An integral representation theorem
of g-expectations

Zengjing Chen* Agnes Sulem
Shandong University INRIA Paris-Rocquencourt
Jinan 250100 Domaine de Voluceau Rocquencourt
P.R.China B.P.105 , 78153 Le Chesnay Cedex
and France

Ajou University

Abstract

There are two classes of nonlinear expectations, one is the Choquet expectation
given by Choquet (1955), the other is the Peng’s g-expectation given by Peng (1997)
via backward differential equations (BSDE). Recently, Peng raised the following
question: can a g-expectation be represented by a Choquet expectation? In this
paper, we provide a necessary and sufficient condition on g-expectations under which
Peng’s g-expectation can be represented by a Choquet expectation for some random
variables (Markov processes). It is well known that Choquet expectation and g-
expectation (also BSDE) have been used extensively in the pricing of options in
finance and insurance. Our result also addresses the following open question: given
a BSDE (g-expectation), is there a Choquet expectation operator such that both
BSDE pricing and Choquet pricing coincide for all European options? Furthermore,
the famous Feynman-Kac formula shows that the solutions of a class of (linear)
partial differential equations (PDE) can be represented by (linear) mathematical
expectations. As an application of our result, we obtain a necessary and sufficient
condition under which the solutions of a class of nonlinear PDE can be represented
by nonlinear Choquet expectations.
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1 Introduction

The concept of expectation is crucial in probability theory. Given a probability measure
P, the expectation E¢ of a random variable ¢ under P can be calculated by

0 ]
E¢ = / [P(§ > 1) —1]dt +/ P(¢ > t)dt.
—00 0
One of the important properties of mathematical expectations is its linearity, that is

E(€+n)=FE{+ En

when both sides are finite. Choquet [Ch] introduced a definition of nonlinear expectations
of £ under a non-additive probability measure V' as

C(¢) = /0 V(€ >t)—1]dt + /Ooo V(> t)dt.

—00

This expectation, usually called the Choquet expectation, has no longer the linearity
property because of the non-additivity of V' in the sense that V(A + B) # V(A) 4+ V(B),
evenif ANB =10 .

The Choquet expectation was originally motivated by potential theory in physics, but
it has found many applications in various fields. In particular, owing to Schmeidler’s work
[Sc2] the Choquet expectation has become an important tool in describing individuals’
behavior under uncertainty in economics.

Peng [P1, P2] introduced the notion of g-expectation via a class of nonlinear backward
stochastic differential equations (BSDEs). He showed that g-expectations preserve many
of the basic properties of mathematical expectations except linearity (see [P1, P2, CP] for
details). A natural question is to ask for which class of random variables does a Peng’s
g-expectation can be represented by a Choquet expectation? In this paper, we discuss
this issue and provide a necessary and sufficient condition under which a g-expectation
can be represented by a Choquet expectation for some random variables.

The paper is organized as follows: In Section 2, we recall briefly some notions of BSDEs
and related g-expectations. In Section 3, we give a necessary and sufficient condition
under which a g-expectation can be represented as a Choquet expectation. In Section
4 we consider an extension to multiple dimensions. As an application, in Section 5, we
consider a relation between nonlinear PDE and Choquet expectations, which implies that
the famous Feynman-Kac formula can be extended to nonlinear case. For the reader’s
convenience, Section 6 is an appendix which contains several lemmas which are used in
this paper.
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2 BSDEs and g-expectations

Pardoux and Peng [PP1] showed an existence and uniqueness theorem for nonlinear BS-
DEs. Furthermore, Peng [P1] introduced the notion of g-expectation via this kind of
BSDEs. This section gives a brief review of BSDEs and related g-expectations.

Fix T € [0,00), let (W;)o<t<r be a d-dimensional standard Brownian motion defined
on a completed probability space (€2, F, P). Suppose {F;}o<i<r is the natural filtration
generated by (W;)o<i<r , i.€.

