3.1. Suppose there exists é(t) such that
K, = fo 75 5( ) with v¢ given by (2.80) with & =¢ and Ly = AS with Af as
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in (2.81). Then € is a directional substationary point for the performance J(£) given
by (2.75) in the sense of Theorem 2.4 with

Elh(t, X¢(t) | &) = L + E

(grxo0 ' s)dE (s Tﬁs s
/0<9 o)+ [ M) + [ X

t
(3.17) - / )\(T)df(r))ds) A(u)dé (u) | 54 :
0
Proof. By Definition 3.1 the process Y; defined as

318) Y;:=FE

g (X°T)) + /T %(S,XO(S))CIS + Kr — Ky | St] , t€10,T],

satisfies
(3.19) Y, > L;
and
(320) (Y;g — Lt)th =0a.s. te [O,T]
Hence
/ 0 T af 0
(3.21) E |¢'(X°(T)) + %(S,X (s)ds+ Kpr— Ky —L; | &| >0
t
and
(3.22)
T af
E g/(XO(T)) +/ %(S,XO(S))dS + KT — Kt — Lt | gt th = 0, te [O,T]
t

Suppose there exists a singular control £(t) such that (2.79)-(2.81) and (3.17) hold.
Then, (3.21)-(3.22) coincide with the variational inequalities (2.86)—(2.87) for an op-
timal singular control £. These are again equivalent to the variational inequalities
(2.30) of Theorem 2.4. Therefore the result follows from Theorem 2.4. O

3.2. RBSDEs and optimal stopping in partial information. We first give
a connection between reflected BSDEs and optimal stopping problems. The following
proposition is an extension to partial information and to the jump case of section 2
in [10].

PROPOSITION 3.5 (reflected partial information BSDEs with jumps and optimal
stopping).

Suppose (Yy, My, Ky) is a solution of the RBSDE (3.1)—(3.8).

(a) Then Yy is the solution of the optimal stopping problem

(323) Y—t = €ss SupE |:/ F(Sa Ys)ds + LTXT<T + GXT:T | gt , 1€ [07 T]7
t

£
TGTtT

where 7;5T is the set of &~ stopping times T with t < 7 < T and the optimal stopping
time s

(3.24) Ti="n =inf{s e [t,T]; Yy < L} AT,

(3.25) =inf{s e [t,T]; Ks > K} AT.
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(b) Moreover, K; is given by
(3.26)

. _
Kr—Kp_ t—max <G+/ F(’r‘,Y;)dT‘—(MT—MTS)—LTS> ; tE[O,T].
T—s

Proof. (a) Choose T € T . Then by (3.4)
T
(3.27) Y: =G +/ F(s,Yy)ds — (Mr — M;)+ Kp — K.
If we subtract (3.27) from (3.4) and take the conditional expectation we get
K:E[/ F(S,}/S)dS+YT+KT—Kt|€t:|
t
(3.28) >F [/ F(s,Ys)ds+ Loxr<r + GXr=r | Et} .
t
Since 7 € T is arbitrary, this proves that

(3.29) Y; > esssup E [/ F(s,Ys)ds+ Ly Xr<r + GXr=1 | Et} ; te[0,T).
t

TETfT
To get equality in (3.29) we define
(3.30) Fi=7:=inf{se[t,T];Ys < L} AT.

Then 7, € 75 and

E / F(s,Ys)ds + Lixs<r + GXo=T | 5t]
t

(3.31) >E

/ F(S,Ys)dS—I—Yf—l—Kf—Kt|5t‘|.
t

Here we have used that
(3.32) K;: — K; =0,

which is a consequence of (3.8) and the fact that K, is continuous (see [12]). This
completes the proof of (a).

(b) We proceed as in [9], using the Skorohod lemma.

