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Abstract We study the optimal stopping problem for a monotonous dynamic risk measure induced by a Backward
Stochastic Differential Equation with jumps in the Markovian case. We show that the value function is a viscosity
solution of an obstacle problem for a partial integro-differential variational inequality, and we provide an uniqueness

result for this obstacle problem.
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1 Introduction

In the last years, there has been several studies on dynamic risk measures and their links with nonlinear backward
stochastic differential equations (BSDEs). We recall that nonlinear BSDEs have been introduced in [1] in a Brownian
framework, in order to provide a probabilistic representation of semilinear parabolic partial-differential equations. BS-
DEs with jumps and their links with partial integro-differential equations are studied in [2]. A comparison theorem is
established in [3] and generalized in [4], where properties of dynamic risk measures induced by BSDEs with jumps
are also provided. An optimal stopping problem for such risk measures is addressed in [5], and the value function is

characterized as the solution of a reflected BSDE with jumps and RCLL obstacle process.
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In the present paper, we focus on the optimal stopping problem for dynamic risk measures induced by BSDEs with
jumps in a Markovian framework. In this case the driver of the BSDE depends on a given state process X, which can
represent, for example, an index or a stock price. This process will be assumed to be driven by a Brownian motion and
a Poisson random measure.

Our main contribution consists in establishing the link between the value function of our optimal stopping problem
and parabolic partial integro-differential variational inequalities (PIDVIs). We prove that the minimal risk measure,
which corresponds to the solution of a reflected BSDE with jumps, is a viscosity solution of a PIDVI. This provides
an existence result for the obstacle problem under relatively weak assumptions. Our result generalizes a result of [6]
obtained in the Brownian case. The proof was based on a penalization method via non-reflected BSDEs. We provide
here instead a direct and shorter proof.

Furthermore, under some additional assumptions, we prove a comparison theorem in the class of bounded continuous
functions, relying on a non-local version of Jensen-Ishii Lemma (see [7]), from which the uniqueness of the viscosity
solution follows. We point out that our problem is not covered by the study in [7], since we are dealing with nonlinear
BSDEs, and this leads to a more complex integro-differential operator in the associated PDE.

The paper is organized as follows: In Section 2 we give the formulation of our optimal stopping problem.

In Section 3, we prove that the value function is a solution of an obstacle problem for a PIDVI in the viscosity sense. In
Section 4, we establish an uniqueness result. In the Appendix, we prove some estimates, from which we derive that the

value function is continuous and has polynomial growth and provide some complementary results.

2 Optimal Stopping Problem for Dynamic Risk Measures with Jumps in the Markovian Case

Let (£,.Z P) be a probability space. Let W be a one-dimensional Brownian motion and N(dt,du) be a Poisson random
measure with compensator v(du)dt such that v is a o-finite measure on R* equipped with its Borel field Z(R*), and
satisfies [ (1 Ae?)v(de) < oo. Let N(dt,du) be its compensated process. Let IF = {.%;,t > 0} be the natural filtration
associated with W and N.

We consider a state process X which may be interpreted as an index, an interest rate process, an economic factor, an
indicator of the market or the value of a portfolio, which has an influence on the risk measure and the position. For each
initial time ¢ € [0, 7] and each condition x € R, let X" be the solution of the following stochastic differential equation
(SDE):

S S S
X =yt / b(X)dr+ / G (XIN)dW, + / / B(X'™ )N (dr,de), (1)
t t t R*

where b,0 : R — R are Lipschitz continuous, and 8 : R x R* — R is a measurable function such that for some non

negative real C, and for all e € R

IB(x,e)| <C(1Ale]), xeR

B(x.e) = B(x',e)] < Clx—x'[(1Ale]), x5 €R.



We introduce a dynamic risk measure p induced by a BSDE with jumps. For this, we consider two functions ¥ and

f satisfying the following assumption:

Assumption 2.1 e y:RxR* = R is Z(R) @ B(R*)-measurable,
|7/(x,e) - ,},(x/7e)‘ < Clx_xl‘(l A |€|),x7xl ERe€ R*
—1<7(x,e) <C(1Ale

), e € R*

e f:[0,T] x R3 x L%, — R is continuous in t uniformly with respect to x,y,z,k, and continuous in x uniformly with
respect to y, z, k.
(i) |f(2,%,0,0,0)| <C(14x"), VxeR
(ii) |f(t,2,9,2,k) = f(t,2,5 .2 K)| S Cly =y |+ e =2+ [k =K 2). V1 €[0,T], 3y, 2.7 € R kK € L]

(iii) f(t,x,y,2,k1) = f(t.x,9,2,k2) >< y(x,-), k1 —ky >y, ¥1,x,,2,k1 , k.

Here, L2 denotes the set of Borelian functions £ : R* — R such that [|€]|2 := [. [€()|?V(du) < +oo. It is a Hilbert
space equipped with the scalar product (8, £)y := [p. 8(e)l(e)v(de) forall §, ¢ € L2 x L2.

We also introduce the set H? (resp. H2) of predictable processes (1) (resp. (;(-))) such that E [ m2ds<eo (resp.
E fOT II4s Hi% ds<oo); the set .#? of real-valued RCLL adapted processes (@) with E[sup, ¢2] < o, and the set L?(.Zr) of
Zr-measurable and square-integrable random variables.