Fi=o{Ws; s <t}

We also assume Fr = F.
Set
L*(0,7) := {V; V is a (F;)-adapted process with [F fOT IV (s)[2ds]2 < oo} ;
L3(Q, F, P) := {&; € is a F-measurable random variable with E|¢|> < oo}

Let g be a function from R x R? x [0, 7] into R such that

(H1) For any (y,2) € R x R%, g(y, 2,t) is continuous in ¢ and fOT l9(y, z,8)2ds < 00 .
(H2) Lipschitz condition: There exists a constant x4 > 0 such that

191, 21,t) — g(y2, 22,8)] < pllys — 2| + |21 — 20/]), V(i 2) ER X RY, i =1,2.
(H3) g(y,0,t) =0,V(y,t) € R x [0,T].

By Pardoux and Peng’s Theorem [PP1], for any & € L*(Q, F, P), there exists a unique
pair of adapted processes (y,z) € L*(0,T) x L*(0,T) satisfying the BSDE

T T
yr =& +/ 9(ys, zs, S)ds — / zedWy , 0<t<T . (1)
¢ ¢

When d > 1 we interpret z,dW, as a matrix product. Furthermore, Peng [P1] introduced
the notion of g-expectation via the BSDE (1).

Definition 1 Suppose that g satisfies (H1), (H2) and (H3). For any & € L*(Q,F,P),
let (yt, z¢) be the solution of BSDE (1).

(1) We call &[€] defined by
Egl€] = wo

the g-expectation of the random variable £.

(2) We call E;&|Fi) defined by
&lEl:=w, 1€0,T)

the conditional g-expectation of the random variable €.
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(3) Let 14 be the indicator function of the set A. For any A € F, P,(A) is called the
g-probability of the event A, where

Fy(A) := & [14] -

Remark 1 If g = 0, then &[€|F] = E[E|F], &[&] = EE and Py(A) = P(A). See [P1]
for details.

Peng [P1] showed that g-expectations and conditional g-expectations preserve many
of the basic properties of mathematical expectations except for linearity. Some of these
important properties are given below.

Property 1 (i) &[c] = c¢,Vc € R;
(i) &[€] = &€, €1 R )
(i1i) EgEg[E|F)|Fr] = Egl€]Frnel;
(iv) E[€ +1|F) = €+ &R, if € is Fr-measurable;
(v) If g is deterministic and ¢ is independent of Fy, then &,[¢|F,] = &,[€].

(i) n = E,[E|F] is the unique Fi-measurable random variable satisfying the following
equation

El€1a]l = Eynla] , forall Ae F; .
We now recall briefly the notions of capacity and Choquet expectation.
Definition 2 (1) A real valued set function V : F — [0,1] is called a capacity if
(i) V(D)=0, V(Q) =1
(i1) V(A) < V(B) for any A C B where A,B € F.

(2) Choquet expectation: Let V be a capacity. For any & € L*(Q, F, P), the func-
tional C(§) defined by

o= [ viezn- it [ viezna

—00

15 called the Choquet expectation of & with respect to V.

(8) Random variables & and n are called comonotonic if

[E(w) — &(W)]nw) —nW)] >0, Vw,w' €.
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(4) A real function F defined on L*(2, F, P) is called comonotonic additive if for all
comonotonic & and n

F(§+n) =F(&)+F(n) .

The results of Dellacherie [De] and Schmeidler [Scl] can be rewritten as the following
Lemma.

Lemma 1 Suppose F is a real continuous functional on L?*(2,F, P). Then F can be
represented by a Choquet expectation for all random variables in L?(Q, F, P) if and only
iof F'is comonotonic additive.

3 Main Result

In order to simplify the notation, in this section, we shall discuss our main result under
the assumption that Brownian motion {W;} is 1-dimensional, that is d = 1. The case of
a multidimensional Brownian motion will be discussed in Section 4.

Let b(t,z) and o(t,x) be continuous in t and Lipschitz continuous in z, then the
following SDE has a unique solution {X;"?} (shortly {X;}) which depends on coefficients
a,o:

{ dXs = b(s,Xs)ds+o(s, X)dW,, 0<s<T, @)
X() = z€eR

Define H as
H :={X3% € L*(Q,F, P) : b,0 are continuous in ¢ and Lipschitz continuous in x} .