LEMMA 3.6 (Skorohod). Let x(t) be a real cadlag function on [0,00) such that
x(0) > 0. Then there exists a unique pair (y(t),k(t)) of cadlag functions on [0,00)
such that

y(t) = z(t) + k(t); t € [0,00),
e y(t) >0; te[0,00),
o K

. /wymdk()—o.
0

t) is nondecreasing and k(0) = 0,
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The function k(t) is given by
(3.33) E(t) = maxx(s)”.

s<t

We say that (y,k) is the solution of the Skorohod problem with respect to the given
function x.
If we compare with Definition 3.1, we see that if we define

y(t) :=Yr_ — Lp_4

T
(334) =G+ / F(S, Ys)ds - (MT - MTft) + Ky — Kp_y — Lp_y,
T—t
T
(3.35) x@yzcwz/ F(s,Ys)ds — (Mp — Mp_,) — Ly,
T—t

(3.36) k(t):=Kr — Kr_,

then (y, k) solves the Skorohod problem with respect to x. Therefore k(t) is charac-
terized by (3.33), i.e., in terms of K; we have

T

Ky — Kp_y =m<a§( <G+ F(T,Yr)dT—(MT—MTS)—LTS> ,; b€ [O,T],
5> T—s

which is (3.26). This completes the proof of Proposition 3.5. O

3.3. Optimal singular control and optimal stopping in partial informa-
tion. We now use the results of the previous sections to find a link between optimal
singular control and optimal stopping.

THEOREM 3.7. Suppose we can find an optimal control & € Ag for the singu-
lar control problem of subsection 2.5 and let X°(t) be the uncontrolled state process.
Define

(3.37) Y,=FE

g/(XO(T)) + /tT %(s,XO(s))ds + Kfp — Kf | 5,5] ,

where Kf is defined by (2.79). Then Y; solves the optimal stopping problem

T
(3.38) Y; =esssup F [ o1
TETfT t

(5. X6 + Loxrer + 5/ (C(T)wrr | €.

where Ly = Af as in (2.81). Moreover, the corresponding optimal stopping time T = 7
is given by
F=7=inf{s € [t,T); Vs < L} AT,
=inf{s € [t,T); K§ > K¢} AT,
(3.39) =inf{s € [t, T];&(s) > &(t)} A T.
Proof. By Theorem 3.3, there exists a cadlag &-martingale M; such that (Y;, My,
K?) solves the RBSDE (3.1)-(3.8) with G, F, and L given by (3.10). Hence from

Proposition 3.5, Y; solves the optimal stopping problem (3.38) and the corresponding
optimal stopping time 7 = 7; is given by (3.39). d
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In the following, we use the notation
oFf
Ok

for any random variable A, k = 1, 2.
THEOREM 3.8 (from singular control to optimal stopping in partial information).

Suppose that for all © € R there exists an optimal control § = £,() € Ag for the
singular control problem of subsection 2.5, that is,

k
(5, 4) = 94 (5,) Lo=s

(3.40) V(x) = sup J(&, x),
§€As
where
(341) J(,2) = / £t X&), w)dt + g(X / ht w)de()
and

t t
575)23:—!—/b(s)ds—|—/ / 0(s, z)N(ds, dz)
0 0 Ro

t
+/ A(s)dE(s) 5 t € [0,T).
0
Then
(3.42) V'(z) = U(x),
where U is the solution of the partial information optimal stopping problem

Tof

(3.43) U(z)= sup E[ wr

£
TETOI

97 (5, X0(s))ds + h(r, €)xrer + g'(Xg?(T))xT_T] ,

where

h(r,€) =h(r, X5(r))
Tos

B (XS + | 55 (s X2 / A(r)dé(r))ds}A(r)AL(T) Ifl

T

Moreover, an optimal stopping time for (3.43) is
(3.44) 7 =inf{s € [0,T];&(s) > 0} AT.

Proof. Differentiating V' (z) = J(&, ) with respect to z, we get
(3.45)

V(@) = 26 2) o

) Ton ~
=B |g(XED) + | 5 Xi()ds + / oy (5 XEGs ))ds<s>].

By Lemma 2.10, we have

, Tof T oh
E ¢ (X5(T)) +/O %(S,Xi(s))dw . EC Xs(s ))df(s>1
(346) =FE |¢(X%T)) + /T g(s,Xg(s))ds + K5 — K§— A + iL(O,x)] :
0 X

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/18/14 to 128.93.12.56. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2280 BERNT @KSENDAL AND AGNES SULEM
Hence, combining (3.45) and (3.46),

rof

Vi(z)=E r

gXAD))+ | Z=(s,X2(s))ds + K5,

Oh (0, ) AE(0).