Let (¢,x) be a fixed intial condition. For each maturity S in [¢, T] and each position { in L?(.%s), the associated risk

measure at time s € [¢,5] is defined by
piH(6.8) = =65(8), 1 <5<, @

where &'5(¢) denotes the f-conditional expectation, starting at (¢,x), defined as the solution in .72 of the BSDE with

Lipschitz driver f(s,X;™,y,z,k), terminal condition { and terminal time S, that is the solution (&™) of
A&, = f(5, X%, 6,7y, 15(-))ds — AW, — / ()N (dt, du): &= ¢, 3)
R*

where (1), (I;) are the associated processes, which belong to > and H? respectively.
The functional p : (§,S) — p.(&,S) defines then a dynamic risk measure induced by the BSDE with driver f (see [4]).
Assumption 2.1 implies that the driver f(s,X;™,y,z,k) satisfies Assumption 3.1 in [5], which ensures the monotonocity
property of p with respect to . More precisely, for each maturity S and for each positions ¢, & € L*(Fs), with {; < &
a.s., we have pi™(¢1,8) > pi™(£, ) as.

We now formulate our optimal stopping problem for dynamic risk measures. For each (¢,x) € [0,T] x R, we consider
a dynamic financial position given by the process (éf Tr<s< T), defined via the state process (Xf ™) and two functions

g and A such that

e g € ¥(R) with at most polynomial growth at infinity,



e 1:]0,T] x R — R is continuous in #, x and there exist p € N and a real constant C, such that
|h(t,x)| < C(1+|x|P),Vr € [0,T],x € R, 4)
o h(T,x) <g(x), VxeR.

For each initial condition (z,x) € [0,T] X R, the dynamic position is then defined by:

= h(s, X)), s< T

tx . tx
7 =g(X7).
Lett € [0,T] be the initial time and let x € R be the initial condition. The minimal risk measure at time 7 is given by:

ess inf ;™ (&, 7) = —ess sup &7 (). )
e e

Here .7; denotes the set of stopping times with values in [£,T].

By Th. 3.2 in [5], the minimal risk measure is characterized via the solution Y** in . 2 of the following reflected

BSDE (RBSDE) associated with driver f and obstacle &:

T
Yot =g(Xp) + / FOXP5 X0 205 K () dr + A — AL
T * T .
- / Zdw, — / / K" (r,e)N(dr,de)
Js Js JR*
Y >EF0<s<T as. (©6)

A" is a nondecreasing, continuous predictable process in .2 with A”* = 0 and such that

T
|- gan =oas.
t

with Z'*, K" € H? (resp. H2). Note that by the assumptions made on / and g, the obstacle (&™), is continuous except
at the inaccessible jump times of the Poisson measure, and at time 7 with Aé}‘x < 0 a.s., and this implies the continuity

of A"* by Th. 2.6 in [5]. Moreover, Th. 3.2 in [5] ensures that

Y/ =esssup &5 (&) as. 7
€9

The SDE (1) and the RBSDE (6) can be solved with respect to the translated Brownian motion (W; — W, ),>,. Hence
Y,l’x is constant for each ¢,x. We can thus define a deterministic function u called value function of our optimal stopping
problem by setting for each ¢, x

u(t,x) =Y ®)

By Lemma A.1 and Lemma A.2 given in Appendix, the function u is continuous and has at most polynomial growth.

The continuity of u implies that ¥{™ = u(s,X¢™), 1 <s < T as.



Moreover, the stopping time 7' (also denoted by 7*), defined by

T i=inf{s > 1, Y/ = E} =inf{s > ¢, u(s,X!™) = h(s,X™")}

is an optimal stopping time for (5) (see Th. 3.6 in [5]). Here, the function % is defined by

h(t,x) == h(t,x)1,o7 + g(x) 1,7, so that & = h(s,X.™),0<r < T ass.

In the next section, we prove that the value function is a viscosity solution of an obstacle problem.

3 The Value Function, Viscosity Solution of an Obstacle Problem

We consider the following related obstacle problem for a parabolic PIDE:

min(u(t,x) — h(t,x),

—%(r,x) — Lu(t,x) —f(t,x,u(t,x),(G%)(t,x),Bu(t,x)) =0, (t,x)€[0,T[xR

u(T,x) =g(x), xeR

where

L:=A+K,
2
A (1,x) = %Gz(x)%(t,x) +b(x)3—i(t,x),
ko(r0) = [ (0604 B~ 000~ G008 () ) viao)

B(P(LX)(') = ¢(t7x+ﬁ(x7')) - ¢(I,X) € L%/
The operator B and K are well defined for ¢ € C?([0,T] x R). Indeed, since f3 is bounded, we have
|90(t,x+B(x,¢)) = ¢(t,x)| < C|B(x,¢)] and

0(t,x+B(x,e)) — ¢ (t,x) — %(M)ﬁ(&e)l < CB(x.e)*.

We prove below that the value function u defined by (8) is a viscosity solution of the above obstacle problem.

(C))

(10)

Definition 3.1 e A continuous function u is said to be a viscosity subsolution of (9) iff u(T,x) < g(x),x € R, and iff

for any point (f9,xo) € [0,T[xR and for any ¢ € C'?([0,T] x R) such that ¢(t9,x0) = u(ty,x0) and ¢ — u attains its

minimum at (¢, xp), we have

min(u(to,x0) — h(t0,x0),

- ?T(f(to,xo) — Lo (10,x0) — f(t0,%0,u(to,x0), (6%)00,)60)734)00,)60)) <0.



In other words, if u(tp,x0) > h(to,Xo), then

—(?T(f(fmxo) —Lo(10,x0) — f(to,x0,u(to,xo), (0%)00,)60),13(1’00,360)) <0.

e A continuous function u is said to be a viscosity supersolution of (9) iff u(T,x) > g(x),x € R, and iff for any
point (9, x9) € [0, T[xR and for any ¢ € C"2([0,T] x R) such that ¢ (o, x0) = u(to,xo) and ¢ — u attains its maximum

at (fo,xo), we have

min(u(t,x0) — h(to,x0),

=29 (1020) ~ L 10,20) — f 130,10, 30), (0 22 1, 30), B 10, 0)) > 0.