Let ®(z) be an increasing function such that ®(X7) € L*(Q, F, P).
We consider the question: under which condition on g is there a Choquet expectation
operator C'(+) such that

£,[9(Xr)] = C[&(X1)), VX7 € H?

In this case, we say that g-expectation can be represented by a Choquet expectation on
H. This question is answered in Theorem 1.

Remark 2 The question can be explained in finance as follows:

Suppose {X;} is the price of a stock. Let ®(Xr) = (X — k)T be the value of a
European option at exercise time T'. Then by the viewpoint of El Karoui, Peng and Quenz
[KPQ], £,[®(X7)] is the price of an European option with payoff ®(Xr). If g is linear,
then the corresponding market model is a complete market model and E;(P(Xr)| is the
classical mathematical expectation, that is the Black-Scholes formula. If g is nonlinear,
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then the corresponding market is incomplete. Qur question is the following: for which
class of incomplete market models can the price of an FEuropean option be obtained by a
Choquet expectation? Similarly to the Black-Scholes formula which shows that the price
of a contingent claim in a complete market is a mathematical expectation, our result
shows that the price of a contingent claim in some incomplete market model is a Choquet
expectation.

The main result in this section is

Theorem 1 Suppose that g satisfies (H1), (H2) and (H3). &,[§] can be represented as
a Choquet expectation for any & € H if and only if there exist two continuous functions
{a(t)}, {B(t)} such that g does not depend on y and has the form

9y, 2, 1) = a(t)]z] + B(1)=. (3)
To investigate a necessary condition, we need the following lemma (see [BCMP]):

Lemma 2 Suppose that {X;} is of the form
t
Xt::c—i—/ o dW,, 0<t<T
0

where {0} is a continuous bounded process. Consider the BSDE (1) with a given function
g that satisfies conditions (H1), (H2) and (H3), and for which £ = Xr. Then

(i) &XHF] — X1 —t

ELCARIZBIXCIR] _ ooy, o) )

(ii) lm,_+ =

where the limits are in the sense of L*(Q), F, P).

The proof of necessary condition in Theorem 1:

If for any £ € H, &,[{] can be represented by a Choquet expectation, by Dellacherie’s
Theorem (Lemma 1), then &;[-] is comonotonic additive, that is whenever  and 7 are
comonotonic then

Egl€ +n] = &€l + Elnl - (4)

Choose constants (y1, 21,1), (42, 22,t) € R* x [0, 7] with 2,2, > 0. For any 7 € [t,T] the
random variables & = y1 + 21 (W, — W,) and n, = ya + 2o(W, — W;) are comonotonic and
independent of F;.

Recall in (1) that g : R x R x [0, 7] is a non-random function, and also that y; and z;
(1 = 1,2) are constants. Applying Property 1(v),

gg[§T|}—t] = gg[&] ) 59[77T|ﬂ] = 59[777] ) 5g[§T + .| Fi] = Eg[fT + 1]
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This together with (4) implies

Eglér + el ] = El& +0rl 7] Eol&r\Fe] = BI&|F] | Eglnel 7] — Elne|F] (5)

T—1 T—1 T—1

Taking limits as 7 — ¢ on both sides of (5), by Lemma 2(ii), we obtain

9y + Yo, 21 + 20,t) = g(y1, 21, ) + 9(y2, 22,1) , V2122 >0, w1, 2 € R, (6)

which then implies that g is linear with respect to y in R and z in Ry (or R_). Applying
(6), it is easy to check that for any a > 0, ¢(0,a,t) = ag(0,1,1).

