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| The Permutation Group of
Affine-Invariant Extended Cyclic Codes

Thierry P. Berger and Pascale Charpin

Abstract— The extended cyclic codes of length p™, p a prime,
which are invariant under the affine-group acting on F,~, are
called affine-invariant codes. Following recent results of Berger,
we present the formal expression of the permutation group
of these codes. Afterwards we give several tools in order to
determine effectively the group of a given code or of some infinite
class of codes. We next prove, by studying some examples, that
our tools are efficient, In the end, we give our main application,
the permutation group of primitive BCH codes defined on any
prime field.

Index Terms—Automorphism group, permutation group, cyclic
code, affine-invariant code, BCH code, poset, antichain.

NOMENCLATURE

* k is the alphabet field F,, ¢ = ", p a prime.

en=q¢" -1, N=¢", m=rm/, S =[0,p" —1].

* wg(s) is the g-weight of s € [0, n] (see Definition 3).

* G is the field F ../, generally identified with Fpm.

* G* = G\{0}; it is the multiplicative group of the field G.

* « is a primitive element of the field G.

* R is the quotient algebra k[X]/(X™ — 1).

* M is the group algebra k[{G*, x}].

» A is the group algebra k{{G, +}]..

e If C is a cyclic code, its extension is denoted by C.

« Sym (p™) is the symmetric group acting on G.

» Alt(p™) is the alternating group acting on G.

» Per (D) is the permutation group of the code D.

» Aut (D) is the automorphism group of the code D.

» K is a subfield of G of order p°©.

* GL(m/e,p°®) is the linear group of G on K.

* AGL (m/e, p°) is the affine group.

* TL (m/e,p®) is the semi-linear group.

» AT'L(m/e,p®) is the semi-affine group.

¢ @y is the kth power of the Frobenius mapping on G.

» (5,<) is a poset (see Definition 7). ,

* (S, <), e dividing m, is a poset (see Theorem 4).

s cl(j),j € S, is the orbit of j under the multiplication
by p modulo 7.
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I. INTRODUCTION

N this paper we consider only primitive cyclic codes—i.e.,

cyclic codes of length p™ —1 over a field of order p”, where
p is a prime and r a divisor of . We will say that such a code
C is a p®-ary code, whenever k is the smallest integer such
that C is invariant under 8y, the kth power of the Frobenius
mapping. The Bose—-Chaudhuri-Hocquenghem (BCH) codes
will always be narrow-sense BCH codes. The extended code is
usually defined by adding an overall parity check. Henceforth
the field of order p™, denoted by G, will be the support of the
extended codes, while G*, its multiplicative group, will be the
support of the cyclic codes. The permutations of coordinate
places which send a code C into itself form the permutation

. group of C. Since a permutation acts on the support of C, it

will be seen as a permutation on G. When the code is binary,
this permutation group is actually the automorphism group of
C (see [28, ch. 8]). References on coding theory can be found
in [28].

Denote by AGL (m,p) the affine group of G viewed as
a vector space over its prime field F,, and by AGL (1,p™)
the affine group of G—which we view as a subgroup of
AGL (m,p). Primitive cyclic codes whose extension is in-
variant under AGL (1,p™) were characterized about thirty
years ago by Kasami et al. ([22], 1967). They form a class
including codes of great interest such as BCH codes, gen-
eralized Reed—Muller (GRM) codes or Reed—Solomon (RS)
codes. Delsarte later proved more general results, giving a
condition for a code to be invariant under a subgroup of
AGL (m, p). He proved that only p-ary Reed—Muller codes can
be invariant under AGL (m,p) ([17], 1970), but the problem
of the complete determination of the automorphism group of
affine-invariant codes has remained unsolved.

The study of the automorphism groups of RS codes and
of their extensions is due to Diir ([19], 1987). We gave the
full automorphism groups of GRM codes in [5] (1993). More
recently, Berger has proved that the permutation group of any
affine-invariant code is contained in AGL (m,p) [7], [8]. We
show here that one can construct a formal expression for the
permutation group of any affine-invariant code. This result
provides the complete determination of the permutation groups
for a large class of codes. In the general case, it provides only
an algorithm that is not always immediately practical.

The main part of the paper consists of the description of
several tools designed for the determination of permutation
groups. On one hand, we want to give algorithms such that,
up to reasonable lengths, computation of the group becomes
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easy. On the other hand, our aim is to obtain the permutation
groups of infinite classes of codes.

The paper is organized as follows. In Section I, we present
and explain all definitions and properties we need for the study
of the permutation groups of affine-invariant codes. The cyclic
codes are viewed in the group algebra of the multiplicative
group G*, while the extended codes are viewed in the field
algebra of G. Then the structure of the support of codes is
clearly defined and the permutations on it appear as elements
of the symmetric group of G. There is a general definition of
permutations of cyclic codes: the polynomial approach (see
Theorem 1). We introduce Example 1 to show that it seems
difficult to apply this approach directly.

We then present the affine-invariant codes. These codes are
those invariant under AGL (1,p™), but they can be invariant
under a larger subgroup of AGL (m,p). This result is due
to Delsarte [17]. The next part is based on his work which
remains crucial to our paper. We present the work of Kasami
and its generalization by Delsarte in term of partial orders,
studying extensively their combinatorial properties. We briefly
present background material describing affinc-invariant codes
by antichains. At the end of Section II, we explain the recent
results of Berger, giving precisely their consequences. We also
present the formal description of the permutation group of an
affine-invariant code (Theorem 5).

