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Abstract

We study the optimal reinsurance policy and dividend distribution of an insurance
company under excess of loss reinsurance. The objective of the insurer is to maximize
the expected discounted dividends. We suppose that in the absence of dividend dis-
tribution, the reserve process of the insurance company follows a compound Poisson
process. We first prove existence and uniqueness results for this optimization problem
by using singular stochastic control methods and the theory of viscosity solutions. We
then compute the optimal strategy of reinsurance, the optimal dividend strategy and the
value function by solving the associated integro-differential Hamilton-Jacobi-Bellman
Variational Inequality numerically.
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1 Introduction

A basic problem in insurance is the problem of optimal risk control and/or dividend distri-
bution. In the literature, various criteria are used to formulate this problem such that (i)
maximizing expected utility of terminal reserve process, (ii) minimizing the ruin probability
of the insurer or (iii) maximizing the cumulative expected discounted dividends.

Touzi (2000) studied the problem of maximizing the expected utility of the terminal re-
serve in the case of a proportional reinsurance contract. He modelled the reserve process
by a Doléans-Dade exponential of jump process and characterized the optimal strategy of
reinsurance via a dual formulation. The criterion of maximizing the expected utility of
the terminal reserve is usually not relevant in insurance modelling since the insurer who is
invited to cover a large risk wants to be risk neutral (see Aase (2002)).

The second criterion is useful for consumers and supervisors and is extremely conservative
especially for rich companies. Schmidli (2001) studied the optimal proportional reinsurance
policy which minimizes the ruin probability in infinite horizon. He derived the associated
Hamilton-Jacobi-Bellman equation, proved the existence of a solution and a verification
theorem in the diffusion case. He proved that the ruin probability decreases exponentially
and that the optimal proportion to insure is constant. Moreover, he gave some conjecture
in the Cramér-Lundberg case.

The third criterion is preferable for shareholders. Jeanblanc-Piqué and Shirayev (1995)
studied the problem of optimal dividend distribution policy without optimal risk con-
trol. They modelled the evolution of the capital X = (X;);>0 of a company by dX; =
pdt + odW; — dZ; where p1 and o are constants, W = (W});>0 is a standard Brownian
motion and Z = (Z;)¢>0 is a nonnegative, nondecreasing right-continuous and adapted
process. The process Z represents the strategy of payment of dividends by the company.
They showed that there exists a threshold u; such that every excess of the reserve above
up is distributed as dividend instantaneously. Hgjgaard and Taksar (1999) studied the
problem of risk control and dividend distribution policies. They modelled the evolution of
the process X of the company by dX; = a:(udt + cdW;) — dZ;, where a = (at)i>0 repre-
sents the risk exposure with 0 < a; < 1 for all ¢ > 0. They found the optimal strategy
which maximizes the expected total discounted dividends when there is no restriction on
the rate of dividend pay-out. They showed that there exists ug and u; with ug < up such
that every excess of the reserve above u; is distributed as dividend and the optimal risk
exposure is given by a(z) = %2 A 1 where z is the current reserve. Asmussen, Hgjgaard
and Taksar (2000) considered the issue of optimal risk control and dividend distribution
policies under excess of loss reinsurance which is the most common in the reinsurance in-
dustry. Under this contract with dynamic retention level (cv)s>0, the reinsurer covers the
excess amount (y — ay)4+ of a claim of size y occuring at time ¢ and receives a certain
part of the premium. The authors used a diffusion approximation for the reserve process
and reparametrized the problem by considering the drift term as the basic control param-
eter, which leads to a mixed regular/singular stochastic control problem. They derived an
Hamilton Jacobi Bellman variational inequality (HJBVI in short) in the case of unbounded
rate of dividends and proved that the value function is a classical solution of the associated



HJBVI. They constructed the solution in the case of unbounded and bounded support of
the distribution of the claims. In this paper, we study the same problem but we model the
reserve process of the insurer by using a compound Poisson process. Due to the Markovian
context, our problem may be studied by a direct dynamic programming approach leading
to an integro-differential HJBVI. In general, the value function of control problems is not
smooth enough to be a strong solution of the associated HJBVI. The notion of viscosity
solution, first introduced by Crandall and Lions (1983), is known to be a powerful tool for
this type of problems. We prove here an existence and uniqueness result for the associated
HJBVI and then solve it by using an efficient numerical method, the convergence of which
is ensured by the uniqueness result. The paper is organized as follows. The problem is for-
mulated in Section 2. In Section 3, we prove that the value function is a viscosity solution
of the associated HJBVI. In Section 4 we prove the uniqueness of the viscosity solution.
Section 5 is devoted to the numerical analysis of the HIBVI: we perform a finite difference
approximation of the HJBVI and then solve the problem by using an algorithm based on
a "Howard” or policy iteration algorithm. Numerical results are presented. They provide
the optimal policy of reinsurance and the optimal dividend strategy.