Thus, for any (y, z,t) € R* x [0, 7], by assumption (H3), that is g(y,0,¢) = 0, and by
the fact that z1;.<q - z1.>0) = 0, then (6) implies

(y + 0, Zl[z>0} + Zl[z<0} t)

(y zl[zzo],t) + g(() zl<q), )

(y+0,0+ zlp>g,t) + ( —2) <o), t)
y,0,t) + g (0,210, ) + 9(0 —(=2)lp<o.)
,17t)Z]_[Z20} - g(o,—l,t)thgg}

L) 4 g(0, —1,¢) =

(O,l,t)—i—Qg(O,—l,t) ‘Z‘ + g(0,1 t) . (0 —1,t) e

9(y,z,t) =

Set a(t) = w and ((t) = w to complete the proof of the necessary
condition. [J

Before proving the sufficient condition part of Theorem 1, we state and prove Lemmas
3, 4 and 5.

Consider the SDE (2) and its solution {X;}. Then X1 € H. We will also be interested
in random variables £ = ®(X7) for various functions ®.

Lemma 3 Suppose that {X,} is the solution of the SDE (2). Suppose also that ® and ¥
are two increasing functions such that ®(X7) , U(Xr) € L3, F, P). Let (y¥,2?) and
(v}, 2") be the solutions of the BSDE (1) with terminal values ¢ = ®(X7) and & = U (X7)
respectively. If b and o in (2), the function g in (1), ® and ¥ are assumed to be C3, then

222V >0, ae tel0,T].
Proof. Let {X!*} be the solution of the SDE:

X0 = b(s, X[7)ds + o (s, XD)dW,
)(t:l'7 Se[t7T]

Obviously, the solution {X%?} of the above SDE with ¢ = 0 is indeed the solution {X,}
of SDE (2). Let (yb®®, 2t®®) and (yb®Y, 2L%%) be the solutions of the BSDE (1) corre-

s

sponding to termlnal values £ = (X7 tz) and € = U(X5Y), respectively, then
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(i) Since Xp = X2*, thus 22 = 20% ¥ = 202%. 5 € [0, 7).

(ii) Since ®, ¥ are increasing, applying the Comparison Theorem for SDEs and BSDEs,

t,x,® t,x, W . . .
we get that y, " and y,”" are increasing in x.

Let u(t,z) :== y™® and v(t,z) := ™", By Lemma 7(ii) in Section 6

262 = g(s, X1 Ou(s, X)) Jae.s € [t,T] (7)
22V = g (s, X07)0,v(s, XH7) Jae.s € [t,T) .

This together with (ii) above implies

PP el — 525 X0 Ou(s, XE)0,v(s, X0¥) >0, ae. s e [t,T] .

S S

Letting ¢ = 0 and applying (i), it then follows that
Z'I)Z\I! — ZO,x,q)ZO,m,‘II
(s, Xs)0zu(s, Xs)o(s, Xs)0:v(s, Xs) (8)
= 0?(s, Xs)0pu(s, X,)0,v(s,Xs) >0, ae. sel0,T].

The proof is complete. [

We next consider the case where ® and ¥ are indicator functions.

Suppose that {X;} is the solution of SDE (2). For given constants «, ¢ € R and a < ¢,
set B={Xr > a}and C = {Xr > ¢} and let (y”, 2P) and (y©, 2¢) be the solutions of
the BSDE (1) corresponding to terminal values £ = 15 and £ = 1¢ respectively. Clearly
C CB.

Lemma 4 Suppose that the functions b and o in (2), and the function g in (1) satisfy
the assumptions of Lemma 3. Then

2028 >0, aetel0,T]. (9)

Proof. Indeed for the indicator functions 1(,>,) and 1¢;>.), we can construct a sequence
of C3-increasing functions @, (-, ), ®, (-, ¢) such that

O (2, 0) = 1z>a)y, Pn(z,¢) = 1z>e) asn — oo,
For example, for any n = 1,2, --- define
b, (z,a) := e~ (@) , Dz, )= e~ (@)
where

N a—2) fr<a . c—z) ifrz<ec
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Let (y™*,z™%) and (y™°, 2™°) be the solutions of the BSDE (1) corresponding to { =
®, (X1, ) and £ = ®,,(Xr, ¢) respectively. Applying Lemma 3, we have
2%z >0, ae sel0,T].