In other words, we have both u(zp,x0) > h(to,xo), and

d d
*aff(tmxo) — Lo (to,x0) — f(to,x0,u(t0,X0), (Ga*f)(lovxo),B(P(lo,xo)) >0.
Theorem 3.1 The function u, defined by (8), is a viscosity solution (i.e. both a viscosity sub- and supersolution) of the

obstacle problem (9).

Proof e We first prove that u is a subsolution of (9).
Let (ty,x0) € [0, T[xR and ¢ € C'2([0,T] x R) be such that ¢ (ty,x0) = u(t,xo) and ¢ (¢,x) > u(t,x), V(t,x) € [0,T] x R.
Suppose by contradiction that u(to,xo) > h(fo,xo) and that

,%—Gf(to,xo) — L§(to,x0) — f(to,x0, ¢ (to,x0), (Gg—z)(to,xo)ﬂ(p(to,xo)) > 0.

By continuity of K¢ (which can be shown using Lebesgue’s theorem) and that of B¢ : [0,T] x R — L2, we can suppose
that there exists € > 0 and 1 > 0 such that:

V(z,x) such thattg <t <fy+ne < T and |x — xp| < 1¢, we have: u(t,x) > h(t,x) + € and

d d
- %(Iﬂx) _L¢([7x) _f(t7x7¢(t7x)v (6872)([7)()78(])(1‘7)()) > E. (11)

10:X0

Note that Y00 = y% = — u(s,X0) as. because X0 is a Markov process and u is continuous. We define the

stopping time 6 as:

0 := (to +Me) Ainf{s > to, | X070 —xo| > ne}. (12)

By definition of the stopping time 0,

u((s,X1070) > h(s, X10°0) 4+ & > h(s,X07) 10 < s < 0 as.



This means that for a.e. @ the process (Y;™(w),s € [tg,8(w)]) stays strictly above the barrier. It follows that for
a.e. @, the function s — AS(®) is constant on [fy,0(®)]. In other words, ¥;{** = £%%(Yp), tg < 5 < 6 a.s, that is
(on’xo,s € [to, 0]) is the solution of the classical BSDE associated with driver f, terminal time 6 and terminal value

Y. Applying Itd’s lemma to ¢ (¢, X/°™), we get:

0 0
o0(30) = 0(0.x5™) ~ [ wisxooyds — [ (0925 x0)am,
t t X
0
- / / B (s, X*")N(ds,de) (13)
Jt JR* ’
99
where y(s,x) ;= a—(spc) +Lo(s,x).
s
d
Note that (¢ (s, X;>™), (Ga—¢)(s,X§°’x0),B¢ (5,X1°7); 5 € [to, 0]) is the solution of the BSDE associated to terminal time
x

6, terminal value ¢ (0,X") and driver process —y/(s,X;°"™).

By (11) and the definition of the stopping time 6, we have a.s. that for each s € [rg, 0]:

9%

ot
1 (50 0 sx00), (057

X

(5, X070) — L (5, X>™)

)(s,X§°*°>,B¢<s,x;0v*°>) >e. (14)

Using the definition of the function y, (14) can be rewritten: for all s € |1y, 6],

W X0) (500,05 X0, (058 5,00, B 5. X0) ) > e
X

This gives a relation between the drivers — (s, X1") and f(s,X", -) of the two BSDEs.

Also, ¢(0,Xg™°) > u(6,Xg™) =¥ as.

Consequently, the extended comparison result for BSDEs with jumps given in the Appendix (see Proposition A.3)
implies that:

(P(IO,X()) = ‘P(tOvXtt(?,xo) > th)(hxo = u(t07x0),

which leads to a contradiction.

e We now prove that u is a viscosity supersolution of (9).
Let (ty,x0) € [0, T[xR and ¢ € C"2([0,T] x R) be such that ¢ (t9,x0) = u(to,xo) and ¢ (¢,x) < u(t,x), V(t,x) € [0,T] x R.

Since the solution (¥;°) stays above the obstacle, we have:
u(t07x()) > h(t(),xO).
We must prove that:

—(?T?(l‘o,xo) —Lo(t0,x0) — f <t07x07 ¢ (10,%0), (G%)(fo,xo),B(f’(’o,xo)) > 0.



Suppose by contradiction that:

_%—(f(to,xo) —Lo(t9,x0) — f (to,xo, ¢ (t0,%0), (Gg—f)(to,xo),Bq)(to,xo)) <0.

By continuity, we can suppose that there exists € > 0 and 7, > 0 such that for each (¢,x) such that o <7 <fy+ne <T

and |x — xp| < e, we have:

= 00 2000~ (13000, (0 5010, Bo.1) ) < e as)

We define the stopping time 0 as:

0 := (to +Me) Ainf{s > 19 /| X070 — xo| > N}

Applying as above Itd’s lemma to ¢ (s, X:*™), we get that (¢ (s, X;*"°), (Gg—i)(s,XStO’XO),Bd)(s,Xst‘l’xO);s € [t0,0)]) is the
solution of the BSDE associated with terminal value ¢ (8, Xg"™) and driver —y/(s,X;°").

The process (Y00, 5 € [tg, ]) is the solution of the classical BSDE associated with terminal condition Y™ = u(6, X;"™)
and generalized driver

f(s, X070, y,2,q)ds + dAP.