It is important to notice that our formal expression sheds
new light on the result of Delsarte. Actually, his result is
completed as follows: the permutation group of a given affine-
invariant code can be fully characterized from combinatorial
properties of its defining set. Section III consists of the descrip-
tion of several tools devoted to the effective determination of
permutation groups. We mainly give two methods and both
are based on the combinatorial structure of the defining set.

The first one is derived from the work of Delsarte, by
using the classification of affine-invariant codes by antichains.
We show in fact that the permutation group of a given
code can be described through relations between only two
antichains. The second method comes from the polynomial
representation of permutations given by Theorem 1. It is a new
condition equivalent to those of Delsarte, although we obtain
it independently. This condition is very powerful in proving a
property related to the BCH bound (see Corollary 5). We give
many examples in order to explain these methods in detail
and to establish their efficiency. Many affine-invariant codes
have as permutation group the smallest group AGL (1,p™)
(or AT'L(1, p™) for the p-ary codes); this is generally the case
for BCH codes. However, there are a number of exceptions
and we want to show that also by well-chosen examples. We
exhibit infinite classes of such codes in Section III-C. In the
last section, we determine the permutation group of any BCH
code defined over a prime field.

II. PRELIMINARIES

In this paper codes are linear and primitive. Cyclic codes
are of length n = qm' — 1 and have symbols from the finite
field of order ¢, ¢ = p”, denoted by k. The finite field of order
qml, denoted by G, will generally be identified with Fpym.
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We will denote a primitive root of G by «. Using standard
terminology of coding theory, a cyclic code is an ideal C' in
the ring R = k[X]/(X™ —1), generated by a polynomial g(X)
which is the product of minimal polynomials of some ‘. The
roots of g(X) are said to be the zeros of the cyclic code C [28,
ch. 7]. Let T be the subset of the interval [0, n — 1] composed
of those s such that «® is a zero of C. Then we have

C = {a(X) € Rla(e®) =0,Vs € T}. (D

We will say that T is the defining set of C. The code C is said
to be trivial when either T'is {0} or T is the set {0, - -, n—1}.
In this paper we will use another representation of cyclic codes
and of their extension. We explain that now.

A. Primitive Cyclic Codes and their Extension

We denote by M the group algebra k[{G*, x }]. That is the
group algebra of the multiplicative group G* of the field G,
over the field k. An element of M is a formal sum

X = Z z4(g9), =4 €k

geG*

Addition and scalar multiplication are component-wise and the
multiplication is given by the multiplication in G*

ST @)+ Y val9) =D (5 +9)(9)

geG* gEG™ geG™

and

PIEAORDIRNOEDS

geG* geG* geG*

Z Tryx | (9)-

hk=g

It is obvious that the following map is an automorphism
between the algebras R and M

Z z4(g)-

geG™

n—1 n—1
¢ Y MNXeR— Y (o)) =
1=0 1=0

Consider the following k-linear map of M into G:

pe| D wgle) ) = Y woe?

geG* geG*

@

where 0 < s < n. Note that p;(x) = a(a?®), for any x in M
corresponding to ¥(a(X)) (see (1)).

Definition 1: Let M = k[{G*,x},k = F; and G =
F m . Let T be a subset of [0,n — 1], invariant under the
multiplication by ¢ (mod n). The cyclic code of length n over
k, with defining set T, is as follows:

C={xeM]|ps(x)=0,VseT}

The code C is said to be a cyclic code in M. We will say that
C is a p‘-ary code, £ < r, where £ is the least integer such
that T is invariant under multiplication by p*.! Generally C
will be a g-ary code.

IThere is another definition that appears in the literature: a code is pt-ary
provided its definition set is invariant under multiplication by pt.
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Whenever T does not contain 0, we eictend the code C by
an overall parity check. We denote by C' the extended code
of C and define it in the group algebra A = k[{G, +}]. This
algebra is the group algebra of the additive group of G over
k. An clement of A is a formal sum

x= Y z,X% x5k
g€G
The operations are
D@ X7 Dy X? =) (g + ) X
g€eG geG geG

and

ngXg X Zngg = Z

geG geG geG

Z Tryr | X9,

h+k=g

As previously (for the algebra M), we consider the k-linear
map of A into G

b DX | =D yg° 3)

9€G geG

where 0 < s < n and 0° = 1. Note that

¢’5 Zngg = Ps Z xg(g)

geG geG*

unless s = 0 or s = n.

Definition 2: Let A = k[{G,+}], k=F,, and G = F ..
Let T be a subset of [0, n], containing 0 and invariant under
multiplication by ¢ (mod n)—by convention g.nmodn = n.
The extended cyclic code C with defining set T is defined as
follows:

C={xeA|ps(x)=0, Vs €T}

The code C is said to be an extended cyclic code in A. We say
that C is a pt-ary extended cyclic code when C is a p’-ary
cyclic code.

We now recall the definition of two classes of codes
of A which will often appear in our study—that is, the
Generalized Reed-Muller (GRM) codes and the extended
Bose—Chaudhury—Hocquenghem (BCH) codes.

Definition 3: Let s € [0,n]. The g-weight of s is

where

m’'—1
7
E 8:4
=0

is the g-ary expansion of s. Let v € [1,m/(¢ — 1)] and
p=m'g—1) —v.

