Lecture 4
Quantum Fourier Transform and applications : Simon and
Shor algorithms

January 29, 2020

Quantum Information Theory



1. Simon's algorithm and its applications to cryptography
2. The hidden subgroup group problem and the quantum Fourier transform

3. Shor's algorithm
reduction to order finding and phase estimation
solving the phase estimation problem
fast quantum Fourier transform QFT,m
deducing the order from the measurements
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1. Simon’s algorithm
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» Classically 2"

» Quantumly O(n)
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What is the output of this algorithm ?
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Simon’s algorithm
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Exercise : one-time pad

For K € 7, consider the “one-time pad function”

Ex :F} — T}

M — M®K

Show that there is a quantum polynomial time algorithm querying U, just once that distinguishes
Ei from a random permutation P of Fy.
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Consider the following round function (L, R) — (R, L & F;(R)) represented by

R;

Riyy

%]

Li—( Ly

Let P be the 3-round Feistel cipher given by P(x,vy) = (I, r) from 3 round functions Fy, F5, F3

y r

an
U
~

1. Express r = R(x,y) in terms of  and y

2. Choose two distinct values a and B and define f as f(0,xz) = Fy(x & Fi(«a)) and
fi(x) = Fy(x @ F1(B)). Give a y such that f(0,x) = f(1,vy)

3. Deduce a polynomial time algorithm that distinguishes P from a random permutation by using
only O(n) calls to Up
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2. The hidden subgroup problem

>
a group
a function which is constant and distinct over the cosets of an unknown
subgroup // of G
f(x) = f(y) < Jh € H:y =xh
> H
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Exercise : Simon’s problem

Explain why Simon's problem is an instance of the HSP problem
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Simon’s problem

H = {0,s}
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Quantum “Supremacy”

» Can be solved in polynomial time O(log |G|”) with a quantum computer when G is abelian.

» Factoring and discrete log reduce to this problem.
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Quantum Information Theory

Factoring and the hidden subgroup problem

7
a® (mod N) « random in Z/NZ

order of a (smallest positive integer r s.t. ' = 1

rZ,

(mod N))
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Assume 7 is even

0=a"—1 (mod N)=(a">=1)(a"’?*+1) (mod N)

a”’> #£ 1 (mod N)

1
"> # —1 (mod N) with prob. 5

= GCD(a"/? — 1, N) and GCD(a"/? + 1, N) give a non trivial divisor of N
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HSP
Discrete log and hidden subgroup problem

» Input:
© prime
o o+ and ¢ generator of (Z/pZ)*

» Output: v s.t.
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HSP

Exercise : reducing DLog to HSP

Reduce this problem to HSP
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Reducing DLog to HSP

f(a,b)

f(a,b)

f(a'17 bl) — f(af27 b2)
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H

=

Z/(p—VZXZ[/(p—1)Z

a —b
g X
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g

(mod p)

(mod p)

(a1,b1) — (az,b2) = XNy, 1), A€ Z/(p— 1)Z

((y,1))
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The fundamental ingredient : the Fourier transform

» Finite abelian group G

[ = {xy: 9 € G} = G, set of characters = homorphisms from G to the
unit complex cercle ' ={z € C: |z| =1}

Xg: G — U

a — Xxg(a), st

Va,b€ G xg4(a+b) = xg(a)x,y(b)

G=T'=Fy xFy x ---Fy, v & 1.0,

Y
n times

X:c(y) — (_1):17~y

G:ZQTL

21Ty
Xz(y) = € 27
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o _ [ Gl ifxa=xe - _ [ Gl ifgi =g
5y Xiloxalo) = { | 2 TeaXlax(e) = clee
: B def 1 : :
» The matrix || = (ugg/)gglee((;; where = mxg/(g) is unitary
» It diagonalizes the translation operators 7, a € G
Ta : X E cé - cl“
(g)gec = (Tg+a)gea
def
— (Xg/<g))gEG
TaXy) = (g9t a))sea = x(a) Xy
eigenvalue ejgenvector
Quantum Information Theory 20//52




The orthogonal subgroup

Définition| ] For a subgroup H of GG we denote by the orthogonal
subgroup defined by

H*%¥g e G:x,(h) =1, Yh € H}

ng(h):{ l)H|, if g € H

else
hecH
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The quantum

Fourier transform

classical Fourier transform

quantum Fourier transform

function f : G — C ) € CI¢
f = (F(@))uce ¥) = e f@)[z) (IE] = 1)
o) = Jaxell) Y2 @@ e
= L3, xe(@)f (@) T VI e RS
vial = . f9)9)