— K§— AS 4+ Rh(0,2) + o

y (2.79)—(2.81), we have

K§ 4 A§ — h(0,z) — @(o 2)AL(0)

Oz
= 7*(0)AE(0) + h(0,z) — E[R*(0)]A(0)A&(0) — h(0, z) — ZZ(OJJ)M(O)

= BIR(O)AO)AE(O) + O (0, 2)A6(0) — B[RS O)AO)AE(0) — 92 (0,7)A6(0) =

Oz

where

3 — 4" (X0 Taz_f 0
R(0) = g7(X (T)JrA(O)Aé(O))Jr/0 5z (8 X7 (s) + A0)Ag(0))ds

Consequently,

T
(3.47) V'(z)=E |¢'(X2T)) +/0 %(s, X0(s))ds + K% =Yy

with Yy given by (3.37) at ¢t = 0. Hence, by (3.38),

a8 Vi) = s B| [ s XU+ Mxrer + o (XD

£
TETOI

where A is given by (2.81), i.e

AS=FE [ h(r, X§(7 /{g”x0 /)\ YdE (s

w2 xv+ [ N <u>|sf]
(3.49) > E [i(r.€) | &]

by (2.76). Therefore

Taf

(3.50)  V'(z) > sup E[ T

£
TETOI

(5, X0(s))ds + (7, E)xrer + g'(XS(T»xT_T] .

On the other hand, we know by Theorem 3.7 that
(3.51) 7 =1inf{s € [0,T];&(s) >0} AT
is an optimal stopping time for the optimal stopping problem (3.48). Noting that

AS = E [h(7,6) | &]
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we therefore get, by (3.48),

Vi(a) = E[ / " 9T (o XO(s))ds + (7 E)xrer + g'(XS(T»m-T}

ox
Taf 0 7 /(0
(352) < sw E[ / 5—(S,Xx<s>>ds+h(r,f>xT<T+g(XE<T>>XT_T]
TETOE,T 0 z

Combining (3.50) and (3.52) we obtain (3.42)—(3.44). a

Remark 3.9. In the case of full information (£ = F) and b = 0 = 0, o(t) =
1,A(t) = —1, and f,g,h deterministic, this relation was studied in [14], where a
similar result as in Theorem 3.8 was obtained but with & replaced by h = h. The
difference is due to the assumption in [14] that £ is left-continuous while we assume
right-continuity for &.

Finally we proceed to study the converse of Theorem 3.7, namely, how to get
from the solution of a partial information optimal stopping problem to the solution
of associated partial information RBSDE and optimal singular control problems, re-
spectively.

To this end, suppose we find the solution process Y; of the partial information
optimal stopping problem

(353) Y; :=esssup & |:/ F(S,Ys)ds + LeXr<r + GXr=T | &l te [O,T],
t

£
T€7—LT

where F(s,y) is a given Fg-adapted cadlag process for all y, F(s,y) is Lipschitz con-
tinuous with respect to y, uniformly in s, E[fOT |F(s,0)|%ds] < o0, Ls is a continuous
Es-adapted process, and G € L?(P) is Fr-measurable. Define

t
(3.54) 6(t) = / E[F(s,Y () | £]ds + Le; t € [0,7),
0
where
(3.55) Lt == Lixeer + E[G | Erlxt=T

and consider the Snell envelope Sy of ¢(-) defined as
(3.56) Sy =esssup E[o(7) | &]; t € [0,T].

TG'T,fT
St is the smallest &;-supermartingale that dominates ¢(:). See, e.g., [21]. Let
(3.57) Sy = My — Ay

be the Doob-Meyer decomposition of S, i.e., M; is an E-martingale and A; is a cadlag
predictable nondecreasing £;-adapted process with Ag- = 0. See, e.g., [19]. Note that

t

(3.58) Sy =Y, +/ E[F(s,Y(s)) | E)ds; t€[0,T].
0

Therefore we get

(3.59) Y, =— /tE[F(s,Y(s)) | E)ds + My — Ay; t € [0, 7).
0
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Hence by (3.53) and (3.59)
(3.60) EG | &] = Yy = — /OT EF(s,Y(s)) | £)ds + My — Ar.
Subtracting (3.59) from (3.60) we get

=FE[G | &7+ /tT E[F(s,Y(s)) | Es]ds — (My — My) + A — Ay
or, equivalently,

T
(3.61) Y, =F |G —|—/ F(s,Y(s))ds +Apr — A | &
t

Moreover, since S; dominates ¢(t) we have

Y= S, — /E (5,Y(s)) | E]ds > (1) /E (5, Y (s)) | £,]ds

that is,
(3.62) Y, > L.