The GRM code of length ¢™ over k and of order v is the
extended cyclic code in A with defining set

T, = {s € [0,n]|wy(s) < u}.
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Note that binary GRM codes are usually called RM codes.
More generally, a GRM code defined on a prime field of order
p is called a p-ary RM code.

The extended BCH code of length qm/ over k and of
designed distance d is the extended cyclic code in A with
defining set

U {qusw‘wqm'—ls}

s€[0,d—1]

where d is the smallest element of its cyclotomic coset (of
g modulo n) and the multiplication is calculated modulo n.
When m' = 1, the definitions of GRM and BCH codes are
equivalent, defining the extended Reed—Solomon (RS) codes
of length g over k.

B. Permutation Groups

Let us denote by 8y, the kth power of the Frobenius mapping
on G—i.e., the map g — gpk. Recall that codes have symbols
from k, a finite ficld of order ¢ = p”, r dividing m. Therefore,
they are invariant under §.. From now on the field G of
order g™ will be always identified with the field F,~, where
m = rm/. Let K be the subfield of G of order p¢. In this
subsection, we give the definitions of the permutation groups
which will appear in the paper. We also recall and explain
general results mainly due to Kasami ef al. and Delsarte. At
the end we present the recent results of Berger [7], [8].

1) Definitions: We denote by Sym (p™) the symmetric
group acting on Gj it is the set of permutations of the field G.
Let 0 € Sym (p™). Then o acts as follows on the elements
of A

o: Z‘ngg — ngX”(g). €Y

geq@ geG

Whenever ¢(0) = 0, the permutation acts on G* and then on
codewords of M.

o Z zg(g) — Z zg(o(g)). )

geG* geG*

Definition 4: Let C be a code of M and let C its extension
in A. A permutation of C is an element of Sym (p™) which
leave 0 invariant and sends C into itself. A permutation of C
is an element of Sym (p™) which send C into itself.

The permutations group of a given code is the set of
its permutations. For binary codes this group equals the
automorphism group of the code (see the classical definition
in [28, p. 238)).

We denote by Per(C) (resp., by Per (6’)) the permutation
group of C (resp., of C).

Remark 1: Clearly the permutation group of C is the sub-
group of the permutation group of C which leaves zero invari-
ant. Indeed, the coefficient x is the parity-check symbol

Ty + ngzo.

geG~

Any permutation of G* leaves the position ‘‘0’” invariant.
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It is well known that each element o of Sym (p™) admits a
unique polynomial representation; that is,

fo(X) = Y olg) (1= (X = gp" ), fo(X) € GIX]

(6)

which is computed modulo X?™ — X (see [25, ch. 7]). We
say that f, is the associated polynomial of o; f, is an
invertible element of G[X]/(X?" — X), considered as a ring
for composition of polynomials. From Hermite’s criterion, we
know that, for any s € [1,p™ — 2], the reduction of (f,(X))*
modulo X?” — X has degree less than or equal to p™ — 2
[25, Theorem 7.4]. That means

(fU(X))S mOprm—XI(f,,(X))S mOprm_l__l'

Then we have a general theorem a proof of which can be
found in [6].

Theorem I: Let C be a cyclic code with defining set 7.
Let o € Sym (p™) such that ¢(0) = 0 and let f,(X) be its
associated polynomial.

Then o € Per (C) if and only if for all s in T the polynomial

J+(X)*® has all its exponents in T—where f,(X)* is computed
modulo X?"~1 — 1.

This theorem is a special case of [26, Theorem 3.1.3] which
applies to any cyclic code, primitive or not. It provides a
general method for the study of permutation groups of cyclic
codes. However it is difficult to apply this method except for
very special codes [6], [26], [27]. We wish to show that by
the following example, continued in Example 3.

Example 1: Let C be the BCH code of length 26 on
F3, with designed distance d = 4. Its defining set is 7" =
{1,3,9,2,6,18}. Let o € Per(C) and s € T. According to
Theorem 1, getting s = 1, we obtain

fo(X) = a1 X 4+ as X%+ a3 X3 + a6 X% 4+ agX® + ae X8,
If we get s = 2, we obtain for f,(X)? the polynomial

— agang—I—a%_X'2 —alazX?’—}—(a% —a103)X*—aza3X®
+ (J,§X6 —a1a6X7— azagXS—agang—{— (Q%B'— alag)Xw
— aza9 X"+ (ag —aza9) X2 —agag X P +al X '®

— alanglg —llzang20 —a3a18X21 —a6a18X24.

In this polynomial the coefficients of X¢, i ¢ T', must be zero.
We then have to solve a system of equations and we can do
that in reality because there are few variables. We can prove
that Per (C) is 'L (1,3%), but it is clear to us that our method
has no application in general use.

Definition 5: We denote by K the subfield of G of order
p°. Then G can be considered as a vector-space of dimension
me over K (where m.e = m). For any K we can define the
following subgroups of Sym(p™):

i) The linear group of G on K:

me—1

GL (me,p) = {olf-(X) = Y fiX*"}.
=0
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ii) The affine group AGL (m.,p®) is

me—1

{olfo(X) = Y fix™ L hbeG).

i=0
iii) The semi-linear group T'L (m., p®) is
{01 fo= (o), o' €GL(me,p"), 0 <e}.
iv) The semi-affine group AT'L (m.,p°) is
{o|fs= (f,,/)”j, o’ € AGL (m,,p%), 0 < j <e}.