By (15) and the definition of the stopping time 8, we have :

(_%(S,XSZO,XO) — L (5, X10%0) — f(5, X100 (5, X[0%0),
d
(Gaid))(S’Xgo’xo)aB‘P(SathO’xO)))dS*dAgO"XO <-—gds, th<s<0Oas.
x

or, equivalently,

=W (s,X00)ds < (f(s5, X070, ¢ (s, X0), (G%)(&Xf”x"),w (5,X070)))ds

+dAP —eds, tg<s<0as.

This gives a relation between the drivers of the two BSDEs.

Also, (])(G,Xéo’xo) < u(G,XéO’XO) = Yéo’xo a.s. Consequently, Proposition A.3 in the Appendix implies that:
9 (10,%0) = 9 (10, X,™) < Y™ = (10, %),

which leads to a contradiction. O



4 Uniqueness Result for the Obstacle Problem

We provide a uniqueness result for (9) in the particular case when for each ¢ € C 1’2([0, T] xR), B¢ is a map valued in

R instead of L. More precisely,

BO(x) = [ (0(r.x+Bx,e) = 9(0.0)¥x.e)v(de), (16)

which is well defined since |9 (z,x+ B(x,e)) — ¢ (¢,x)| < C|B(x,e)|.

We suppose that Assumption 2.1 holds and we make the additional assumption:

Assumption 4.1

Lo f(5,X57(0),5,2,k) = f (5, X7 (0),7,2, [+ k(e) V(X5 ™ (@), €)v(de)) Ly,

where f: [0,T] x R* — R is continuous in t uniformly with respect to x,y,z,k, continuous in x uniformly with respect

to y,z,k, and satisfies:

(i) |f(t,x,0,0,0)| <C, forallt €[0,T],x €R.

(it) |f(t,%,y,2,k) = f(t.2" Y, 2 K)| < C(ly=y'| + |z = 2|+ [k =K|), for all t € [0, T], y,Y', 2,2 .k, K €R.
(iii) k> f(t,x,y,2,k) is non-decreasing, for all t € [0,T), x,y,z € R.

2. For each R > 0, there exists a continuous function mg : Ry — Ry such that mg(0) = 0 and

[f(t,x,v,p,q) = f(t,y,v.p,q)| < mp(Jx—y|(1+|p])), forall t € [0,T], |x|,|y| <R,|V| <R, p,g €R.

3. |7(x,e) — y(y,e)| < Clx—y|(1Ae*) and 0 < y(x,e) < C(1Alel), for all x,y € R,e € R*.

4. There exists r > 0 such that for all t € [0,T], x,u,v,p,l € R:

ft,x,vp,l)— f(t,x,u,p,l) > r(u—v) when u > v.

5. 1h(t,x)| +|g(x)| <C, forallt € [0,T], x € R.

To simplify notation, f is denoted by f in the sequel.
We state below a comparison theorem, which uses results of three lemmas. The proofs of these lemmas are given in

Subsection 4.1.

Theorem 4.1 (Comparison principle) Under the above hypotheses, if U is a bounded continuous viscosity subsolution
and V is a bounded continuous viscosity supersolution of the obstacle problem (9), then U (t,x) < V(t,x), for each

(t,x) € [0, T] xR

Proof Set

M:= sup (U-V).
[0,T]xR

It is sufficient to prove that M < 0. For each £,1 > 0, we introduce the function:

W£7n(tas7-x7y) = U(tax) 7V(S7y) - T 2 T T2 7n2(x +y2)7



fort,s,x,y in [0,T]> x R%. Let

This supremum is reached at some point (¢&7,s%1 x&1 y&1),
Using that y&7 (&1 &M &1 y&1) > w&1(0,0,0,0), we obtain:

(16 —sEM2 (xEM — y&M)2
I R

=02 ((EM)2+(51)?) 2 U(0,0) = V(0,0),

or, equivalently,

(ts,n _ Ss,n)Z (xs,n _ys,n)z
g2 g2

< Ul + [Vl —U(0,0) = V(0,0).

+0?((EM)? + (51)?)

Consequently, we can find a constant C such that:

|x£’r’ —y&T| + |t£’n — sg’n\ <Ce
ey < € ey < €
n n

A7)

(18)

19)

(20)

Extracting a subsequence if necessary, we may suppose that for each 1 the sequences (°), and (s*)¢ converge to a

common limit 7 when € tends to 0, and from (19) and (20) we may also suppose, extracting again, that for each 7, the

sequences (x®M), and (y*T), converge to a common limit x".

Lemma 4.1 We have:

£ _ EM)2 (M gEM)2
G ) TN s°1)

= 7 7 =0
e—0 g2 e—0 g2

lim lim M&" = M.

n—0e—0

We now introduce the functions:

=y | (=51
2 + 2
e €

2

H(r,x) == V(s y5T) + + 022+ (5M)?)

(M —y)? (1 —5)?
g2 g2

Ph(s,y) :=U(t5" x*M) — =7 (M) +y).

As (t,x) — (U —¥)(¢,x) reaches its maximum at (157, x5") and U is a subsolution we have two cases:

o t&1 =T and then U (t51,x51T) < g(x&7),

10



e &M £ T and then

min (U(t&nwe,n) — h(fBN xEM), al‘jl (15 xEM) — L (151 xE) —
€ £ € € aq]l € € € €
(AU ), (05 ) 6 BE (2T ) ) <. @1
X

As (s,y) = (Y2 —V)(s,y) reaches its maximum at (s",y%") and V is a supersolution we have the two following cases:

o &1 =T and then V (s51,y5T) > g(y*1),

e &M £ T and then

min(V (s, y5) —h(s5T,y51),

2,
ot

ous

(Se7n7y87n) _L%(s87n7y£’n) _f(s87n7y£’n7v(ss~n7y8‘n)7 (G ax

(&M yEM) BES(s51,351)) > 0. (22)

We now prove that M < 0. Three cases are possible.
1st case: There exists a subsequence of (") such that T = T for all ) (of this subsequence). As U is continuous, for all
1 and for € small enough

U@EEN x5 <u(@Mx")+n <glx")+n,

and as V is continuous, for all 1 and for € small enough
V(S yo ) 2 v (et x) —n = g(x) - 1.