2 Formulation of the problem

Let (2, F, P) be a complete probability space. We assume that the claims are generated
by a compound Poisson process. More precisely, we consider an integer-valued random
measure p(dt, dy) with compensator w(dy)dt. We denote by fi(dt, dy) = p(dt, dy) — w(dy)dt
the compensated Poisson random measure. We assume that 7(dy) = G(dy) where G(dy) is
a probability distribution on B C IR and 3 is a positive constant. In this case, the integral
with respect to the random measure p(dt,dy) is simply a compound Poisson process. We
have fot [ yp(du, dy) = Zf\il Y;, where N = {N;,t > 0} is a Poisson process with intensity
B and {Y;,i € IN} is a sequence of random variables with common distribution G which
represent the sizes of the claims. We set v := EY; foralli=1... N, for all t > 0.

We denote by IF' = (F;)t>0 the filtration generated by the random measure p(dt, dy).

A retention level process is an Fi-adapted process o = (ay,t > 0) representing an excess
of loss treaty specifying that, of any claim of size y at time ¢, the direct insurer is to cover
y A oy and the reinsurer is to cover the excess amount (y — ay)4.

Given a retention level a; at time ¢, we denote by p(ay) the difference between the premium
rate per unit of time received by the direct insurer and the premium rate per unit of time
paid by the direct insurer to the reinsurer at time ¢.

We consider a premium rate of the same form as in Asmussen, Hpjgaard and Taksar (2000):

play) = (1+k)Br—(1+k)BE[(Y; —au)y] forallt >0, (2.1)

where k1 and ko are proportional factors satisfying 0 < k; < k9. In Equation (2.1), the
term [v represents the expectation of the amount of the claims during a unit of time. The
second term of the r.h.s of Equation (2.1) is the premium paid to the reinsurance company
to support the difference between the amount of the claims and the retention level «, during



a unit of time. Regulations lay down that premia must be nonnegative, which means that
p(ay) >0 for all ¢ > 0. (2.2)
Condition (2.2) is equivalent to
ap >« for all (t,w) a.e. (2.3)

where «a, the lowest admissible retention, is the unique solution of p(a) = 0. We make the
following assumption on a:
(H) a<supB.

Remark 2.1 When the mark space is reduced to B = {6} with § > 0, then we have an
O(ka—k1)

explicit expression of a which is a = 7

We denote by L = (L, t > 0) the F;-adapted process of the cumulative amount of dividends
paid out by the direct insurer. Given an initial reserve x and a policy («, L), the reserve of
the insurance company at time ¢ under this excess of loss contract is then given by :

t t t
Xf,a,L = x4+ / p(ay)du — / / (y A\ o) pldu, dy) — / dL,. (2.4)
0 0o /B 0
A strategy (a, L) is said to be admissible if & = (ay,t > 0) satisfies (2.3) and
L is right-continuous, nondecreasing, Lo~ = 0 and AL; < X5 for (t,w) a.e.  (2.5)

where AL; := Ly — L,—. The last inequality expresses the fact that the insurer is not
allowed to pay out dividends at time ¢ which exceed the level of his reserve at this time.
Given an initial reserve x, we denote by II(x) the set of all admissible policies. For (o, L) €
II(x), we define the return function as
-
J(x,a, L) = EI/ e "dL,,
0

where 7 > 0 is a discount factor and 7 is the ruin time defined by
7 =inf{t > 0, X" < 0}.
The objective is to find the value function which is defined as

v(x) = sup J(z,a,L). (2.6)
(e, L)€Il()

For z € IRy and («, L) € II(x), we have for all t € [0,7), th’a’L > 0. Sending t — 07, we
get £ —ag ANy — Lo >0 for all y € B and so

r—agAy>0foralyeB. (2.7)

The constraint (2.2), the inequality (2.7) and the assumption (H) imply that it is optimal to
distribute all the current reserve as dividend when = < a and so v(x) = z for all z € [0, a]



3 Characterization of the value function as a viscosity solu-
tion of a HIBVI

In this section, we prove that the value function defined in (2.6) is a viscosity solution of
the integro-differential Hamilton Jacobi Bellman variational inequality

max {H(;v,v,v,), 1-— U,(I‘)} =0 in (a,o0) (3.1)
with Dirichlet boundary conditions
v(a) =a (32)

where

H(z,v,v'):= sup {—Tv(x) + pa)v’ () +/

aEA(z) B

w@—yAa»—mmwww},

and
Az)={a>a st. x> aAnyforall y e B}

We begin by giving a heuristic derivation of (3.1) by following the technique used e.g.
by Davis and Norman (1990) and He and Pages (1993). Assume that L is absolutely
continuous with respect to t, i.e there exists A = (A¢)¢>0 such that dL; = \dt and Ay > 0.
The evolution of the reserve process X is then

t t t
xpot = s [pteadu— [ [ wn ) ptdudy) — [ .
0 0 JB 0

and the associated Hamilton Jacobi Bellman equation becomes

sup {H(;v,v,v’) + A1 =2 (:U))} =0 in (a,00) (3.3)
A>0

with Dirichlet boundary conditions v(a)) = . This is only valid if 1 —v’(z) < 0. We obtain
the following charaterization for A:

Aef0,+o0] if 1—w(x)=0,
A=0 if 1-v'(z)<0.