Note that T'L (m.,p°) (tesp., AI'L (me.,p°)) is the group
generated by GL (m.,p®) (resp., by AGL (m,,p°®)) and by
the Frobenius mapping 6.

Remark 2: Let K and K’ be two subfields of G, respec-
tively, of order p® and pel. Assume that K’ is a subfield of
K—ie., e = te’. Then we have obviously

GL (me,pe) Cc GL (met7pel)
and
TL (m.,p°) C TL (met,pe/) (7

where m = me.e = mete’. This result holds for the affine
groups as well.

Now we are able to define cyclic codes, extended cyclic
codes, and affine-invariant codes by means of a property. of
their automorphism group:

Definition 6: A code C of length p™ — 1 over F,, where
g divides p™ is cyclic if and only if its permutation group
contains

GL(1,p™) = {olfe(X) = aX, a € G"}.

Let C be the extension of C. Then C is an extended cyclic
code if and only if its permutation group contains GL (1, p™).
It is an affine-invariant code if and only if its permutation
group contains

AGL(1,p")={o | fo(X)=aX +b, a € G*,b e G}.

In this paper, we study the permutation groups of primitive
cyclic codes whose extension is affine-invariant. We will see
in Section II-B3 that for these codes to determine Per (C')
is equivalent to determining Per (6) Among these codes the
most famous are GRM codes and BCH codes. We proved in
[5] that the permutation group of a g-ary RM code of length
g™ is AGL (/,q). We will treat later the p-ary BCH codes.

2) Codes Invariant under the GL and AGL Groups: Let C
be a cyclic code in M such that its extended code is affine-
invariant. In accordance with the operations in the algebra A
and with Definition 6, the code C is an ideal of A. These
special ideals were mainly studied by Charpin [11]-{13],
[15] (see also [2] and [10]). Affine-invariant codes were
characterized by Kasami ef al. in [22]. The authors showed
that an extended cyclic code is affine-invariant if and only if
its defining set satisfies certain combinatorial property. This
property was explained by Charpin in terms of a partial order
[14]. We recall briefly her presentation.
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Definition 7: Let S = [0,p™ — 1]. The p-ary expansion of
s € 5is

m—1
> s, s €[0,p—1).
ar

We denote by < the partial order relation on S defined as
follows:

Vs,t € S8Rt s, <t,i€[0,m—1].

Then we can define the poset (5, <).

When s < ¢, s is said to be a descendant of ¢t and ¢ to be
an ascendant of s. We can define a maximal (resp., minimal)
element of a subset of S, with respect to <. Two elements, s
and ¢, are not related when s £ ¢t and ¢ £ s. An antichain of
(S, <) is a set of nonrelated elements of S.

Let us define the map

A:IcS— A ={ses s=<t}=]adt).
tel tel
3

In the following, A({t}) will be simply denoted by A(t).
Theorem 2: Let C be an extended cyclic code, with defin-
ing set T. Then, C is affine-invariant if and only if A(T') = 7.
Let T C S. The border of T is the antichain F of (S, <)
consisting of the minimal elements of the set S \ 7. That is
equivalent to

F={seS\T|Als)\{s} c T}. ©)

Let C be an extended cyclic code with defining set 7". For
simplification, we will often say the border of the code C
instead of the border of T'. Many extended cyclic codes have
the same border. However, one and only one affine-invariant
code corresponds to a given antichain. We give a sketch of
the proofs of the following theorem and proposition in order
to clarify the use of antichains later.

Theorem 3: There is a one-to-one correspondance between
antichains of (S, <) and affine-invariant codes of length p™.
Each antichain is the border of one and only one affine-
invariant code.

Proof: Let F' be an antichain of (S, <) and define the
following subset of S:

T=25\ U{s€5|f<s}.

fer

Then the extended cyclic code with defining set 7" is the only
affine-invariant code whose border is F. 0
Proposition 1: Let C be an affine-invariant code with defin-
ing set 7" and border F'. Then we have the following properties:
i) Let M be the set of maximal elements of T' (with respect
to <). Then the set n — M, n = p™ — 1, is the border
of the dual of C.
ii) The BCH bound of C is the smallest element of F.

In the following we will say that M is the maximal set of C.
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-Proof: The defining set of the dual of C is the set of the
elements n — s, where s is not in T’; 1) is immediately deduced.
The BCH bound of C is the cardinality of the largest interval
contained in 7. Let § be the smallest element of F. By
definition the interval [0, §] is contained in 7. Suppose now
that there is an interval [s,t] in T containing more than §
elements; clearly 6 < s. Considering the p-ary expansions of
6 and s, we cannot have é < s. So there is a 7 > 0 such that

S]'<5j and 5i§8if0ri>j.
Set
7 m _
s’ = z bip* + Z sip*.
i=0 i=j+1

By construction, s’ is an ascendant of §. Moreover, s’ is in
[s,t], because

J
§—s< Zéipi
—

which is less than or equal to 6. Since § € T and A(T) = T we
cannot have § < u for w in T'; so we have here a contradiction,
completing the proof of ii). , O

We have seen that a code C is affine-invariant if and only if
its permutation group contains AGL (1, p™). The following
theorem, due to Delsarte, gives a necessary and sufficient
condition for extended cyclic codes to be invariant under
the group AGL (m/e,p®). Since AGL (1,p™) is contained in
AGL (m/e,p®), for all e dividing m, this result is, in fact,

_a generalization of the result of Kasami ef al., as we remark

later. We begin by noticing a link between the permutation
group and the alphabet field, which clarifies the hypothesis of
the next theorem.