S

Note that ®,(X7,a) — 1p and ®,(X7,c) — 1¢ as n — oo in L*(Q, F, P). By Lemma 6
in Section 6, then 2™* — 28 and 2™ — 2% as n — oo in L2(0,7).
The proof is complete. [

Note that if &, (z,«) is the function defined above, and ® is an increasing function,
then ®,,(®(x), @) is increasing, and we get immediatly

n,c

Remark 3 Suppose ® is an increasing function, and let B = {®(X7) > a}, C =
{®(X7) > ¢}, then Lemma 4 is still true.

We next consider the case where g is of the form:

9(y, 2,t) = a(t)|2| (10)

where a is a continuous function bounded by w. In order to signify the dependence on a

when g is of the form (10) we rewrite £,[¢], &,[¢|F:] and P, (+) as E,[] , E.[&|F:] and B,(-).

Lemma 5 Suppose that Xr € H and k1 < ky < ---k, is a sequence in R. Let A; :=
{w: Xp(w) > ki}, i =1,2,--- ,n. Then for any sequence of positive constants {b;},,

we have . .
ga[z bzlAz] — Z blpa[Az] .
i=1 i=1

Proof. For any ¢ > 0, the function g. defined by g.(v, z,t) := a(t)\/|2|?> + € is differen-
tiable with respect to z and its derivative is uniformly bounded.
Let (y;¢, 2z,°) be the solution of the BSDE

T T
yr = 1y, +/ a(s)\/(|zs]2+e)ds—/ zdWs , i=1,2,---.n.
t t

Applying Lemma 6 of Section 6, then (y, 2) — (y', 2') as e — 0 in L2(0,T) x L2(0,T),
where (y', z%) are the solutions of the BSDE:

T T
yi:lAi—i-/ a(s)|zi|ds—/ AW, i=1,2,--- ,n. (11)
t t
Applying Lemma 4, we have for any 4,5 = 1,2,--- ,n

i€ _J,€
2z >0
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Hence, o
2z >0, ae tel0,T], i,j=12,-,n

which implies
n

1>z =) 2] ae te[0,T]. (12)
=1

i=1
Multiplying both sides of BSDE (11) by b;, summing from ¢ = 1 to n and applying (12)
with b; > 0, we obtain

ibiyi = ibilAi + /T a(s)] i bizt|ds — /T i biztdW, .
i=1 i=1 t i=1 [——

Therefore (3.7, by, , > i, biz;) is the solution of the BSDE

i=1
n T T
Yy = ZbilAi +/ a(s)|zs|ds — / 2 dW .
i=1 ¢ ¢

By uniqueness of the solution of the BSDE, we get
EaY bilalF) = by, te0,T].
i=1 i=1

By the definition of g-expectation, we have from (11),

Z biyé = Z biga[lAi
i=1 i=1

Fl =Y bPJAIF], tel0,T].
=1

Thus . N
Ea) bila|F] =) biPJAIF], te0,T].
=1 =1

In particular, taking ¢ = 0, we obtain the conclusion of Lemma 5.

O

Remark 4 Lemma 4 and Lemma 5 can be modified to remove the assumption that g,
® and ¥ are C3-functions. The proofs would be modified to construct a sequence of C3-
functions g,, ®, and V,, such that g, — g, P, — ® and V,, — ¥, as n — oo.
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We now prove the sufficiency part of Theorem 1, that is if g is of the form (3), then
E,[€] can be represented by a Choquet expectation. Without loss of generality, we can
assume [ in (3) satisfies § = 0. This can be seen as follows. If y, = &£ [¢|F:] is the
solution of the BSDE (1) then

T T
Y = €+/t [a(s)]zsl+6(s)zs]ds—/t 2sdW,
T T
= {—i—/ a(s)|zs|ds—/ 2sdW

where W, := W, — fot B(s)ds is a Q-Brownian motion under @) defined by

d g '
£ :exp{—%/o ﬁQ(s)ds—i—/o B(s)dWs} .

