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Timed Event Graphs
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< o xe®) = min (xa(t - 1) + 1, xs(t - 2), u(t - 2))
S P X3(t) = min (X3(t — 1) + 2, u(t — 2))

XN y(t) = min (x;(t), X2 (t), X3(t — 2))



A continuous (linear?) system

u.t/isthe cumulated flow from time O

tot withu.0/ O

the long pipe introduces adelay of 2s.

the funnel limitsthe flowto 1 1./s.

y.t/isthe volume of the tank at t
with yv.0/ 31

Y
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y(t) < min(u(t—2)+3,y(t—1) +1)

y(t) = Tlrelllé (h(t— 1) +u(t)) with h(t) =

y(t) = 7§ (=1 u()

3 fort <2 ;

1+t otherwise.



An event graph analogue
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y(t) < min(u(t—2)+3;y(t—1) +1)



Min-Plus Linearity
if u() —y() and v()—z(),
then min(u(-),v()) — min(y(-),z(-)) (pointwise min)

and a-—+u(-)—a-+y() for anyconstanta

Min-plus linear systems can be combined

serially (inf-convolution)
in parallel (pointwise min)
In feedback (‘star’ operation)



Dynamic Programming: a Linear Process

Optimal control problem

T-1
min ) “c(u(®)) + (X(T)) st x(t+1) =x(t) —u(t) ; x(0)=»
t=0
The corresponding dynamic programming equation reads
V(x;t) = iryn‘ (c(x—y)+V(y;t+1)) = ;éc(x —Y)V(y;t+1)
V6T = (9 y

Hence, the Bellman function V' appears as the result of the iterated

inf-convolution of the ‘initial’ value ~ by the ‘kernel’ C. As such,

V' is a min-plus linear function of .



Asymptotic Exponentials
For f:R >R let c:f — lim sup log(f ())/x

it f =Y ajexp(aix), ai € R*, a; € R
icl
then c(T) = ma}x a
Ic

c(t +g) = max(c(T), c(9))
c(T xg) = c(T) +c(9)

asymptotic Bode plots

Relevance . N
large deviations in probability theory



Convexity

[/

Polynomial in one variable X with coefficients in R yax
p(x) = Paix
|

Since Xi=X®---®X=x+--.+x=i><X

2
then p(x):m?x(iqu_ai) 1EXEBX

As a numerical function, p(-) is piecewise linear
convex nondecreasing.

N

Rational functions are differences of the previous

convex functions.

2(x @ 0)A(x @ 1)
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Dioid: setD endowed with two operations denoted & and &
ASSOCIATIVITY OF ADDITION @db)ec=ap (e
COMMUTATIVITY OF ADDITION adb=baga
ASSOCIATIVITY OF MULTIPLICATION (a®@b)®c=a® (b c)
DISTRIBUTIVITY OF MULTIPLICATION W.R.T. ADDITION
(@ebh)rc=@c)dbecec) c(@Pb)=(Cx®a)d(cxb)
EXISTENCE OF A ZERO ELEMENT " ad'’ =a

Il®a:ll

ABSORBING ZERO ELEMENT ax"
EXISTENCE OF AN IDENTITY ELEMENT € aRe=e®a=a

IDEMPOTENCY OF ADDITION ada=a



Symmetry?

Supposethat a has an opposite element b such that

a@b:ll
then adadPbh=a
hence adb=a

thus "= a



Commutative dioid

‘D is said commutative if @ is commutative.

Complete dioid

D is said complete if it is closed for all infinite sums
and if & is distributive with respect to infinite sums.

T (sum of all elements of ) absorbing for addition
—|_ ® 1 — n



Order Structure

Theorem {a=a®b} & {dc:a=bac}
(a=Db if a=adb) defines a (partial) order relation
compatible with addition and multiplication,
i.e.if a = D, then, forallc, a®c = b cand ac = bc (and ca = ch).
For any two elements a and b in D, a & b is their least upper bound.

Adioid is a sup-semilattice having a ‘bottom’ element E.
If the dioid is complete, this sup-semilattice can be completed to a lattice
by the following classical construction of the greatest lower bound a A b

a/\bzﬁé X

x=b



Archimedian dioid
Vvaz"; Vb; dc and d: ac>Db and da>>b

Theorem In acomplete Archimedian dioid, | is absorbing for &

Distributive dioid
D is complete and, for all subsets © of D,

/\c @a:/\(c@a); @c /\az@(C/\a)

ceC ceC ceC ceC
@ and /\ do not play symmetric roles since distributivity of

& with respect to A is not always granted



Examples

Rmax = R U {—00}, max, +) (Zmax, Qmax s---)

Rmin = (RU {+0o0}, min, +) isomorphic to Ryax by X — —X
Rmax isomorphic to (R™, max, x) by X +— exp(X)

(R, max, min)

Boole algebra ({€, e}, max, min)

(0

({(—o0, X]}, U, +) isomorphic to Ry by the bijection

. % it X = €
R—2":X+—
(—o0, X] otherwise



Properties

Rmax not complete, @max : Zmax complete, @max not complete!
Rmin order reversed with respect to natural order

(R™, max, x) more convenient than [R,2x to make drawings
(@, max, min) not Archimedian

Boole algebra : you practiced dioids before you knew them!