Lemma 1: Let C be an extended g-ary cyclic code with
defining set T, where ¢ = p". Assume that C is invariant
under AGL (m/e,p®), e dividing m. Then r divides e.

Proof: The Frobenius map 6. is contained in AGL
(m/e,p®). In other words, the code C is invariant under
the permutation

Z Tg X9 —s Z :Engpe

geG geG

(see Definition 5). So we have, for any x in C and for any s
in T, ¢spe(x) = 0. Then T is invariant under multiplication
by p® modulo n. Since Cisa g-ary cyclic code, g divides p°®,
completing the proof. O

The following theorem is due to Delsarte [17, Theorems 5
and 6]. We give it with our notation and in terms of partial
order. For any divisor e of m we obtain a poset (S, <. ), which
becomes the poset (S, <) when e = m.

Theorem 4: Let C be an extended g-ary cyclic code in A,
which is affine-invariant. Let e be a divisor of m such that ¢
divides p°. Then Per (C) contains AGL (m/e, p?) if and only
if the defining set T of C satisfies (D,).

(D.):se€T and t<K.,s=t€eT
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where <, is the partial order

wpe (P¥t) < Wpe (p*s), ke[0,e—1] (10)

—the multiplication in S is calculated modulo 7.

Remark 3: For e = m, we have w,~(s) = s, for any s in
S. Then the condition (10) becomes: p*t < p*s, for all k in
[0,m —1]. Obviously, it is equivalent to ¢ < s. We then obtain
the condition of Kasami er al. for extended cyclic codes to be
invariant under AGL (1,p™) (see Theorem 2).

Remark 4 (17]: A corollary of Theorem 4 is the charac-
terization the codes of A invariant under AGL (m, p). In this
case, 7' is invariant under multiplication by p and the condition
(10) becomes: w,(t) < wpy(s). Thus there is an element
p of [1,m(p — 1)] such that the defining set 7' is the set
{s|wp(s) < p}, which is the defining set of the p-ary RM
code of order m(p — 1) — p. Then a nontrivial extended cyclic
code of A which is invariant under AGL (m, p) is a p-ary RM
code.

Example 2: Notation is that of Theorem 4. It is not dif-
ficult to construct an extended cyclic code invariant under
AGL (m/e, p®). The most evident construction is the follow-
ing:

» Choose A € [1,m(p® — 1)/e].

» Consider the code whose defining set is

T = {s| sup {wye(p*s) | k € [0,e — 1} < A}

Obviously, T satisfies (D.). Note that such a defining set
is invariant under the multiplication by p modulo p™ — 1 (see
Proposition 3). It defines a p-ary code.

3) Recent Results of Berger: Recall that the alternating
group, denoted by Alt(p™), is the subgroup of Sym (p™),
composed of even permutations. By definition, a permutation
group G of an affine-invariant code is a subgroup of the full
symmetric group Sym (p™) which contains the affine group
AGL (1,p™). These groups were recently classified by Berger
[7], [8]. Using his results we can be more precise about the
form of these groups, as we show with the following theorem.

Theorem 5: Let G be a permutation group of G. Suppose
that m > 2. If G contains the affine group AGL (1,p™) as a
subgroup, then one of the following assertions holds.

) G = Sym(p™).

i) p=2and G = Alt(2™).

iii) There exists a divisor e of m such that

AGL (m/e,p®) C G C AT'L (m/e, p°).

Proof: This theorem is the direct consequence of two
results. The first one is due to Berger. He proved in [7] that,
with the hypothesis of the theorem, either G is a subgroup of
AGL (m, p), or there are two possibilities:

« if p is odd then G = Sym (p™);

* if p = 2 then either G = Sym (2™) or G = Alt(2™).

Suppose that G is a subgroup of AGL (m, p), and let Gy be
the stabilizer of 0 in G. Then Gy is a subgroup of the linear
group GL (m,p) and contains the Singer cycle GL (1,p™)
(i.e., a cycle of length p™ — 1). But Kantor proved in [21] the
following result: if Gy is a subgroup of GL (m, p) containing
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a Singer cycle, then there exists a divisor e of m such that
GL (m/e,p) is a normal subgroup of Gy.

We remark that the normalizer of the linear group
GL (m/e,p®) in Sym(p™) is the semi-linear group I'L
(m/e;p®), ie., TL(m/e,p®) is the maximal subgroup of
Sym (p™) containing GL (m/e,p®) as a normal subgroup.
This implies

GL (m/e,p®) C Go C TL (m/e,p°)

and

(o]

ompletes the proof. O

It is clear that Theorem 5 involves strong results on the
permutation group of affine-invariant codes. We have mainly
the following corollary:

Corollary 1: Let C be a nontrivial primitive cyclic code
such that its extended code C is affine-invariant. Then there
exists a divisor e of m such that

i) GL (m/e,p®) C Per(C) C T'L(m/e, p®)

ii) AGL (m/e,p?) C Per(C) C ATL (m/e,p).