Thus we can consider BSDE (1) with g(y, z,t) = «(t)|z] on the probability space (Q2, F, Q).
The proof of the sufficiency of Theorem 1 now follows from Theorem 2 which shows
that a Choquet representation holds in the special case where g is of the form (10).

.

Theorem 2 Assume g is of the form (10), then, for any & € H, E,[€] can be represented
as a Choquet expectation.

Proof. The proof is divided into two steps.
Step 1: Assume that ¢ is strictly bounded by N, that is |{] < N.
First, assume £ > 0. Set

n—1 . 2"—-1 /.
£ = ; 12_11\1[1(%<5<W) L= ; %HQX«NZW) :

Then

():0<e <e<el

() : € —¢, €M ¢ asn— oo in LA, F, P).
Thus (i) and the comparison theorem of BSDEs give

Ele™] < Eufé] < [,

and from (ii) we have

lim &,[¢™] = lim &,[¢\"] = £,]¢] .

n—oo n—oo
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Note that it is easy to rewrite f(,n) and f(ﬁ) as

2” 1 2m

n N
h 2n21 +):§Zl(£>(z yNy -

i=1
Applying Lemma 5, and recalling P,(A) = &,[14], we obtain

2" -1 A

m_5Np iN ) =N (i —1)N
&) = 2 P& = 57) 0 Eal&d ]—ZZIQ—nPa(iz )
Since
S Vs o M pesnaeS Vpes (DN
S ghtez g < [ REza<d nriez T
hence
N
Ele1 < [Pz e < gD
0
Letting n — oo
N
el = [ R0 (13)

Thus &,[¢] can be represented by the Choquet expectation.
Secondly if £ is not positive, let £ = &+ N, then 0 < £ < 2N. Applying (13) gives

amzlma@zwwzfza@zwﬁ

By Property 1(iv), we have

Consequently,

Eul€] = E.E = N = / (€3 1) — 1]dt+/0N Pu(€ > )dt. (14)

Step 2: For sufficient large number N > 0, let ®(z) = 2V (=N + 1) A (N —1). Then
® is increasing in z and for any £ € H, &V := ®(&) is strictly bounded by N, that is
|D(€)] < N. By Step 1, &,[V] satisfies (14).

Letting N — oo and noting that limy .. &[EY] = &,[£] we then obtain

5a[5]:/0 (Pa(gzt)—1)dt+/ooopa(gzt)dt

—00
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This concludes the proof of Theorem 2. []

It is interesting to note that the necessary and sufficient condition for the Choquet
representation is related to Jensen’s inequality.

The following is a combination of Theorem 1 and Jensen’s inequality in [CKL].

Corollary 1 Suppose that g satisfies (H1), (H2) and (H3). If g is convez in z, then the
following statements are equivalent.

(i) the g-expectation satisfies Jensen’s inequality, e.g. for any convex function f

F(&lE]) < &[f(&)], whenever f(£) and § € L*(Q, F, P) ;

(11) g is of the form (3), e.g there exist two continuous functions o > 0, 3 such that
9(y, 2, t) = a(t)|z] + B(t)2;

(1) the g-expectation E,[€] is a Choquet expectation for all £ € H.

4  Extension to multiple dimensional Brownian mo-
tion

In Section 3, we have proven our theorems under the assumption that the Brownian
motion {W,} is 1—dimensional, that is d = 1. For the multiple Brownian motion, that is
when {W,} := {W} W2 .- W2}* with d > 1, the results still hold. Here {-- - }* denotes
transpose.

Indeed, let H be the set of all F-measurable random variables X7 € L*(Q, F, P),
where X7 is the value of the solution {X,} of the following SDE at time T

dXs =b(s, Xs)ds +o(s, Xs)-dWs, 0<s<T,
XOZI’ER.