Since A(1 —v'(2)) =0 and 1 — v'(z) < 0, equation (3.3) can be written as (3.1).

We can also apply a verification theorem for integro-differential HJBVIs which states
that a solution of (3.1)-(3.2) in C?((a, o)) N C([a, o0)) which satisfies some technical con-
ditions actually coincides with the value function (2.6) (see Theorem 5.2 in (ksendal and
Sulem (2005) and Ishikawa (2004)).

However, our value function is not C' in general and not even a priori continuous
everywhere. Indeed the value function is not concave and one cannot derive as usual the
continuity of the value function as a consequence of the concavity property. Nevertheless,
we will show that the value function does satisfy equation (3.1)-(3.2) if we interpret these
equations in the appropriate sense of viscosity solutions.

We now state some useful properties for the value function.



Lemma 3.1 The value function v is nondecreasing in IR, and satisfies
v(iz) <z + K
where K s a positive constant.

Proof. Let z,2" in IRy such that < a’. Then clearly II(z) C II(2’) and consequently
v(z) < ov(z).
Let (o, L) € TI(x). Using generalized It6’s formula for e 7" L;, we have

d(e L) = e "dL; — rL,—e "dt. (3.4)

From (2.4) and since p(a) < (14 k;)0vt for all t € [0,7] and L is nondecreasing we deduce
that for all ¢ € [0, 7]

Li- <Ly <Ly+z+ (1+k)pvt. (3.5)
Setting by convention dL; = 0 for all ¢ > 7 , we obtain, by combining (3.4) and (3.5)
[ee] [ee]
tlim e "L — Lo > / e "dL; — r/ e " (Lo + x + (14 k) put) dt.
Consequently

0o
/ e_”st <z+ K
0

where K is a positive constant independent of («, L). Taking the supremum over all admis-
sible strategies, we get

v(z) <z + K.
O
We define now the upper and the lower semicontinuous envelope of the function v.
Definition 3.1 (i) The upper semi-continuous envelope of the function v is defined as
v*(z) = limsupuv(z’) (3.6)
' —x
= li{I})sup{v(y),y € [a,00) and |y — x| < p}, for all z € [, 0).
0
(i) The lower semi-continuous envelope of the function v is defined as
vi(z) = liminfo(z’) (3.7)

' —x

= li{%inf{v(y),y € |a,0) and |y — x| < o}, for all x € [a, 0).
0

Since the Hamiltonian H may not be continuous w.r.t. its arguments, we define the upper

and the lower semi-continuous envelope of H by H*(a:,v,v/) = limsup H(w’,v,v/) and
/' —x

H,(z,v,0) = lim inf H(z' \v,v).

Extending the c:fegzition of viscosity solutions introduced by Crandall and Lions (1983) and
then by Soner (1986) and Sayah (1991) to first integro-differential operators, we define the
viscosity solution as follows:



Definition 3.2 (i) A function v is a viscosity super-solution of (3.1) in (a, c0) if
max {H*(x, )1 — (a:)} <0 (3.8)

whenever 1 € CY(N,), N, is a neighbourhood of x and v, — 1) has a global strict minimum
at z € (a,00).
(i) A function v is a viscosity sub-solution of (3.1) in (a, 00) if

max { H*(2,4,4),1 =/ (z) } > 0 (39)

whenever ¢ € CY(N,), N, is a neighbourhood of x and v* — 1) has a global strict mazimum
at z € (a,00).

(iii) A function v is a wviscosity solution of (3.1) in (a,00) if it is both a super and a
sub-solution in (a, 00).

We define
[(z)

S1(R+)={f: Ry — IR, f is nondecreasing and sup 1oz < oo}
zelR

Remark 3.1 [t is easy to check that v* and v, are in S;(IRy).

We need the following dynamic programming principle: For any stopping time 7 € [0, 7]
and any 0 <t < T,

tAT
vx)= sup FE [e‘“mﬂv (Xf,{il’L> +/ e_rdes} ; (3.10)
(e, L)€Il() 0

where a Ab = min(a, b). This principle is well known in the diffusion case (see Krylov (1980)
(Theorem 9 and Theorem 11, p. 134) and Fleming-Soner (1993)(Theorem 2.1 p. 219). In
the case of jump diffusions the proof can be found in Ishikawa (2004).

Theorem 3.1 The value function v is a viscosity solution of (3.1) in (a,o0) .

Proof. We first prove that v is a viscosity super-solution of (3.1) in (o, 00). Let x¢ € (a, o0)
and ¢ € C1(IR,) such that without loss of generality

0= (v = ¥)(@o) = min (v. —¢).

o,00

From the definition of v,, there exists a sequence (x,)n>1 € (o, 00) such that =, — xg
and v(x,) — v4(xp) when n — 0.