Proof: From Remark 1, the permutation group Per (C)
is the subgroup of Per (6’) which leaves 0 invariant. Then ii)
implies 1).

In {23, sec. 4], Knapp and Schmidt proved that the only
codes whose permutation group contains the alternating group
are the repetition codes and their duals. So if Per (C) is the
symmetric group or the alternating group then C is trivial. O

Suppose that C is affine-invariant and let e be the di-
visor of m defined by the theorem above. The quotient
of AT'L (m/e,p?) by AGL (m/e,p®) is isomorphic to the
automorphism group of the field of order p°; that is, a
cyclic group of order e generated by the Frobenius mapping.
Therefore, the quotient of Per (C) by AGL (m/e,p®) is a
subgroup of this group; note that this quotient is clearly
isomorphic to the quotient of Per (C') by GL (m/e, p°®). For the
determination of this subgroup, it is sufficient to find the least
integer £ such that 4, leaves C invariant. This integer £ must
be a divisor of e. So we have proved that Per (C) (and then
Per (C)) is characterized as soon as e and £ are determined.
Note that when the alphabet field is F,, then £ = 1 and we
only need to determine e. This can be summarized as follows:

Corollary 2: Let C be a nontrivial affine-invariant code of
A and let e be the divisor of m such that

AGL (m/e,p®) C Per (C) C ATL (m/e, p°).

Let £ be the least divisor of m such that the defining set of
C is invariant under multiplication by p¢ modulo n. The per-
mutation group Per (C') is then generated by AGL (m/e,p®)
and by 4,.

Example 3: Following Example 1, we consider again the
BCH code of length 3% — 1 and designed distance 4 over Fj.
This code is denoted by C; let T be its defining set. We want
to determine Per (C). In accordance with the corollary above
it is sufficient to know the value of ¢ and e.

As C is a ternary code, £ = 1. MoreoAver, m, is here a
prime, implying ¢ € {1,3}. If ¢ = 1 then C is a ternary RM
code. We know it is not true because, for instance, 4 € 7" and
2 € T have both the same 3-weight. So e = 3, proving that

o~

Per (C') = I'L (1,27) and Per (C)) = AI'L(1,27).
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At the end of this section, we have formally characterized
the permutation group of any affine-invariant code. In the next
section we want to develop some tools which allow us to
determine effectively the group for a given code or for some
infinite classes of codes. It is important to notice that the
group of the cyclic code and the group of its extension are
immediately deduced one from the other. According to the
context we will determine one or the other group. -

III. PERMUTATION GROUPS OF AFFINE-INVARIANT CODES

Notation is that of Section II. A cyclic code is a code in
M and its extension a code in A. The parameters will be
specified only when it needs to be done. For a large number
of affine-invariant p-ary codes (and for some g-ary codes),
the permutation group is completely determined by applying
Theorem 5 and its corollaries; it is actually either the smallest
group AGL. (1,p™), which is AT'L (1, p™) for the p-ary codes,
or the largest group AGL (m, p) (see Definition 6). This result
is explained in the following theorem.

Theorem 6: Recall that ¢ = p”, r dividing m, and n =
p™ — 1. Let C be a g-ary cyclic code, whose extension 6
is an affine-invariant code. Assuming that C (resp., C) is not
trivial, we have:

i) If r = 1 and m is a prime, m > 1, then either Cisa

p-ary RM code or Per (C) is AT'L (1,p™) (resp., Per (C)
is TL(1,p™)). In the first case, Per (C) is AGL (m,p)
(resp., Per (C) is GL (m,p)).

ii) Suppose that ¢ = p™, m > 1. Then Per(O) is
AGL (1,p™) (resp., Per (C) is GL (1, p™)), which is the
permutation group of the extended Reed—Solomon code.

Proof: Notation is that of Corollary 1. In both cases, the
value of e is obviously deduced from the hypothesis. As Cis
affine-invariant, its permutation group contains AGL (1, p™).
Note that AT'L (m/e, p®) equals AGL (m/e,p®) when e = 1.

i) Since m is a prime, a divisor e of m is either 1 or m.
When e = 1, the group of C is AGL (m, p); the only p-
ary codes which have this group as a permutation group
are the nontrivial p-ary RM codes (cf. Remark 4). If
e = m then the group of C is exactly ATL(1,p™),
becauseAé is a p-ary code.

il) Since C is a p™-ary code, it cannot be a pt-ary code,

£ < m. So m divides e. That means ¢ = m and
Per (C') = AGL(1,p™). Then any such code has the
same group as the extended RS code [19]. O

We deduce immediately the automorphism group of a large
class of binary affine-invariant codes.

Corollary 3: Let m be a prime. Let C be a binary affine-
invariant code of length 2™. Suppose that C is neither trivial
nor an RM code. Then the automorphism group of C (resp.,
of C) is ATL (1,2™) (resp., 'L (1,2™)).