Here o(t,x) : [0,T] x R™** — R% b(t,z) : R — R are continuous in (¢,2) and uniformly

Lipschitz in z. The notation z - y is the inner product of z,y € R%. Furthermore, we
assume that d > 1 and that there exist g; such that

d
gy, z,t) = Zgi(y, 2 t) (15)

where 2° is the i-th component of z.
Theorem 1 can then be extended as follows.
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Theorem 3 Suppose g is of the form (15) and that g; satisfies (H1), (H2) and (H3) for
each i. Then E,[¢] can be represented as a Choquet expectation for any & € H if and only
if there exist two sequences of continuous functions {a;(t)} and {5;(t)} such that g is of
the form

Proof. The proof is similar to the case when {W,} is 1—dimensional and so we only
sketch the proof.
Necessary condition: This is analogous to the proof of necessary condition in Section
3.

For each ¢ = 1,2,--- ,d choose (y1,2%,t) , (y2,25,1t) € R x R x [0,T] with z{z% > 0.
For any 7 € [t,T], let £ =y + 28 (W — W}) and n = yp + 25(Wi — W}).

Let (y, z) be the solution of the BSDE with multiple Brownian motion,

T T
Yy =& +/ 9(ys, 25, 5)ds — / Zs - AW
t t

where {W,} is d—dimensional, and (7,Z) be the solution of BSDE with 1—dimensional
Brownian motion

T T
%=§+/m%@m%JMS—/‘%M@,ﬁ:Lzuwd
t t

where {W/} is the i-th component of d-dimensional Brownian motion {W,}.
It is easy to check that

yt_yta A )
wo= (3, ,20), where 2zl =7%,2 =0,j#4,j=12,---,d

where 2¥ k =1,2,--- ,d is the k-th component of z.
A corresponding result can be obtained for 7, thus by the necessary condition in
Theorem 1, there exists «;(t) and 5;(t) such that

It then follows by the assumption g(y, z,t) = 2?21 gi(y, z°,t) that the necessary condition
can be proved by the necessary condition in Theorem 2.

Sufficient condition: Note that all proofs of in Section 3 can be adapted to the case
where {W;} is d—dimensional Brownian motion.
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5 A Generalized Feynman-Kac Formula

In this section, we will consider the application of our result in partial differential equa-
tions. We only consider a 1-dimensional PDE.
Let u be the solution of the partial differential equation

{ Ou(t,e) _ 10%u(t)

ot 2 Ox? 16
ul®2) =), 120, zeR (16)
where f is a bounded function. By the Feynman-Kac formula, there exists a probability
measure such that the solution u(t, z) of PDE (16) can be represented by a mathematical
expectation

u(t,z) = Ef(Wi + ) (17)

where {W;} is a 1—dimensional standard Brownian motion.

The Feynman-Kac formula (17) implies that under some conditions the solution of a
class of linear PDEs can be represented by a (linear) mathematical expectation, which
make it possible to solve a linear PDE using Monte Carlo methods (the Law of Large
Numbers for additive probabilities). A natural question is for which class of nonlinear
PDEs, can their solutions be represented by nonlinear Choquet expectations? If this is
feasible, then an application of the Law of Large Numbers for non-additive probabilities
[D, M] would suggest that a Monte Carlo-like method could be used to solve non-linear
PDEs. It is interesting that our result [Theorem 1] gives an answer for a class of nonlinear
PDEs.

For convenience in the exposition we now consider the following simple nonlinear PDE.
Let u be the solution of PDE

du(t,e) _ 10%u(t,z) Ou(t,x)
{ u@tz =3 ax2$ +9<”’ uaf) (18)

u0,2) = f(x), t=0,

where g is a function satisfying (H1), (H2) and (H3) in Section 2 and f(x) is increasing
in x.

Theorem 4 For any bounded increasing function f, the solution u(t,x) of PDE (18) can
be represented by a Choquet expectation if and only if there exist constants o and (3 such
that g is of the form

9(y, z) = alz| + Bz .