Hence

and

MEN = U(£50 xEM) — V(581 M) — ( )

=02 (1) 4+ (1)) S U 251) =V (s7,y5T) < 2.

Letting € — 0 and then 7 — 0 one gets, using Lemma 4.1, that M < 0.

2nd case: There exists a subsequence such that 17 # T, and for all 1 belonging to this subsequence, there exists a

subsequence of (x*); such that

U (57 251) — h(151 x6M) < 0.

As from (22) one has

V(ssvn’ygvn) 7h(s€’n’y£’n) Z 07

11



it comes that

MET < U0 oM V(£ yEM) < (e xET) — (550, 1),

Letting € — 0 and then 1 — 0, using the equality limy o lim¢ ¢ M®&" = M (see Lemma 4.1), we derive that M < 0.
Last case: We are left with the case when, for a subsequence of 1, we have " # T and for all 7 belonging to this

subsequence there exists a subsequence of (x®), such that:
U@, x51) — h(e®1 x51) > 0.

Set

(x—y)?*  (t—s)?

Gt +1n2(x* +y2). (23)

Q(t,s,x,y) =

The maximum of the function y&"(z,s,x,y) :=U(t,x) =V (s,y) — @(t,s,x,y) is reached at the point (157, 55T x&1 y&1T).

We apply the non-local version of Jensen Ishii’s lemma [7] and we obtain that there exist:

(a,p,X) € P>TUEEN M), (b,g,Y) € 227V (s5N,y5M)

such that
_ _ 2(xEN _yEM
p=p+2an>t; g=p-2mAen; p=20000
2(tEM _gEM
a=h= 2" 825 )
X 0 1 -1 10
<3 +2n?
0-Y -1 1 01

Here, 2%+ (resp. 7% 7) is the set of superijets (resp. subjets) defined in [7] (see Definition 3). Since (6,57, x&1 y&M)

is a global maximum of y*" ,we have:

YO (ST O XM 4 BT )y BT, €)) < (15, s 1T,y

SUEET T+, e)) =V (s y5T+ (1, e))

BT, )~y — B(ET, ¢))?
g2

€, 7S£‘ 2
S (a4 BET, € + (05 + BOET))?)

g2
(xs,n _ye,n)z (te,n _ Ss,n)2
B g2 B g2

U ) <V (555) (P (5)R)

12



Consequently, we get:

U@sN x5+ B(xEM,e)) —U(®1,x5T) <V (s&T,y5T + B(y*1 e))
N (B(x",e) = B(*",¢))?

g2

—V(sSN y5M) +p(BEN,e) =By e))

+02(B2(xENe) + 2x5MB(xE 1, ) +2y51 B (yE M e) + B2 (yEM  e)). 24)

Let us fix § > 0 and consider the ball Z5 = (0, §). We introduce the operators K%, K% B B® corresponding to the
operators K and B defined in (10) and (16), but integrating on %5 or R\ %; (also denoted by %) only.

They are defined respectively for all ¢ € C'2, & € € by

Klto]i= [ (o0 Bre) = 0(0) - SE00B () ) vde) 03)
Rolt,x,m, @] := /53 (Q'J'(t7x+[3(x,e)) fdﬁ(t,x)fnﬁ(x,e))v(de). (26)
Ba[t7x7¢} ::/%) (¢(t,x—|—ﬁ(x,e))—¢(t,x))7(x7e)v(de) 27
Es[t,x, P| = /’%x (Q'J(t7x+[3(x7e)) fdﬁ(t,x)) Y(x,e)v(de) (28)

Here ¢ denotes the set of bounded continuous functions.

By approaching U by a sequence (¢) in C'2, and passing to the limit in the operators, one can show that in the
definition of a sub-solution (see Definition 3.1), B(¢)(,x) can be replaced by B%[t, x, ] 4+ B[t,x,U]. A similar property
holds for a super-solution and the operator K. We then can use the alternative definition for sub-superviscosity solutions

in terms of sub-superjets (see Definition 4 in [7]). Since U is a subviscosity solution and V is superviscosity solution,

we have:
F(tg‘n 7x€’n ) U(tgl'n 7x£’n)7a7ﬁ7X7K8 [tg‘n 7x87n ’ (pX}
+K9 [£51 x5 P, U],B‘S [51, x5 @] +B® [(&1,x51.U]) <0
(29)
F(Sg’n7y£’n7v(s£7n7y8’n)7a7q7 Ya Ka [s81n7y£’n7 7(10}}
+[€5[s€ﬂ77y€,n7q7v]735[s€y177y6,117_(Py] +Ea [Se»TI’ySJ"I’V]) Z 0
where
1
F(t,x,u,a,p,X,l1,b) :=—a— EGZ(X)X —b(x)p—1 — f(t,x,u,po(x),h). (30)

We denote by ¢, the function (7,x) — ¢@(z,x,s%",y%™) and by ¢, the function (s,y) — @(r7,x57 s,y).

The two following lemmas hold.