For « > v and § > 0, we set Ly = § and ag = « for all s > 0. Then ng’a’L =1x, — 0. The
dynamic programming principle (3.10) yields

Y(xn) + v > Y(xn —0) + 0, (3.11)

where the sequence
Yo = v(Tn) — Y(2n)



is deterministic and converges to zero when n tends to infinity. Sending n — oo in (3.11),
we get

Y(x0) = Y(wo — 0) + 0.

Sending now § — 07, we obtain

/

14 (z) < 0. (3.12)

It remains to prove

H,(z0,,1) <0. (3.13)
We choose L = 0 and ay = « for all s > 0. We set
O = inf{t > 0, X8 ¢ B, m)},

where 7 is a positive constant and B(z,,n) = {z, |x — z,| < n}. Applying Itd’s formula to
e""(“\gn)z[)(Xf/@:’L), using (3.11) and the martingale property of

tAOn L L
/ / X:l“o" —yAas) — (X" )) a(ds,dy),
we get for all ¢ € [0, 7

tAOy
. [1 / re TR (X L) & ¢ p(asw’(X:m“’L)ds]

On
LB [ /t/\ / —rs xn,a L —yANag) — %ZJ(X:f,a,L)) ﬂ(dy)d3:| < ’Yt_n (3.14)

Two cases are now to be considered:

case 1: the set {n > 0: v, = 0} is finite. Then there exists a subsequence renamed (v,)n>0
such that v, # 0 for all n and we take t = /7.

case 2: the set {n > 0 : v, = 0} is not finite. Then there exists a subsequence renamed
(Yn)n>0 such that v, = 0 for all n.

In both cases LN 0 as n tends to co . Sending n to infinity, using dominated convergence

theorem and mean value theorem, (3.14) implies

ri(xo) + pla) (o) + /B ({20 — y A o) — (o)) w(dy) < 0

and so (3.13) is proved. Combining (3.13) and (3.12), we conclude that v is a viscosity
super-solution.

For sub-solution inequality (3.9), let v € C1(IR}), and let 2o € (a,00) be a strict global
maximizer of v* — 1 such that (v* —¥)(zg) = (Inax)(v* — 1) = 0. We have to show that

2]

max {H (xo,¢,¢’) 1 ¢'(x0)} > 0. (3.15)



Suppose that (3.15) does not hold. Hence the left-hand side of (3.15) is negative. By
smoothness of 1 and since H* is upper semi-continuous, there exists § and £ satisfying:

max {H (x,¢,¢’) 1= (;p)} < 1€ (3.16)
for all x € B(xg,d) as well as
vi(a") < =&+ () (3.17)

where 2’ = xg + 6. By changing ¢, we may assume that B(zg,d) C (a, 00).

From the definition of v*, there exists a sequence (z,)p,>1 € (@, 00) such that z, — xg
and v(z,) — v*(xg) when n — oco. We suppose that z,, € B(xg,0) for all n € IN. Let
(a, L) € TI(zy,) be given and define the stopping time 7, as

Tp = inf{t > 0, X" ¢ B(x0,6)}.

We truncate 7,, by a constant T" in order to make it finite and set 7* = 7, AT. On the set
{r* = 71,}, using that v is nondecreasing, we get from (3.17)

v(Xre) S v(af) <9(af) - E SP(Xp) = &
On the set {7* = T}, we have
V(X ) < P(Xpam).

Applying Itd’s formula to e_”*zl)(Xm”’a’L

%), we get (with Li denoting the continuous part
of Lt)

T O(XE ) < T (X e

*

P(xn) +/0 (—re TS P(XTmOR) e p(ag )y (X E))ds

IN

+ / / e " (z/J(X:f’a’L —yANag) — w(X:f’a’L)) w(ds, dy)
0 B

- / ey (X I L)L (3.18)
0

T

+ > e (et = ALY — (X)) — g T
5=0
where ALy = Ls — L,—. For 0 < s <7%7, (3.16) implies
— rp(XIOR) + plag)y (XEmh)

+ /B (BXEOL g A ) — (X)) (dy) < —ré (3.19)
and

1—¢ (X hy <. (3.20)



Integrating (3.20), we get

*—

- / ey (e by L 4 D e (¢(Xjf’“’L — ALy - zp(X:f’a’L))
0 s=0

*

< _/ e "*dLs. (3.21)
0

Substituting (3.19) and (3.21) into (3.18) and using the martingale property of

/OT* e (et =y ) = (X)) s, ),

we obtain

*

W(aa) > E |7 o(XEh) 4 / e dLy| +E(1— 7). (3.22)
0

Inequality (3.22) implies

*

0(20) 4+ 6, > E |7 o(XE0h) + / e dL | +E(1—eT), (3.23)
0

where 0, := ¢(zy,) —v(xy). Since 6, = P (z,) — Y (zo) +v*(x0) —v(xy,), there exists ng € IV
such that for all n > ng, 6, < %(1 — e} and inequality (3.23) implies

*

.
v(zn) > sup B e T u(XTh) +/ e "*dLg| + g(l —eTy,
0

(o, L)ETI(p)

which is a contradiction with the dynamic programming principle. O

Remark 3.2 The proof of Theorem 3.1 remains valid in the case of a general Poisson
random measure [i.