Remark 5: Part i) of Theorem 6 can be generalized as
follows: if m = rm/, where m/ is a prime, and if C is a p-ary
code then the permutation group of C'is either AGL (m/,p") or
the group generated by AGL (1,p™) and 6,.. Indeed, suppose
that C' is invariant under AGL (1m/e,p®). One must have
r|e|m. As m’ is a prime, e is either 7 or m. However, this
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more general result does not give precisely the permutation
group. We need to verify whether e can be r or not.
Example 4 : Let C be the code of len/gth 26 over Fys with
defining set T = {0,1,4,5}. Clearly, C is a 2%-ary affine-
invariant code. From Theorem 6, Per(C) is AGL (1,25).
Difficulties appear for codes invariant under 63 or f3. For
instance, we now let 7' = {0,1,8,9}. So C is affine-
invariant and it is a 23- -ary code—i.e., T is invariant under the
multiplication by 8 or C is invariant under f3. The permutation

group of C could contain AGL (2,2%). But we have
we(2) =2, ws(4) =4, ws(8) =1

and wg(2¥9) =251 0<k <2

proving that 2 <3 9 with 9 € T" and 2 ¢ T. Hence T' does
not satisfy the condition (D3) (see Theorem 4). So the group
Per (C) is generated by AGL (1,2°) and 6s.

From now on we will restrict our study to the codes which
are not covered by the theorem above. There are a variety of
situations, depending of the number of divisors of m and of the
alphabet field. Considering together Theorem 4 and Corollary
2, it appears that the condition of Delsarte could be the best
way for the compution of the groups. So we begin by an
extensive study of this condition.

A. An Extensive Study of Delsarte’s Condition

Let C be a cyclic code and C the extended code. Recall
that code symbols are from the field of order q, ¢ = p".
However, such a code can be a p‘-ary code, with £ < 7. In
other words, C can be invariant under 6, £ < r. We generally
suppose that C is affine-invariant and we want to characterize
its permutation group. As we claimed in Section II, Per (C) is
obviously deduced from Per(C) So we want to determine £
and a divisor e of m such that C satisfies ii) of Corollary 1.
Note that we have implicitly: £|r|m and £|e|m.

In Section II-B2, we defined the border of any affine-
invariant code C. It is an antichain of the poset (S, <). We
will represent C by its border and deduce a simplification
of the condition of Delsarte—i.e., a corollary of Theorem 4.
Moreover, the parameter £ is a parameter of the border of C,
as we prove now.

Proposition 2: Let C be an affine-invariant code, with
border F. Then C is 1nvar1ant under #, if and only if

p*F = F. Therefore, Cisa pt-ary code if and only if ¢
is the smallest integer such that ptF' = F.

Proof: Let T be the defining set of CandsetT' = S \T.
Recall that F is the set of minimal elements of 7", with respect
to <. Let u € [1,m — 1]; by definition, s < ¢ if and only
if p*s < p“t. We want to prove that 7' is invariant under
multiplication by p* if and only if F' is.

Suppose that T is invariant under multiplication by p*, then
T satisfies this property too. Hence for any minimal element
s of T, p“s is also a minimal element of T’. That means that
F is a union of cyclotomic cosets of p*.

Conversely, assume that F' is such a union. Then the set of
ascendants of p*s, s € F, is the set of elements p“t where ¢
is an ascendant of s. So T” is a union of cyclotomic cosets of
p*, proving that 1" is such a union. O
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Corollary 4: Let C be an affine-invariant code, with defin-
ing set T" and border F'. Let M be the set of maximal elements
of T', with respect to <—i.e., the maximal set of 7".Then C is
invariant under AGL (m/e, p¢) if and only if it satisfies (F.).

(F.): forall f € F there is no 5 in M such that f <. §
where the relation < is the partial order defined by (10) in
Theorem 4.

Proof: We must prove that the condition (F.) is equiv-
alent to the condition (D, ) of Theorem 4. Note that M is a
subset of T'.

Assume that C satisfies (D.). Let f € F' and suppose that
there exists 3 € M such that f <. 3. From (D.), that means
f € T, a contradiction.

Conversely, assume that C satisfies (F.). Let s € T and let
t such that ¢ <, s. In order to prove that (D.) is satisfied,
we must prove that ¢ € T. Suppose that ¢ ¢ T'. By definition
of the border, there is f in F such that f < ¢. Clearly, f < ¢
implies wye (p*f) < wye (p*t), for any k. So f K. ¢. On the
other hand, there exists 5 € M such that s < §, which yields
8§ €. 5. Finally, we have

et K8k, 3

which contradicts (F,). Therefore, t € T O

Remark 6: The condition (F.) is of most interest for the
computation of the group of a given code. Indeed, it needs
less operations than the condition (D.), especially when the
code satisfies (D.). When the code does not satisfy (D.),
the negative answer is quickly obtained (as our tests proved).
The border and the maximal set are first computed and they
are used for testing any divisor e of m. Moreover, in some
situations, it is possible to prove a general result by means of
Corollary 4, as the following examples show.

The use of Corollary 4 necessitates handling p®-weights in
diverse situations. The following property, given by Delsarte
in [17], yields many simplifications.

Proposition 3: Let v = p°, e dividing m. For A € [0,v—1]

and 7 € [0,e — 1], let us define
i1 [Ap* modulov — 1, ifA<v—1
[)\p]_{v—l, ifA=v—-1.

If

mje—1

3 500
S]’U
i=0

is the v-ary expansion of s, we have

m/fe—1

> [s9]:
=0
Note that w,(vs) = w,(s), so that

{wo(p’s)]i € [0,e — 1]} = {w,(p'(ps))]i € [0,e — 1]}
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Example 5 : Let C be the binary BCH code of length 63
and designed distance 7. Denote by T' the defining set of the
extended code C. We have

T = {0} ucl(1)Ucl(3)Ucl(5)

where ¢l (3) is the cyclotomic coset of 2 modulo 63 containing
i. As T does not contain cl(9), C is not an RM code. So
its permutation group is strictly contained in AGL (6,2). The
border of C is

F=cl(T)Ucl(9)Ucl(21).