13



Lemma 4.2 Let

Ik := K2 [*1.25M, 0] 4+ RO, x5, p, U]

Iy = KO [s51,y8N, — @] + RO [s*1,y51 g, V]. 31
We have
€1 _yE:M)2 1
Ik < l}(+0((x€72y))+0(n2)+(? +12)0(9). (32)

Lemma 4.3 Let
lp = B2 x5, @] + B i*1, X1, U]
lp 1= B[S, 351, — ] + BY[s*1, y*1, V. (33)

We have

1 enN _ ,E€MN)2
s <ly+ (17 + )0(8) + 0(()687})) +O(x= —y* 1) + 0(n?). (34)

We argue now by contradiction by assuming that

M > 0. (35)

Using Point 4 of Assumption 4.1, we get

0< %M < M < H(U(EEN x8M) — V(557 1))

SF(My U x51),a,q,Y, I, [g) — F(s51,y51,V(s*1,y51),a,q, Y, I, Iy)

= F(s*My" U™ x5),a,q,Y, I, Ig) — F (s, y*1, U (s*,y5"),a,q, Y I, Iy)
+F(ST SN U (s, v ),a,q,Y I, Ig) — F (s57,y1, U (s*,y°1),a,q,Y Ik, Ip)
+ F(s®1 38N U (s5M y81),a,q,Y,Ig,lg) — F (51 x5 U (51 ,x5M),a,p,X Ik, Ip)
+F@EET 5T U x5, 6,0, X, Ik, Ig) — F(s©1,y5T V(&M v M), a,q,Y, Ik, 1p)

<K@ 25T U1, y5 M) [+ F(s5T,y5 MU (s*1,y*),a,4,Y, I, I)
—F@&N x50 U ®" X%, a,p,X,1k, 1)
(e —yen2

£+ 5)068) + 0 o ey o), (36)

We have used here the (nonlocal) ellipticity of F, the Lipschitz property of F, (29) and the estimates proven in Lemma

4.2 and Lemma 4.3. From the hypothesis on b and o, we have:

C(xEM — y&m)2

= +0(n?),

o2(x¥MX —c?(y*MY <

_ _ClxEn —yen
b= p Mg < P o)

14



We thus obtain the inequality:

F(se’n7y£1n7U(s&nayg,n)7a7q7Y71K7lB) _F(tg.n7x87naU(tsvn7'x8,n)7a7ﬁ7X7lKalB)
< C(xs,n 7y£,n)2

TN U N 25M), (p+207) o (x7), 1p)

+0(n?)

= (555U 55), (p = 202) 067 ) )
< JUE U ), (200 (657, )
— (55U ), (200 (657, )
+me(JE1 =314 (p+201)0 (7))

(&1 —ye )2 2
KU1 = Uy ) [+ O(F—5——) +0(n"). @7

The last equality is obtained by some computations similar to those in (36). From (36), (37) we get

0< %M < rMET < F(EEN xEN U (8N, x5, (p+2n2) o (x5N),p)
SN U (25, (p+20%) 0 (), Ip)
+mp(]x =y (14 (p+20°)0 (x*M))
FKIU(T 280 U,y )|+
(e —yen)?

1
+O(— )+ O =y M)+ (n* + 5)0(8) +0(n?). (38)

By Lemma 4.1, letting successively &,& and 7 tend to 0 in (38) we obtain that 0 < 5M < 0. Hence, the assumption

M > 0 made above (see (35)) is wrong. This ends the proof of Theorem 4.1. O

Corollary 4.1 (Uniqueness) Under the additional Assumption 4.1, the value function is the unique solution of the

obstacle problem (9) in the class of bounded continuous functions.

4.1 Proofs of the lemmas

Proof of Lemma 4.1. For i > 0, we introduce the functions U"(t,x) = U (t,x) — n°x?> and V1 (¢,x) = V (t,x) + n°x>.
Set

MT":= sup (O"-VTM).
[0,T]xR

The maximum M" is reached at some point (f7,£"). From the form of y*", we have that for fixed 7, there exists a

subsequence (57,581 xEM y&1), which converges to some point (7,57, x,y™) when € tends to 0.
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Since M®" is reached at (¢7,s57T x&M y&T), we have:

@M=V, &) = (U= V), 87) = n? (€))7 + (3")%) < Mo"

(6N gEM)2
=UEoN x5 =y (s50,y5N) — ) 2 )
XEn 7y£‘n 2
R R
Setting
_ en _ EMN)2 eN _ ,EN)2
Iy = timsup O YT i g G0
e—0 g2 N £—0 g2
we get
0<L, <In<(U"=VT)(",x") = (@7 -VT)({",2") <O0. (39)
M €12
We derive that, up to a subsequence, limg_q % =0 and limg_,oM&T = M".
M _EMNN2
Similarly, we get limg_s0 (,8178# =0.

Let us prove that limy,_,o M = M. First, note that M" < M, for all 1. By definition of M, for all 6 > 0 there exists

(t5,x5) € [0,T] x R such that M — & < (U —V)(t5,x5). Consequently, we get
M —2n0°x5 = § < (U= V)(t5,x5) = 20°x5 = (U = V") (15,x5) <M" <M.

By letting 1 and then § tend to O, the result follows. a

Proof of Lemma 4.2. We have:

KON x50 ] = /@ <812 +0)B(x*1,€)v(de) (40)
s
1
KOsy, —g)] = /ﬁ (=22 — B e)v(de). @)

Equations (40) and (41) imply:

1
KON 25, KOS5~ (54m?) [ B0, e)v(de)
et

1 1
+(?+n2) ; ﬁz(x£"7e)v(de)§1<5[s£n,y8"7*(Py]+(?+n2)0(8) (42)
By
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Using inequality (24) and integrating on 45, we obtain:

RO, pu) = [

74
B

<U(t£"7 5T+ B(x5M e)) — U@, x5M) — (p+ 2n2x£’n)ﬁ(x£’n,e)) v(de)

< [ (Voo B0 V(105 - (p- 203 MBS, vide)

(B(x*M,e) — B(y*M,e))?