We need now to specify the boundary conditions for the usc and Isc envelopes of v.
Since v may be discontinuous, we need to characterize v*(a) and v, ().

Theorem 3.2 The upper and the lower semi-continuous envelope of v satisfy
v*(a) = vi(a) = a. (3.24)

Proof. Since v(z) > « for all z € [a, 00), we also have v.(x) > a and so v.(a) > a. The
opposite inequality holds since v, (a) < v(a) = a.

It remains to prove v*(a) = a. Obviously we have v*(a) > v(a) = a. We need to show
v*(a) < a. Suppose it is not true: there exists n > 0 such that v*(a) > 21 + o. From
the definition of v*, there exists a sequence (x,,), such that x,, — «a and v(z,) — v*(«)
when n — oo, which implies that there exists ng € IN such that for all n > ng, we have
v(xy) > n+ . Let (a, L) € II(z,) be given and define the stopping time 7,, as

7 = inf{t > 0, X7t <0}

10



Since 2, — « when n — oo, we have 7, — 07. From hypothesis (2.5), we have
ALy < XS:”’O"L = x, — Lo and so ALy < x,. Let € > 0, there exists n; € IN such
that for all n > nq, we have fOT" e "dLs < a+ e. Taking the expectation and then the
supremum over all admissible strategies we obtain v(x,) < a + e. Sending € to 0T, we
obtain a contradiction. O

4 Uniqueness of the viscosity solution

Some uniqueness proofs for viscosity solutions of first-order integro-differential operators
are given in Soner (1986) for bounded viscosity solutions and in Sayah (1991) and in Pham
(1998) for unbounded viscosity solutions. As in Soner (1986) Lemma 2.1 or in Sayah (1991)
Proposition 2.1, we give an equivalent formulation for viscosity solutions which is needed
to prove a comparison theorem.

Proposition 4.1 Let v be a function defined on IRy, then
i) v is a viscosity super-solution of (3.1) in (a, 00) if and only if

max {H*(ajo,v*,wl), 1— q,z/(g;o)} <0 (4.1)

whenever ¢ € CY(Ng,), v« — 1 has a global strict minimum at vo € (a,00), Ny, 05 a
neighbourhood of xy and

H, (0, v,,0 ) = liminf H(z,vs, 7).

r—XQ

it) v is a wiscosity sub-solution of (3.1) in (a, 00) if and only if
max { H* (w0, v, '), 1 = ¥/ (w0) } 2 0 (4.2)

whenever ¢ € CY(Ny,), v* — 1 has a global strict mazimum at xo € (o, 00), Ny, is a
neighbourhood of xy and

H*(mo,v*,z//) = lim sup H(x,v*,zpl).

r—T0

Proof. We prove the statement for sub-solutions only, the other statement is proved
similarly. Let v be such that

max {H*(z‘Oav*aw/)a 1- ¢l($0)} > 07
<

whenever 1) and z( are as above. Since v*(x) — v*(z9) < ¥(x) — ¥ (xg) for all x € (a, 0),

then
H* (wo,v*,¢') < H*(wo,9,9).

Hence v is a viscosity sub-solution of (3.1) in (a, 00).
Conversely, let 1 € C1(N,,) and xq € (a, 00) such that

(v — ) (o) = max (v" — ) (z) = 0.

(a,00)

11



For each ¢, § > 0 , we define

- ()  if x € B(zg,e)
Pes(z) = { v*(x) + 6 if = ¢ B(xo,¢),

where B(zo, €) is the open ball centred in z¢ with radius e. We have v*(xg) = ®¢ 5(zo) and
v (x) — P 5(x) <0 for all x € (o, 00) — {xo}. Hence

(V" = ®c5)(x0) = max (v" — D 5)(z).

r€(a,00)

Thus the hypothesis of the Proposition yields

max {H*(ajo, O 5, @;5), 1-— @bl(ajo)} > 0.

From the definition of H, we have the following estimate

H* (20, ®e5,0) — H*(w0,0",9) < G*(wo), (4.3)
where G*(z¢) := I;m_s)lg.clp G(z) and
Gla) i= sw {=r(Bus(o) = v"(@) + ple) (Toso) — v/ ()

+ /B (Pesz—yANa)—v(z—yAa))r(dy) — /B (e s5(x) —v™(x)) W(dy)} .