<2R2, U, +) partially ordered
order is given by inclusion
lower bound is given by intersection
multiplication does not distribute with respect to

lower bound



Matrix Dioids
DN - square N X N matrices with entries in D

with sum and product of matrices defined conventionally

D" not commutative, partially ordered, complete if 2D is, distributive,
not Archimedian

Graph-Theoretic Interpretation

ai ap2
dil 1
1- 2 @j:n_z 2
A2 4 di; a2 €
2 ° 22 > @ 2 8 a22 a23 23
Y € & as

d o
30 33»03 a33@

transition graph precedence graph



Polynomials and Power Series

L533>|[21, Ceey Zm]l power series in Z1, ..., Zm with coefficients in 2 (complete)
and with exponents in N or in Z

D[z1,...,Zm] subdioid of polynomials

Formal polynomials are not isomorphic to their associated numerical functions.

& associates numerical functions with formal polynomials: homomorphism
(for pointwise <© and & of numerical functions) but not isomorphism.

{a(t) }rez in Ry Ztransform A = 1@ a(t)zt
-

associated numerical function

BA () = @ a®)x = inf(a(t) — t x X) = —sup(t x X — a(t))
teZ ter ez
discrete Fenchel transform of the mapping t — a(t) (up to sign)



An important linear equation

X =AXPhb

Theorem In a complete dioid, the least solution
IS given by

X = A*"b

where

A* =6§Ap . Al=¢e
p=0
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Timed Event Graphs
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X1 () =
Xa(t) =

ka/\@ © 606\

X3(t) =

min (X;(t — 1) + 1,u(t — 1))
min (X1 (t — 1) + 1, X3(t — 2), u(t — 2))
min (X3(t — 1) + 2, u(t — 2))

RS y(t) = min (X1(t), X2 (), X3(t — 2))
& Xa(k) =max (xa(k — 1) +1,u(k) + 1)
AN \
& k) =max(xa(k — 1) + 1, x5(K) + 2, u(k) +2)
(5@} @(’\&6 X3(k) = max (X3(k — 2) + 1, u(k) + 2) x(K) date
QY - of event nr k
Q/ y(k) max (Xl(k)1 X2(k)1 X3(k) + 2) at trans'tl on X




A few words about residuation...

Dater :k — d(k) € 7Z, where d(k) is the date at which the event numbered K occurs.
Daters satisfy max-plus linear dynamic equations in the event domain

Counter:inverse mapping t — ¢(t) = K such that d(k) ~ t. d(-) is monotonic.

Possible definitions:

c(t) =sup{k |d(k) <t} or c(t) =inf{k |d(k) >t} .
Counters satisfy min-plus linear dynamic equations in the timedomain

In lattice-ordered sets, residuation theory deals with the problem of finding the least
upper bound of the subset {X | T(X) <y} fora giveny and/or the greatest lower
bound of the subset {X | T(X) = vy} when T isisotone. Under a condition of
‘lower semi-continuity’ (or ‘upper semi-continuity’) of T, the former (or the latter) bound
belongs to the corresponding subset and may be called a sub- (or sup-) solution.



Y- and d-Transforms

y-transform of daters X(k) :  X(y) = G}X(k)yk in Zmax[Y]
keZ

O-transform of counters X(t): X(0) = 69X('[)6t in Zmin[0]
teZ
In Zmax[y], (M @ p)y" = max(m, p)y", hence, in Zmin[0], it should be that

n@d™ ¢ &) = namax(m.p)
In Zmin[0], (M & p)d" = min(m, p)d", hence, in Zmax[y], it should be that
n(ym @yp) — nymin(m,p)

These equalities of operators can be proved true by direct reasoning if applied
to transforms of nondecreasing daters or counters.