Quantum Information Theory

22

52




Generalization of Simon'’s algorithm

10">  loFT OFT

ey

| 0's

07) [07)
> \/1@29 lg) |0™)
> ﬁ dea l9) | f(g)) = ﬁ Z:ceG/H ZheH |z + h) | f(z))
>
— Y D xg(z+h)|g) | f(z))
acEG/Hg cG heH
— ——jS S xe (@) S xy (B ) 1£ ()
a;eG/Hg cG heH
IHI
el DD xg@)|g) 1 ()
a:GG/H g'eHL
> |g") | f(z)) for which ¢' € H*
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Fast Quantum Fourier Transform

» For G = F}, Fourier transform in O(n) : perform H®"

Theorem 1. QFTy can be implemented by a quantum circuit of size O(log N)? when the
divisors of N are bounded

Theorem 2. QFTy  can be implemented by a quantum circuit of size O(log N)? in general

Theorem 3. QFTZN can be implemented with an accuracy € with a quantum circuit of size
O (log N log (@ + 10g2(1/5)>>
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3. Shor’s algorithm

» Factoring N: reduction to order finding

Problem 1. | ]
witha AN =1
the smallest r € N* such that a” = 1 (mod N)

Algorithm

check whether a A N =1
compute the order r of a (mod N)

start again with another a if 7 odd or a’"/? = —1 (mod N)
return ged(a™/? + 1, N)

e
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Quantum Information Theory

The global picture

Fast quantum Fourier transform QFT,m,

|

Phase estimation of U,

|

b and c such that 55 = <

|

Continued fraction expansion — ¢, r

|

Finding the order » of a mod NN

|

Factoring NV
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The phase estimation problem

Problem 2. | ]
a quantum circuit ) performing a unitary ' along with a quantum eigenstate of U:

U |y) = ™ |¢)

an approximation to 6 with precision
» In general approximation complexity has a multiplicative overhead of O(%)

» For certain U much faster approximation can be performed (applies to factoring)
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The global picture

Fast quantum Fourier transform QF T,

|

Phase estimation of U,

?ﬂ?

Finding the order » of @ mod N

|

Factoring NV
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Reduction to the phase estimation problem

: |x) — |ax mod N)

1. The space | generated by {|1), |a), -, |a" ')} is invariant by U,

2. The restriction of U to V has

eigenvalues )\, = e2/™F/"

eigenvectors |¢p) = % Z;@_:lo e~ 2mikm/r ) gmy

Quantum Information Theory 29/52




Quantum Information Theory

The global picture

Fast quantum Fourier transform QF T,

|

Phase estimation of U,

|

Finding the order » of @ mod N

|

Factoring NV
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» U unitary acting on 7. qubits and € N* unitary acting on m + n qubits as

kY [9) = |k} (U* o))

: |x) — |ax mod N)

» A,,(U,) can be implemented with O(mn?) gates using the standard modular exponentiation
algorithm, based on a quantum version of a classical reversible circuit performing

(x,y) = (x,a"y)
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Exercise

Give a circuit of polynomial complexity performing A,,(U) involving only one certain c-U.
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Quantum Information Theory

The global picture

Fast quantum Fourier transform QF T,

|

Phase estimation of U,

|

Finding the order » of @ mod N

|

Factoring NV
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ik
1. Let |¢) be an eigenvector associated to U with eigenvalue e 2 for some k € N. What is the

output of the following circuit ?

A(U)

19>

2. Add something to this circuit so that after measuring we recover k. Hint: recall that
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» This circuit produces the state

Quantum Information Theory

2m

A(U)

1 ! 1Tk
o= > < [x)19) = ) 19)
=0

[Yr) = QFTym k)
k) = QFTym [¢)
o | H_ QFTn 37 k>

N
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The global picture

Fast quantum Fourier transform QF T,

|

Phase estimation of U,

|

b and c such that 5% = <

?ﬂ?