An important property of the Snell envelope is that A; increases only when S;- =
¢(t™), i.e., we have (see [13])

T
(3.63) /O (S, — 6(t))dA; = 0.

Since L; is continuous, A, is continuous also (see [12]) and we get

T
/0 (S, — 6(t))dA; = 0.

In terms of Y; this gives

(3.64) /OT(Yt — Ly)dA, = 0.

Comparing (3.61), (3.62), and (3.64) with Definition 3.1 we get the following conclu-
sion.

THEOREM 3.10 (from optimal stopping to RBSDE in partial information). Sup-
pose Yy solves the optimal stopping problem (3.53). Assume that Ly is continuous. Let
M, Ay be as in (3.57). Then (Y, My, A¢) solves the RBSDE of Definition 3.1 with
driver E[F(t,Y (t)) | &, terminal value E[G | 7], and barrier Ly defined in (3.55).
Moreover the optimal stopping time for (3.64) is 7y = inf{s € [t,T];Ys < ﬁs} ANT =
inf{s € [t,T]; As > At} AT.

Combining this result with Theorem 3.4 we get the following.

THEOREM 3.11 (from optimal stopping to singular control in partial informa-
tion). Suppose Y; solves the optimal stopping problem (3.53). Assume that Ly is
continuous. Let A; be as in (3.57) and suppose there exists ¢ € Ag such that
Ay = K& and Ly = AS with K, AS defined in (2.79)(2.81). Then £ is a direc-
tional substationary point in the sense of Theorem 2.4 for the performance func-
tional J(§) given by (2.3), where we assume that f, g, and h can be chosen such
that E[F (LY (1)) | &] = EIZL(t, X°(1)) | &), EIG | €] = Elg'(X°(T)) | &r], and
h(t,w) = h(t,XE( ),w) is given by (3.17).
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4. Example of monotone follower with partial information. Consider a
singularly controlled process X¢(t) of the form

(4.1) dXS(t) = b(t)dt+o(t)dB(t)+ | 6O(t, 2)N(dt,dz)+ \(t)dE(t) ; X$(0) =z € R,
Ro

where b(t), o(t), and 0(¢, z) are given Fi-predictable processes and A(t) < 0 is a given
continuous &;-adapted process. The performance functional is assumed to be

(4.2) JE)=E

T T
/ f(S,Xg(S))dS‘F/ h(t)df(’f)l ,
0 0

where f(t,z) = a(t)z + 1B(t)2* and «, 8, h are given F-predictable processes; 8 <
0,h < 0. We want to find £* € A¢ and ® € R such that

(4.3) ® = sup J(&) = J(£).
£eAg

We may regard (4.3) as the problem to keep X ¢(#) as close to 0 as possible by using the
control/energy £(t), where the cost rate of having the state at the position x is — f and
—h(t) is the unit price of the energy £ at time ¢. The variational inequalities satisfied
by an optimal control £* for this problem are (see (2.86)—(2.87), (2.79)—(2.81))

(4.4) E

/T{a(S) +B(s)X (s)}ds + K — Ky — A | Etl >0,
t

45) E / "{a(s) + H5)X0(s) s 1 KE — KE AT | st] dK§ =0,
where

ae) AT =[] p| [ ( | 5(8)d8> Au)de" u)| &]
and

(4.7) K= B ( / ' 5(8)d8> Aw) | 64 ag* (u).

We recognize this as a partial information RBSDE of the type discussed in sec-
tion 3. The solution is to choose Kf to be the downward reflection force (local time)
at the barrier Af of the process Y; defined by

(4.8) Y, :=FE

T
/t {a(s) + B(s)X°(s)}ds | Et] ; te[0,T].

Thus the solution is to add to f’t exactly the minimum amount Kf needed to make

the resulting process Y; := Y, + Kf* stay above Ag* at all times. Assume from now
on that

(4.9) Yo —A§ >0,
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ie.,

/0 " {a(s) + A5)XO(s)}ds + % >

> 0.
A(0 20

(4.10) E

T
( / 5(8)d8> A(0)AE*(0)

Using the Skorohod lemma (Lemma 3.6) we therefore get

(4.11) K& =max(YV,—AS)";0<t<T.