From the definition of G*, there exists a sequence (z,), € (a,00) such that x,, — ¢ and
G(zp) — G*(z9) when n — oo. We suppose that x,, € B(xo, €) for all n € IN. From the
definition of ®, ;5 we have @;5(m)(xn) = ' (2,,) and v*(2,,) — ®c 5(zn) < 0 and so

G(zn) < sup {/B (Pes(zn —yNa) —v(zn —y Aa))7(dy) — /B (Pes(xn) — v (2n)) 7T(dy)}-

QEA(IETL)

We choose a € A(z,,), and consider the two cases: @ > 0 and o = 0.

(i) If @« > 0, then @ > 0. We set BY := {y € B,z, —y A« € B(zg,€)} and B :=
{y € B,xp, —y N a ¢ B(xg,¢e)}. Observe that for (z, — y A a) ¢ B(xg,€), we have
@ 5(zn —yAa) —v*(z, —yAa) =6 and for (v, —y Aa) € B(xzg,€), we have (x5 —y A
a) — v (xg —y ANa) =Y(x, —y Aa) —v*(z, —y Aa). Since v*(z,) — Pe5(xn) <0 we get

(@@ —yn) = an =y n)) ) = [ (@cslin) = o (@) vl

B

< 6 m(dy) + Kn(BY)
By

< (5/371'(dy) + K7([0,€]) < 400 (4.4)

where K is a constant independent of « and the last inequality is derived for e sufficiently
Q@
small (e < ;) and n sufficiently large .
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(ii) If « =0, then « =0 or a > 0. If &« = 0, we have

/ (Pes(zn —yANa)—v"(z, —yAa))n(dy) — / (Pes(zpn) —v*(zp)) m(dy) =0. (4.5)
B

B

The case a > € is similar to case (i). If 0 < o < ¢, there exists ¢ such that o > €. As in
(4.4), we obtain

/ (‘I’E’é(a:n —yAa)—v(z, —yA 0‘)) m(dy) — / (Pes(wn) — v (zn)) m(dy)

B B

< /B 7(dy) + Kn([0,€])

<5 /B w(dy) + Kn([0, €]). (46)

From (4.4), (4.5) and (4.6) we deduce that

- { [@cston=yna) = vt(an —ynapmtan } —0

when € and § tend to 0*. Sending n to infinity, inequality (4.3) implies
H*($07 U*) T/JI) > 07

and so (4.2) is proved. O
Uniqueness of the solution of the HJBVI (3.1) with boundary conditions (3.2) is a conse-
quence of the following theorem.

Theorem 4.1 (Comparison theorem) Let vy and ve in Si(IR4) be a viscosity sub-
solution and a super-solution respectively of (3.1) in (a, 00) such that vi(a) = (v2)«(a) = a.
Then

V] () < vas(x) for all x € (a, 00). (4.7)

Proof. Due to the linear growth of the viscosity sub-solution vy (resp. super-solution
v7), the function wu; (resp ug) defined by uj(z) = vy (x)e™® (resp ug(x) = vo(x)e **) for
A € IR} and x € [a,00) is bounded. For € > 0, we define ® : [a, 00) X [, 00) — IRU{—00}
as

O(x,2) = uj(z) —u(z) — %(az —2)2.

Since uq and ug are bounded and ® is upper semi-continuous, ® has a global maximum
at point (z*,2%) € [a,00) X [a,00) . Using ®(a, ) < ®(x*,2*) and that u; and ug are
bounded, it follows that

* *|2

2% = 2 e(uq(z7) — ugu(27))

Che, (4.8)

IA A

13



where C) is a constant depending only on A.

If 2* = a, then using ®(x,z) < ®(a, 2*) for all x € o, 00) and u}(a) = ae™

2 we get

ul(x) — uge(r) < ae % — g, (2%). (4.9)

From inequality (4.8) and since ¥ = a, we deduce that z* — o when e — 0 .
Since ugs is lower semi-continuous, it follows that lim i(1)1f U2« (2") > uge().
€—

Taking the limit when ¢ — 07 in (4.9), we obtain u}(z) < ug.(z) and so
v] (z) < vou(x).
If 2* = a, then for all x € [a, 00), we have

uwl(x) — uge () < ul(z*) — ae (4.10)

From inequality (4.8) and since z* = «, we deduce that z* — « when ¢ — 0.

Since uj is upper semi-continuous, it follows that lim sup uj(z*) < uj(«).
e—0

Taking the limit when ¢ — 07 in (4.10), we obtain u}(z) < ug.(z) and so
vy (2) < vau().