Finding the order » of & mod N

|

Factoring NV
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» Perform the same operations

[(6))

QF Ty | )

QFT5m |4(6))
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0> | H [W(8)> QFTn

|k>

16>

AU
o>
2m_q
2imlx
E e E2)
x=0

21y

2m_1
= > e 2 |y)
2 y—0

- 3l

2imxy

1 : _
2_m Z 62171'9:66 ST |y> _
T,y

1 21
2imx(0—y/2™)
o 2 €
=0

om_1

Z ay |y)

y=0
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Quantum Information Theory

The probability of measuring |y)

m3><(py)

prob. of measuring |y)

oy |?
Yy
2
1 2™Mm_1
z : 62i7ra:(9—y/2m)
22m
x=0

1 e2i7r(2m0—y) 1 2

22m e2i7r(9—y/2m) —1

4
— > 0.4
2
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Exercise :

Let

Yo

Prove that |g| < ﬁ
Prove that a > 4|e|2™
Prove that b < 27|e|

= o=

Quantum Information Theory

lower bound on max,(p,)

def : Y
= argmin |l — —
y 2m
def Yo
EL A
2m
def 2ir2Me 1‘
def 2ime 1|

Prove the lower bound max,(py) > =5
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The output of the phase estimation procedure

C
0 =—

r
The previous algorithm outputs an integer k with probability > 0.4 such that

k c

2m T

1
— 2m—|—1
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The global picture

Fast quantum Fourier transform QFT,:,

|

Phase estimation of U,

|

b and c such that 55 = <

|

Finding the order » of & mod N

|

Factoring NV
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Efficient implementation of QFT,,,

Rl:z:<1

def 1 0
—\o 621'71'/28

0 1 O 1 0
) RQ—S—<O z) R3—T—<0 em/4>

0 -1

» Efficient implementation with H and T

QFTym |F)

Quantum Information Theory

2m_1

1 2imik/2"™ | .
er I 17)

1

2m

1

—— > R )
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Give a quantum circuit implementing

1. QFT,
2. QFT,

Quantum Information Theory
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The first circuit is just the Hadamard transform. The second one is given by

|kp> l H R,

k3> ® l H
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Quantum circuit complexity for QFT,,,

» Circuit of complexity O(m?) for QFTym

» Many of the Rs =~ Id for s > log m = circuit of complexity O(m log m) for implementing
QFT,m approximately
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Operator norm of a matrix M defined by | M| < SUDy. |x|=1 [|MX]

Distance between two matrices A and B defined as |A — B||

compute |Rs — Ids|
compute |c-Rs — Id4]||
compute [[c-Rs ® Id,m—2 — Idam||

ifU=U;---U;and U =U;--- U;_1Uj 41 ---U; and the U;'s are unitary, show that
[U-U = d- U,

5. Let U” be the unitary where we dropped k Uj,'s in the product defining U. Give an upper-bound
on |[U —U”|

6. Give a quantum circuit of gate complexity O (m log m) at distance < 1/n from QFT,m

= o=
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The global picture

Fast quantum Fourier transform QF T,

|

Phase estimation of U,

|

b and c such that 5% = <

?ﬂ?

Finding the order » of & mod N

|

Factoring NV
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The global picture

Fast quantum Fourier transform QFT,m,

|

Phase estimation of U,

|

b and c such that 55 = <

|

Continued fraction expansion — ¢, r

|

Finding the order » of a mod NN

|

Factoring NV
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Information obtained from the phase estimation measurement

: . :
» Eigenvalue 6 = = for some integer c

» Phase estimation measurement — b such that

» Choose m as

» Two distinct fractions each with denominator < N must be at distance > # > Fm

b

2m

1
- 2m—|—1

C

r

2m—1 S N2 < 2m

1

» Therefore ¢/r is the only fraction with denominator < N at distance < ﬁ from /2™

— obtained by continued fraction expansion

b
— =ap+
q

Quantum Information Theory
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ay + ———
a2—|‘T

= ag +
dn

ap +

ay + ————
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The global picture

Fast quantum Fourier transform QFT,m

|

Phase estimation of U,

|

b and | ¢ |such that 5% ~ ¢

|

Continued fraction expansion — ¢, T

|

Finding the order » of @ mod NN

|

Factoring N
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2imk/r
Ualdr) = ™ |gn)
> Which [¢,)?
> none! Instead of an eigenvector |¢) just |1)!
0> | H QFTn

Quantum Information Theory

Which [¢) ?

U, :|z) —

|ax)

(U)

)& | 1>

|k>

10>
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Why does this work?

r—1 r—1 r—1
1 1 —2irkl/r | 1
LS ey = IS S e fa)
VT k=0 T %=0 1=0
= |a")
= |a
= 1)
|0m>7 H, > QFTm %’ - k>

A"(U)
pLIE ] U

» If we run the phase estimation on |1) = # Zz;é | 1) then

1 r—1
just before measurement : @ — [Yk) |Pk)
s

after first measurement —  |¥g) |pr) with prob. 1/7
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