NGy, o]

In B[y, 0] the following congruence is considered

XY, 8)=Y(Y,8) = vy (01) Xy, )=y (31 Y(,2)

Practical rules
ym D yp — ymin(m,p) ym D 3P = 6max(m,p)

Geometric interpretation

B[y, d] encodes collections of points in 7

ITEE[y, 0] encodes collections of South-East cones Y



=f{1 " 2

Jo

1
2
2

Co )
- v 2 [xEe|=2|uE
" " 9_ 2

) vO=(e e 2)XO
u()



— u
/ \ 2D-Domain Description

O O,
\L{ C X
X(y,0)=1|yd & 8 | X(y.0)d| 8% U(y,d)
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Transfer Matrices

X=AX&BU Y =CXe¢DU
X =A"BU Y =(CA'BeD)U
H=CA'B®&D

The meaning of selecting the least solution
* transitions fire as soon as possible

» the most favorable ‘initial conditions’ take place: all tokens of the initial
marking are available since —o0

Any other ‘initial conditions’ for tokens of the initial marking (sojourn times
elapsed prior to initial time) can be enforced by appending auxiliary input controls.
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Autonomous System Xx(k + 1) = Ax(k) in anax (dater equation)
We assume that the precedence graph g(A) is strongly connected

Asymptotic Behavior
A ‘periodic’ regime is reached within a finite number of stages:
AeQ, dceN, dJKeZ: Vk>K, x(k+c)=Ax%(K)
Vi, xi(k+c)=xi(K)+cx A

n

total of holding times i i

A = max J = Ga(trace(AJ))llJ
all circuits of (j(A) number of arcs =1

m
For systems in AR form X(K) = @ Ax(k — 1), ‘number of arcs’ must
be replaced by ‘number of tokens’ =0

Eigenvalue A unique eigenvalue of A: 99X such that AX = AX
Cyclicity c



Stability n

) . Xi(K) tokens do not accumulate

Vi, k|Im = A indefinitely inside the graph
7 xi(K)/k

Stabilizability by Dynamic Output Feedback

TEG structurally controllable: every internal transition can be reached by a
directed path from at least one input transition

TEG structurally observable: every internal transition is the origin of at least
one directed path to some output transition

Theorem A TEG which is structurally controllable and observable can be
stabilized by dynamic output feedback without altering its open-loop
performance






Frequency Responses

Analogues of sine functions

seQ, Li= Py
t <sxk
average rate of 1/S events per unit of time

Example: L3/, = (e ®VY0) (\/253)>k (V_Zé_g)*

...are indeed eigenfunctions
HLs = y®Ls
Rule: pick g and d inZ suchthats = —g/d
finda and b in N such that

H(g,d)=axg+b xd




Rationality h & UL ;-] is rational (and causal) if it belongs to the rational closure of
R

Realizability H € (WS :=1)"" is realizable if H = C( Ay @ -A,)*B where A,
and A, are N X N matrices, C and B aren x | and 1 X N matrices

respectively, and every entry of these matrices is equal to either " or €.
Periodicity h €I ;=] is periodic if there exist two polynomials p and ( and a
monomial M (all causal) such that h =p ¢ gm”™.

Theorem For H € (M ;=])" ™ , the following three statements are
equivalent
(i) H is realizable;

(i) H is rational;

(iii) H is periodic.



Other definition of Periodicity

h= p®(y'd')q(ye®)

V, T, I', S are nonnegative integers,

p and ( are polynomials in (Y, 0) with nonnegative exponents

with a degree in (Y, 0) less thanorequalto (v — 1, T — 1), resp. (r — 1,5 — 1)

<« [5--.

k= &< L g -----------
< O~ oV, v
z Qf; ERR
b 2 p @vvaT(vfés) q
g 1‘ '\6‘0&. |

RES deg) < (V-1 1)

¢“;? : deg(q) <(r—1,5- 1)

—_ VT event domam k



Given an output (dater) trajectory {y (k) }, find the latest (greatest) input trajectory
{u(Kk) } which yields an output trajectory less (earlier) than the given one.

Greatest U such that HU <Y : solution U=H}yY

State equations
X(k + 1) = Ax(k) @ Bu(k) y(k) = Cx(Kk)

Co-State equations
&(k) = (Axe(k +1)) A(Cry(k))  u(k) = Byé(k)
Note
+00 — (+00) = +00

(Akb); = min(bx — Awi) with conventions (—00) — (—00) = +oo



Towards second-order theory

&i(k) — Xi(k) ‘spare time’ or ‘margin’ available at transition X;

for firing number K

P (k) = ¢(k)/x(k) Riccati matrix ?

Differences between input and output daters (resp. counters)

of a place or a group of places evaluate the sojourn time of tokens
(resp. the accumulated stock of tokens):

algebraically, they behave as correlations.



Towards geometric theory
. o B C
In ordinary vector spaces with linear operators I/ — X —)/

under some conditions, for given X, there exists a unique

y € ImB such that (X —y) € ker C (projection of X onto ImB
parallel to kerC).

y = B(CB)!Cx Example

In dioids, for nonlinear e 1
residuated operators, g — (0 5

y = Bo(C-B)5C(X)

is the unique y € ImB

such that C:(ezi i)
C(y) = C(x)

under some conditions