Proof: Let {IW,} be a 1—dimensional Brownian motion. Denote by v(s,z) = u(t — s, x).
Then v(t,z) = u(0,z) = f(x) and from (18)

ov(s,x) 10%(s,z) ov(s, )
Os + 5 o2 =g U(S,I), o , SE€ {Ovt] :
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Applying 1t6’s formula for v(s, Wy + x), we get

dU(S,WS+JZ) _ (av(s,g;s-&-x) + %8%(3;4;5-1-:5)) ds + 6v(s,g;5+m)dW8

= —g (v(s, W, + x), W) ds + WdWS , s€0,1]
with boundary condition v(t, W; + z) = f(W, + x).

This implies that ys = v(s, W + z), 2, = W is the solution of the BSDE

¢ ¢
ys = f(W; + x) +/ (Y, 2, )dr —/ 2. dW,. ;s €10, .

By the definition of g-expectation, v(0,z) = yo = &,[f(W; + ).
On the other hand, by the definition of v, v(0,x) = u(t, ) and thus

u(t,z) = Ef(Wy + )] .

Since g does not depend on t, a(t) = a and B(t) = [ in Theorem 1 and the proof of
Theorem 4 is complete. []

Remark 5 Our result shows that one can find a nonlinear function g such that both g-
expectation and Choquet expectation coincide in H. A natural question is that can one
find a nonlinear function g such that both g-expectation and Choquet expectation coincide
in L?(Q, F, P)? Unfortunately, a recent result by Chen et.al. [CD] shows it is impossible.

6 Appendix: Lemmas
The following lemmas have been used in this paper. Lemma 6 can be found in [KPQ)].

Lemma 6 Suppose that g, and go satisfy (H1) and (H2). For any &, & € L*(Q, Fr, P),
let (y',2") (i = 1,2) be the solutions of BSDE (1) corresponding to & = & and g = g,
& =& and g = gy respectively. Then there exists a constant ¢ > 0 such that

T 2
& -6 + ( / |as|ds) m]

T
B sw i -+ | |z;—z§|2ds|ft} <cE

t<s<T t

where g, == g1(y§, 2;7 5) — 92(1/;7 z;, s).

Remark 6 Lemma 6 implies that if & converges to & in L2(2, F, P) and g1(y*, z*,-) con-
verges to go(yt, 2%, ) in L*(0,T), then (y2, z?) converges to (y', z') in L?(0,T) x L*(0,T).
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Let b(t,z) : [0,T] x R - R, o(t,x):[0,7] x R — R be continuous in (t,z) and
uniformly Lipschitz continuous in x.

By the existence theorem for stochastic differential equations, there exists a unique
strong solution {X%*} satisfying the SDE

{ dX, = b(s, X,)ds + o(s, Xs)dW,, (19)

Xt:l', SE[t,T] .

Let ®(x) be a continuous function defined on R such that ®(X3*) € L*(Q, F, P) and
(y>*, 2% be the solution of the BSDE (1) with £ = &(X5").

T T
ys = O(X07) —l—/ 9(Yr, 2y 1)dr —/ 2z dW, , s€|0,T]. (20)

The following Lemma can be found in Pardoux and Peng [PP2] or in Ma, Potter and
Yong [MPY].

Lemma 7 Let (yb*, 24%) be the solution of the BSDE (1) with &€ = ®(X%), where {X,}
is the solution of (19). Suppose b,o of (19), g of (1) and ® are C*. Then

(i) u(t,z) =y € CY2([0,T] x R) is the unique solution of the following partial differ-
ential equation (PDE):

{ Owu(t, ) + Lu(t,x) + g(t,u(t,x),o(t, x)0u(t, ) =0, (21)

u(T,x) = &(x),
where Lu(t, z) := 02 (t, 2)2u(t, x) + b(t, ©)d,u(t, z),
(ii) zb* = o (s, X17)0pu(s, X)), a.e. s € [t,T), where Oyu is the partial derivative of u.

Acknowledgments: We have benefited from discussions with Shige Peng, Larry
Epstein, Nicole El Karoui and J.P. Lepeltier.
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