B €2

* vide)+n? [ (B, e)+ BAE T )vide)

_ en _ EM)2
<R o1 g v+ o Logr),

Using (31) and (42), we derive (32), which ends the proof of Lemma 4.2. O

Proof of Lemma 4.3. From (27), we derive that:

36 [ts’n ax&'n ) (Px] = /

[ (2 gpen. e ¢ BT en e

€ g2
+2n2x8‘nﬁ(x£’",e)> y(x*M e)v(de) (43)
1
1€, s _
B°[s51 y&l —@)] = /%,s ((—772— ;)

—znzyfv"my&me))y<y£="7e>v(de>. 44)

B e+ BEL e ey

After some computations, we obtain:

U
(4 gpeen o+ PO pam —yem pameenpaen o))y, o

1
e

= (= LB, 0+ P en ey o)

2B+ 0+ ) (B0U R0+ BT a0 )

+ S0y (BN YN0 - BTy o)
e (va"/s ()Y €) 4y N, )y, e>) | 45)

From (43), (44), (45) and using the hypothesis on 8 and 7y, we get:

1 1N _ EM)2
B2 0] < B3 ]+ (24 5)0(0) + o X0 Logp), (46)
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We now estimate the operator Bd. Inequality (24) implies:

(Um0 4 B, )~ U8 ) 0,0

< <v<sf~”,y£v" L BOEN, )~ V(s 4o )

xs,n’e _ £.n7e 2
B0 - pte)

+p(BOE1,e) =BG, €))
+17 (B2 ("7, ) + 205 B(x 7, ) + 2y TB (5T ) +l32(y8""7€)) {EUND
= (VO BOST. ) V(s )y )

n (v<s€*",y€ﬁ" LBOET.0)) v<s£*",y€-">) <y<x€f",e) - y(yﬁ’",a)
BGET.e)— BOST o)

g2

+n2<ﬁ2(x5’”7e)+2x8’”ﬁ(x87”,e)+2y£’”l3’(ys’”7e)+B2(y£’”,e))V(x":’”,e)-

+

Y(xs’”7e)+p(l3(x£’",e)—ﬁ(yg’”,e)>7(x8‘”,e)

C C .
Now, by (20), we have |x&1| < n and [y®1| < n Hence, using the hypothesis on 3,y and integrating on %, we get

K& —EN)2
( yerm)

B‘s[zg’”,xs’",U] Sgé[samye,n’v]_’_Oux&n _ye,n|)+0( = )"‘0(772)- (47)

Finally, from (46), (33) and (47), we derive inequality (34). O

5 Conclusions

In this paper, we have studied the optimal stopping problem for a monotonous dynamic risk measure defined by a
Markovian BSDE with jumps. We have shown that, under relatively weak hypotheses, the value function is a viscosity
solution of an obstacle problem for a partial integro-differential variational inequality. Recall that in the Brownian case,
this existence result was proven in [6] by using an approximation method via penalized BSDEs. Note that this method
could also be adapted to our case with jumps, but would involve heavy computations in order to prove the convergence
of the solutions of the penalized BSDEs to the solution of the reflected BSDE. It would also require some convergence
results of the viscosity solutions theory in the integro-differential case. We have adopted instead a direct method allowing
us to give a shorter proof. Moreover, using a nonlocal version of the Jensen Ishii Lemma, we have proven a comparison
theorem which extends some results established in [7] (Section 5.1, Th.3) to the case of a nonlinear BSDE.

The links given in this paper between optimal stopping problems for BSDEs and obstacle problems for PDEs can
be extended to a larger class of problems. Among them, we can mention generalized Dynkin games with nonlinear
expectation (see [8]), and mixed optimal stopping/stochastic control problems (see [9]). However, the latter case requires
to establish a dynamic programming principle, which does not follow from the flow property of reflected BSDEs only,

and needs rather sophisticated techniques.
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A Appendix

A.1 Some Useful Estimates

Let T > 0 be a fixed terminal time. A map f: [0,7] x 2 x R? x L2 — R; (¢, ®,y,2,k) +— f(t,®,y,7,k) is said to be a Lipschitz driver if it is

predictable, uniformly Lipchitz with respect to y, z,k and such that f(¢,0,0,0) € H2.

Let 5,] 75,2 € .72 Let f', f* be two admissible Lipschitz drivers with Lipchitz constant C. For i = 1,2, let & be the f'-conditional

expectation associated with driver f7, and let (¥,’) be the adapted process defined for each r € 0,77,

v = ess sup & (ED).
e

Proposition A.1 Fors € [0,T], denote Vs =Y, — Y2, & =& —E2 and

_ 3 1
fs=sup, x £l (s,3,2,k) — f2(s,9,2,k)|. Let 1, B > 0 be such that B > H +2Candn < ok Then for each t, we have:

_ T _
FT < BT (E[supE, | F,) + nE] / Fods| 7)) as.
s>t t

(43)

(49)

Proof Fori= 1,2 and for each T € %, let (X7, nﬁ’r,lé’f) be the solution of the BSDE associated with driver f?, terminal time T and terminal

condition &I, Set X = X, —x>7,

By a priori estimate on BSDEs (see Proposition A.4 in [5]), we have:

., T
H(X7)? < PTBIELF) B[ (' 5, XPT 72 )

— (s, X252 12T 2ds|. 7] as.

from which we derive that

_ -2 T _
(X)) < T (BlsupE]| 7+ nE[ | Tods| 7).