In particular, Kg* = 0 and hence A&*(0) = 0. Hence, combining (4.11) with (4.7) we
get

t
| e
0

T
( / ﬁ(S)d8> Au) | su] de* (u)

= max _Me) [ ' r)dr u)d&* (u
—(E o /(/ ﬁ()d)M)df()
. _
(4.12) —/ {a(u) + B(u) X (u) }du | 581 ) ; 0<t<T.
Equivalently, in differential form, using (—z)~ = 2™,

E

T
( /t B(s)ds) A | a] de* (1)
— @ ) ! r)dr u)d€* (u
_d<ns12§<<E A(s)+/0 (/ B( )d)x( )de* (u)

T +
(4.13) +/ {a(u) + B(u) X (u)}du | 85] )) ; 0<t<T.

This is a functional stochastic differential equation in the unknown optimal control
&*. Since the equation describes the increment d&*(t) as a function of previous values
of £*(s); s < t, one can in principle use this to determine £*, at least numerically.

By Theorem 3.7 we conclude that Y; solves the optimal stopping problem

(4.14) Y; :=esssup E [/T{a(s) + B(s)X%(s)}ds + AS xrer | &

£
TeTt,T
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and the optimal stopping time is

#H=inf{s € [t,T]; Ys <ASIAT
—inf{s e [t,T]: K& > KS VAT
=inf{s € [t,T]; £ (s) > ()} AT

u T
= inf {s € [t,T]; max <E % —l—/o </ ﬂ(r)dr) AMy)dE* ()

+f {a<r>+ﬂ<r>X0<r>}dr|su] )

M u T .
ol < / 5<r>dr> Ay (1)

T +
(4.15) +/ {a(r) + B(r)X ()} dr | Eu] ) } AT.

> max <E

u<t

In particular, if we put ¢ = 0 we get by (4.15) an explicit formula for the optimal
stopping time as follows:

. +
79 = inf {s €[0,T]; E % —|—/ {a(r) + B(r)X°(r)}Ydr | 551

h(0)

© [ :
(4.16) >FE 20) +/0 {a(r) +B(T)X0(r)}dr] } AT.

We have thus proved the following.

THEOREM 4.1. Suppose that an optimal singular control £ for the problem (4.3)
exists and that (4.9) holds. Then £* satisfies the functional stochastic differential
equation (4.13) with initial value £*(07) = £*(0) = 0. Moreover, the optimal stopping
time for the associated optimal stopping problem (4.14) is given by (4.15).

Two simple but still nontrivial special cases follow.

COROLLARY 4.2. Suppose B(s) = A(s) = h(s) = —1 and a(s) = 0 ;s € [0,T].

Suppose that
T
/ Xo(s)ds] <1.
0

Then an optimal singular control £*(t) for the problem (4.3) satisfies the functional

stochastic differential equation
T +
/ X(s)ds | 53]>

with nitial value £*(07) = £*(0) = 0. Moreover the optimal stopping expression

(4.16) reduces to
T
/ XO(r)dr }/\T.
0

(4.17) E

(418) (T —1)dg"(t) = d | max (1 +(T—s)E"(s)— E

<FE

T
(4.19) %Ozinf{se[O,T];E / XO(rydr | &
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Proof. Under the given assumptions on the coefficients, assumption (4.17) is easily
seen to be equivalent to (4.10). O

COROLLARY 4.3. Suppose that & = F;_gy+; t € [0,T] for some constant § > 0
and that h(t) and A(t) are E-adapted, a(t) and B(t) are deterministic, and b(t) =
0; t € [0,T]. Then the optimal stopping time for the associated optimal stopping time
problem is given by

S T i
7o = inf{s € [0, T); % +/ {a(r) + B(r)X°((s — §))}dr
h(0) r !
(4.20) > (53 /O {a(r) + B(r)a}dr | IAT.

Proof. This follows from (4.16) and the fact that when b = 0, X°(¢) is a martingale
with respect to F;. 0

Remark 4.4. Even in the special case of Corollary 4.3 the result appears to be
new.

Acknowledgments. We thank John J. A. Hosking, Said Hamadéne, and Marie-
Claire Quenez for useful comments.