It remains to study the case when z* # a and z* # «. The functions u] and ug,. are
respectively sub-solution and super-solution of the variational inequality

max {H,(:E,u,ul), 1—eM(u'(z) + )\u(x))} =0in (a, ), (4.11)
where
H'(z,u,u) = azil()x) {—ru(x) +p(a) (ul(ﬂz) + )\u(x)) + /B(u(w —y Aa)eN — u(w))ﬂ(dy)}

The function (u} — 11)(z) reaches its maximum in z* where

1 () = uge(2°) + %(a: — %)%

Consequently, from Proposition (4.1), we get
max { B (@, uf, 9,1 — " (] (%) + ui(@) } > 0,
which implies
max { H' (2%, uf, 1), 1 — e (8 (o) + ui (")) } > 0.
Similarly (ug« — t2)(2) reaches its minimum in z* where
$a(2) = i) — 2" — )%
Since ug, is a super-solution of (4.11), we have

max {H;(Z*,'U/Q*,w;), 1— e (w;(z*) + ug*(z*))} <0,

14



which implies
max {HI(Z*J U2, iﬁlz)’ 1—e™ (¢;(2*) + UQ*(Z*))} < 0.
Observing that max {a,b} — max {d, e} < 0 implies either a < d or b < e, we consider two

cases:

(i) the case
H (27, uge, v3) — H (%, uf, 447) <0,
which implies

0 < sup { — (Wi (z") — uge(2¥)) (4.12)
acA(z*)NA(z*)

+ (o) (Yi(a") = ¥5(2") + A (ul(2") — uz.(27)))
(u’{(a:* —y Aa)e MYy (2K —y A a)e NI k(2 + UQ*(Z*)) W(dy)}.
B

Since (z*, z*) is a maximum point of ® in [a, 00) X [a, 00) and ®(z*, 2*) > P(a,a) = 0, we

have
O(z*,2) > P —y Ao, 2" —yAa)e X forall y € B,
which implies
(Wi(z* —y Aa) — uge (2" —y A ) e M) — y (2%) 4 w9y (2%) < 0 for all y € B.
From inequality (4.12) and using the fact that ¢} (z*) = ¥4(2*) = 2(2* — 2*), we have

sup  {(=r+ Ap(a)) (ug(z") —u2(2"))} = 0.
acA(z*)NA(z*)

Since p(«) is bounded, choosing A sufficiently small, we obtain
ul(x™) —ug(2%) <0.
Using that ®(z,z) < ®(x*, 2*), we conclude that uj(z) < ug.(z) and
vy (2) < vau().

(ii) the second case occurs if

e)‘x*(g(x* — ) +ui(z")) — M (%(m* —2%) +ug(2%)) <0,

which implies

and so we obtain
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5 Numerical study

Given an initial reserve x and a policy (o, L), the reserve of the insurance company at time
t is then given by (2.4) where o € II(x), L satisfies (2.5) and p(a;) is given by (2.1). Our
purpose is to solve the following equation

max {ail/i%)x) {Ao‘(a:,v,vl)} 1= (:U)} = in  (a,o0) (5.1)
v(z)==x in [0,q],

where

A%(z,0,0") = —rv(z) + pla)v (z) + /B (v(x —aAy)—v(x))r(dy).

We proceed with a technical change of variable which brings IR into [0,1), namely

S= it
¥(z) = v(x).

The function v is defined in [0, 1) and satisfies

{ sup AO‘ (2,9, )} —(1 —2)21//(2)} =0 in (5.1

aEA(z

where

A%(2,90,9) = —1(2) + p(@) (1 — 2)%¢'(2) +/

B

z—(1—-2)aNy
(PEZEEERY) — i) ) mla)
and A(z) = {a > a st. 1% > aAyforall y € B}.

In Sections 3 and 4, we have proved that the value function (2.6), within a change of
variables, is the unique viscosity solution of HJBVT (5.2). This solution is approximated
by performing the following numerical method:

(i) approximate HJBVI (5.2) by using a finite difference approximation

(ii) solve the approximating equation by means of the Howard or policy iteration algorithm.
Finally a reverse change of variables is performed in order to display the solution of Equation
(5.1).

5.1 Finite difference approximation

First, we compute a solution of the equation

pla) = (L+k)Br—(1+k)BE[(Y; —a)+]=0.

We take B = [bmin, bmaz] With 0 < bpin < bimae < 0o. We suppose that the claims are
uniformly distribued on [bmin, bmaz]-
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To approximate the integral term, we use the following approximation with uniform step
Ab:

/bim ($E=G=H5 7 - w6 ) mla)

2)a Ny

z—(1=2)aANy; z
w(l—(l—z)a/\yi)_w(l—z)>’

N

BAb A
bmar - bmzn ;

1=

Q

o

where y; = bypin +1 Ab; i =0...k—1. Let h = ﬁ , (M € IN*) denote the finite difference
step in the state coordinate. Define the grids Q5 = {2 = ih, 2 > 25,0 < i < M — 1}

and Qup = {2 = ih, 2; < 174,0 < i < M — 1}. We define the finite-difference operators

0 (2) 5z +h) —¥(2)
97 Y(2) 7 (@(2) —¥(z = h)
Ootp(z) = gz (U(z +h) — 20(2) + (2 — h)).