Now, by definition of ¥/, we have ¥/ = esssup,, X" as. fori=1,2. We thus get |7, | < ess SUPs, |X7 | a.s. The result follows.

Let & € .72, Let f be a Lipschitz driver with Lipschitz constant C > 0. Set

Y, :=ess sup & (&)
1€

where & is the f-conditional expectation associated with driver f.

3 1
Proposition A.2 Let 1,8 > 0 be such that § > 7 +2Candn < o Then for each t, we have:

T
Py < T (Blsup&| F)+ B[ £(5.0.0,0%d5| 7)) as.
s>t

(50)

61))

(52)

(53)

Proof Let X be the solution of the BSDE associated with driver f, terminal time 7 and terminal condition &;. By applying inequality (50)

with f1 = f, &, =&, f2=0and £2 =0, we get:
T
P (X7)? < PTE[EZ.Z] + nE[/t eP*(£(5,0,0,0))%|.7].
The result follows.
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Remark A.1 1f the drivers satisfy Assumption 3.1 in [5], then Y (resp. Y') is the solution of the RBSDE associated with driver f (resp. 71 and

obstacle & (resp. &7). Hence the above estimates provide some new estimates on RBSDEs. Note that 17 and B are universal constants, i.e. they

do notdepend on T, &, &1 E2, f, f1, £2. This was not the case for the estimates given in the previous literature (see e.g. [6]).

A.2 Some Properties of the Value Function u

‘We prove below the continuity and polynomial growth of the function u defined by (8).
Lemma A.1 The function u is continuous in (t,x).

Proof 1t is sufficient to show that, when (t,,x,) — (¢,x), |u(ty,x,) —u(t,x)| — 0.

Let 2 be the map defined by /(f,x) = h(t,x) for r < T and h(T,x) = g(x), so that, for each (z,x), we have & = h(s,Xi™),0 < s < T ass.

By applying Proposition A.1 with X! = Xi"™ X2 = X", fl(s,0,y,2,q) := 1 7 (5)f(s,Xs™ (@), y,z,q) and

I (5,0,,2,9) == 1y, 79 (5) (5, X" (@), ,2,4), we obtain:
_ _ T
i) — 0,90 < KBl sup. (s, X07) (s, X P+ [ (727,
0<s<T 0

where

2 1
Ko :=eBC+20T max(1, E)

Fo(@) :=sup, (1, 11 £ (5, X7 (©),5.2.9) = Ly, 1. (5, X (0),9,2,9)]-

The continuity of u is then a consequence of the following convergences as n — oo:

E( sup [A(s, X)) —h(s, X" (xn))[*) = O
0<s<T

B[ /0 " Py2ds) =0,

which follow from the Lebesgue’s theorem, using the continuity assumptions and polynomial growth of f and & .

Lemma A.2 The function u has at most polynomial growth at infinity.

Proof By applying Prop. A.2 , we obtain the following estimate:

T _
u(z,x)2§KC,T(E(/ F(5,X1%,0,0,0)2ds+ sup h(s,X"*)?).
JO

0<s<T

Using now the hypothesis of polynomial growth on f, 4, g and the standard estimate

E[ sup |X{*[P]<C'(142%),

0<s<T
we derive that there exist C € R and p € N such that |u(f,x)| < C(1+xP), V¢ € [0,T], Vx € R.

Remark A.2 By (55), if (¢t,x) — f(t,x,0,0), h and g are bounded, then u is bounded.

A.3 An Extension of the Comparison Result for BSDEs with Jumps

(55)

We provide here an extension of the comparison theorem for BSDEs given in [4] which formally states that if two drivers fi, f> satisfy

fi > f» + €, then the associated solutions X' and X2 satisfy Xo' > Xé.
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Proposition A.3 Lettg € [0,T] and let 0 be a stopping time such that 6 >ty a.s.

Let & and & € L*(Fy). Let fi be a driver. Let f, be a Lipschitz driver. For i = 1,2, let (X!, 7 ,I!) be a solution in S* x H? x HZ, of the BSDE
—dX] = fi(t, X}, 7, 1})dt — wldW, —/ F(u)N(dt,du); X =& (56)
R*

Assume that there exists a bounded predictable process () such that dt ® dP @ v(de)-a.s. ¥i(e) > —1 and |y (e)] < C(1 A e

), and such that
f(t, X2, 7200 — fo(t, X2, 52, 12) > (1) — 12y, 10 <1<6, dt®dPa.s. (57)
Suppose also that

Si>&as

fAEx x> fHe,x) 7Y e, 10<t1<86, dt®dPas.

where € is a real constant. Then,

1 2
X, — X, =€ as.
where o is a non negative F;,-measurable r.v. which does not depend on €, with P(a > 0) > 0.

Proof From inequality (4.22) in the proof of the Comparison Theorem in [4], we derive that
0
Xy —Xg > e 'E [/ H,O.SstL%O] as.,
fo
where C is the Lipschitz constant of f>, and (Hj, S)SE[I(],T] is the square integrable non negative martingale satisfying
dHyy s = Hy, - {ﬁdes + /]R %(u)N(ds, du)} i Higao =1,
(Bs) being a predictable process bounded by C. We get
X,('J 7X,§ >e TeR [Hyo (60 —10)|F]  as.

Since 0 > fg a.s., we have Hy o (6 —t9) > O a.s. and P(H;, g (6 —tg) > 0) > 0. Setting o := e~ T E [Hy, o (6 —19)|-F, |, the result follows. O
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