REFERENCES

[1] D. ANDERSSON, The relazed general mazimum principle for singular optimal control of diffu-
stons, Systems Control Lett., 58 (2009), pp. 76-82.
[2] S. BAHLALI AND B. MEZERDI, A general stochastic mazimum principle for singular control
problems, Electron. J. Probab., 10 (2005), pp. 988-1004.
[3] S. BanraLl, B. DJEHICHE, AND B. MEZERDI, The relaxed stochastic mazimum principles in
stngular optimal control of diffusions, STAM J. Control Optim., 46 (2007), pp. 427-444.
[4] S. BanLALL, F. CHIGHOUB, B. DJEHICHE, AND B. MEZERDI, Optimality necessary conditions in
singular stochastic control problems with mon-smooth coefficients, J. Math. Anal. Appl.,
355 (2009), pp. 479-494.
[5] F. M. BALDURSSON AND L. KARATZAS, Irreversible investemnt and industry equilibrium, Finance
Stoch., 1 (1997), pp. 69-89.
6] E. BENTH AND K. REIKVAM, A connection between singular stochastic control and optimal
stopping, Appl. Math. Optim., 49 (2004), pp. 27-41.
[7] F. BoETiUus AND M. KOHLMANN, Connections between optimal stopping and singular stochastic
control, Stochastic Process. Appl., 77 (1998), pp. 253-281.
[8] A. CADENILLAS AND U. G. HAUSSMANN, The stochastic mazimum principle for a singular
control problem, Stoch. Stoch. Rep., 49 (1994), pp. 211-237.
[9] M. CHALEYAT-MAUREL, N. EL KAROUI, AND B. MARCHAL, Réflexzion discontinue et systémes
stochastiques, Ann. Probab., 8 (1980), pp. 1049-1067.
[10] N. EL Karoul, C. KAPOUDJAN, E. PARDOUX, S. PENG, AND M.-C. QUENEZ, Reflected solutions
of backward SDE’s, and related obstacle problems for PDE’s, Ann. Probab., 25 (1997),
pp. 702-737.
[11] N. EL Karoul, S. PENG, AND M.-C. QUENEZ, BSDEs in finance, Math. Finance, 7 (1997),
pp. 1-71.
[12] S. HAMADENE AND Y. OUKNINE, Backward stochastic differential equations with jumps and
random obstacle, Electron. J. Probab., 8 (2003), pp. 1-20.
[13] S. HAMADENE AND Y. OUKNINE, Reflected backward SDEs with general jumps,
arXiv:0812.3965v2, 2009.
[14] 1. KARATZAS AND S. E. SHREVE, Connections between optimal stopping and singular stochastic
control I, Monotone follower problems, STAM J. Control Optim., 22 (1984), pp. 856-877.
[15] T. MEYER-BRANDIS, B. @KSENDAL, AND X. ZHOU, A mean-field stochastic mazimum principle
via Malliavin calculus, Stochastics, DOI:10,1080/17442508.2011.6516 19
[16] B. OKSENDAL AND A. SULEM, Applied Stochastic Control of Jump Diffusions, 2nd ed., Springer,
New York, 2007.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/18/14 to 128.93.12.56. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SINGULAR STOCHASTIC CONTROL OF ITO-LEVY PROCESSES 2287

B. OKSENDAL AND A. SULEM, Mazimum principles for optimal control of forward-backward
stochastic differential equations with jumps, STAM J. Control Optim., 48 (2009), pp. 2945—
2976.

B. OKSENDAL AND T. ZHANG, Backward Stochastic Differential Equations with Respect to
General Filtrations and Applications to Insider Finance, Research report 9, University of
Oslo, 2009.

P. PROTTER, Stochastic Integration and Differential Fquations, 2nd ed., Springer, New York,
2004.

R. T. ROCKAFELLAR, Convezr Analysis, Princeton University Press, Princeton, NJ, 1970.

M. SHASHIASHVILI, Semimartingale inequalities for the Snell envelopes, Stoch. Stoch. Rep., 43

(1993), pp. 65-72.
. WANG AND Z. WU, The mazimum principles for stochastic recursive optimal control prob-
lems under partial information, IEEE Trans. Automat. Control, 54 (2009), pp. 1230-1242.

G. WANG AND Z. Wu, Kalman-Bucy filtering equations of forward and backward stochastic
systems and applications to recursive optimal control problems, J. Math. Anal. Appl., 342
(2008), pp. 1280-1296.

Z. Wu AND F. ZHANG, Stochastic mazimum principle for optimal control problems of forward-
backward systems involving impulse controls, IEEE Trans. Automat. Control, 56 (2011),
pp. 1401-1406.

J. X10NG AND X. ZHOU, Mean-variance portfolio selection under partial information, STAM J.
Control Optim., 46 (2007), pp. 156-175.

@

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