We want to find a monotone, stable and consistent scheme : indeed we know by a result

~— —

of Barles and Souganidis (1991) that such a scheme will converge to the viscosity solution
of HIBVI (5.2) since a comparison theorem holds for the limiting equation (Theorem 4.1).
This is achieved by using the one sided difference approximation

pla)y (@) ~ p(a)d T4 (2) (5.3)

since the operator A® is degenerate and p(a) > 0. (see Kushner and Dupuis (1992) and
Lapeyre, Sulem and Talay). However, to increase the numerical stability of our method,
we split p(a)y’(z) into a negative and a positive part and use the following scheme:

pa)y'(x) ~ =1+ k)BE[(Yi — a)+] 079(2) + (1 + k1) Brote(z). (5-4)

The approximation (5.4) is equivalent to adding a viscosity term to the operator. This
scheme satisfies all the requirements of stability, consistency and monotonicity.
This finite difference approximation leads to a system of inequalities with unknowns

{¥(2) , 2 € Qup}:

max{ sup {fl%q/)h} ,1— Bwh} =0 in Qqp,

a€la,d]

P(zi) = 175 in Qop

(5.5)

where 1, is the vector ((2i))zeq;,, AZ is the matrix associated to the approximation of
the operator A%, B is the matrix associated to the second term of our variational inequality,
defined as

(i,i) = —9=2 for all z; € Oy,
(i,1 —1) = % for all z; € Qqp,
B(i,j) = 0if j ¢ {i,i — 1},

and 1 is the vector which all entries equal to 1.

o oo
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5.2 The Howard algorithm

To solve Equation (5.5), we use the Howard algorithm (see Howard (1960) and Lapeyre,
Sulem and Talay), also named policy iteration. It consists of computing two sequences
{a™, D"},>1 and (¥1),>1, (starting from 1) defined by:

e Step 2n — 1. Given ¢}, compute a feedback strategy o™ defined as
= argmax ,e|a, ] {Agwg}
and define the subset D" of the grid 2 as

A" > 1 — By in D,

A <1 — By in Q,\D™.
e Step 2n. Define 1/1}’;‘“ as the solution of the linear systems:
Ayt =0 in D,
and

1— Byt =0 in Q,\D"

o If |¢Z+1 — 95| < € stop, otherwise, go to step 2n + 1.
Assume that that there exists states z € {2y such that
Abn(2) > 1 — By (2).
Then the Howard algorithm converges to (5.5) since the matrices A*" are diagonally dom-

inant (see Chancelier-Messaoud-Sulem (2004)).

5.3 Numerical results

Equation (5.5) has been solved by using the Howard algorithm. This algorithm is very effi-
cient and converges in twenty iterations. Three tests have been performed with parameter

values given in Table 1.

kl k2 T 5 bmin bmaz
Test 1 | 0.1 ] 0.15 | 0.07 | 0.5 | 1.1 1.5
Test2 | 0.1 ] 0.2 | 007 |05 | 1.1 1.5
Test 3101 02 | 007 |06 | 1.1 1.5

Table 1: The parameters of the numerical tests

The optimal policy has the following form: every excess of the reserve above some critical
threshold wu is distributed as dividend. When the reserve process is below a level [, it is
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optimal to distribute all the current reserve as dividends because of the constraint (2.3).
When the reserve process is in (I,u), then the insurer doesn’t distribute any dividend.

When the cost of reinsurance k9 increases, the optimal critical level decreases (Compare
Tests 1 and 2 in Table 2). When the intensity of the claims [ increases, the level u in-
creases (Compare Tests 2 and 3 in Table 2). These phenomena have the following economic
explanation: When ks increases, the premium p(«) decreases and the potential dividends
also decrease. Consequently the dividend payments are started at a low level. On the other
hand, when ( increases, the premium p(«) increases and the potential reserve is higher.
The dividends are thus distributed at a higher level.

Test 1 | [ = a=0.42 | u=2.57
Test 2 | [ = a=0.64 | u=2.12
Test 3 | | = a=0.64 | ©=3.16

Table 2: Lower and upper critical thresholds

The optimal retention level « is displayed in Figures 1 and 2 as a function of the reserve
level z. It has the following form: «a(z) = x for | < 2 < byer and a(x) = byge fOr bipge <
x < u. Similar results were obtained by Hgjgaard and Taksar (1999) in the case of a diffu-
sion model and proportional reinsurance. Figures 3 and 5 display the value function v in
terms of the reserve level x. The value function v is nondecreasing. It is linear in [0,!] and
[u,00). Figures 4 and 6 enlarge the region of the level .

The optimal retention level

Figure 1: The optimal retention level a(z) for Test 1
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Figure 2: The optimal retention level a(x) for Test 3
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Figure 3: The value function for Test 1
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Figure 4: Enlargement of Figure 3 in the neighbourhood of [

Figure 5: The value function for Test 3

21




0.8 7|

0.6 7|

04 7

02 7

Figure 6: Enlargement of Figure 5 in the neighbourhood of [
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