The maximal set of 7" is the union of ¢l (3) and cl(5). It is
easy to prove that 7" satisfies (F3). Indeed, for 5 =3 or 5

{wys (2%5)|k € [0,2]} = {3,5,6}

while wys(7) = 7, wys(22.9) = 8, and wsa(21) = 7. So it
is impossible to have f <3 §, for some f € F. Hence, the
automorphism group of C is ATL (2,23); the automorphism
group of C is TL(2,2%).

Example 6 : In this example, m is even and m > 6. We
denote by C,, the binary BCH code of length 2™ - 1 and
designed distance d = 2™~ 2 l Let T}, be the deﬁmng set
of the extended code Cp,

(m—2)/2
> o
i=0
By definition, the border of T}, contains cl (d); moreover, it is
easy to check that it contains ¢l (A). The maximal set of T}, is

m—3

lJ ei(d-29).

=0

My, =

By using (F3), we want to determine if such a code is
invariant under AT'L (m/2,22). Denote by W(s) the set
{wa(s),was(2s)}. We have

wia)= {2722 woy = fmyzm)

and for any s € cl(d — 2¢),i € [0,m — 3]

Wi(s) = {3(m2_ D g 3m=9) 2}.

2

Note that W(s) = W(2s) (see Proposition 3). Suppose that
T, satisfies (Fy). Then it is impossible to have A <3 s, for
some s € M,,. Since m/2 < 3(m —4)/2+ 1, for all m > 5,
that yields 3(m — 4)/2 4+ 2 < m (i.e., m < 8). Therefore, Cnm
is not invariant under ATL (m/2,22), for any m > 8.

Consider now the code Cs: d = 15, A = 21, W(d) = {6},
W(X) = {3,6}, and, for any s € Mp,, W(s) = {4,5}. The
border of Ty is the union of cl(15), cl(21), and ¢1(27), where
W(27) = {6}. It is easy to see that any element f of the
border satisfies : sup W{(f) > 6. On the other hand, any
element s of My satisfies: sup W(s) < 5. Hence 1§ satlsﬁes
(F3), proving that C is invariant under ATL (3, 22). As Cs
is not an RM code, the automorphism group of C'G is exactly
AT'L(3,2?). Indeed, Aut(Cg) is smaller than AGL (6,2) and
then cannot contain ATL (2,23). The automorphism group of
Ce is TL(3,22).
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Example 7: In this example, codes are self-dual, affine-
invariant, and of length 64 over F4. Note that self-duality is
here defined by using the standard inner product:

<z,y>= ngyg.
geG

The border is denoted by F' and the maximal set by M. We
denote by ¢ (s) the cyclotomic coset of 4 modulo 63 containing
s. Set u(s) = (wy(s),wq(25)); note that u(s) = wu(t) for
any t € c(s). There are at most nine nonequivalent self-dual
affine-invariant codes of length 64 over GF (4). This result was
obtained by determining any antichain, which can be a border
of such a code [16]. Among the nine codes there is a GRM
code, whose permutation group is known to be AGL (3,22).
All codes are 2%-ary codes, implying that the only divisors
of 6 we must take in account are 2 and 6. So there are two
possibilities: either the permutation group is those of the GRM
code or it is generated by AGL (1, 2%) and 65, the 2th power of
the Frobenius mapping. We claim that there is only one code,
different from the GRM code, which has the same permutation
group as the GRM code. Moreover, we strongly conjecture that
this code is not equivalent to the GRM code.

The nine borders are given in [16]; they contain few
elements and these elements appear in several borders. So it
is easy to write the binary expansion of all elements of the
nine borders. Since codes are self-dual, the maximal set is
obviously deduced from the border. That is, M is the coset
of 63 — f, f € F'. For instance, there is the border c(10),
providing M = c(53). The binary expansions we need are

10 = (010100) and 53 = (101011).

We then compute u(10) = (4,2) and w(53) = (5, 7), proving
10 <5 53. Hence, from Corollary 4, the code whose border is
¢ (10) cannot be invariant under AGL (3, 22). We obtain this
result for six other codes. Only the GRM code and the code
with border

F=c(11)Uc(14)Uc(21)Uc(26)

remain. We write below the u(s) appearing in F and in M.

F: ow(ll) = (5,4) u(14) = (5,4)

u(21) = (3,6) u(26) = (5,4)
M: u(52) = (4,5) u(49) = (4,5)

u(42) = (6,3) u(37) = (4,5).

We can check immediately that for all f € F there is no
s € M such that f <, s. From Corollary 4, this code is
invariant under AGL (3,22%).

Another extension of the result of Delsarte is the construc-
tion of codes invariant under AGL (m/r,p"), for a given
r dividing m. We have given in Example 2 an obvious
construction of such p-ary codes (see also Section II-C2).
In fact, there is a more general way which is immediate when
the relation of Delsarte is viewed as a partial order.
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Proposition 4: Assume that m has a nontrivial divisor r
and consider the poset (S, <,.). Let M (r) be an antichain of
this poset and set

T= U {s € 8|s <, t}.
teM(r)

Then ¢7" = T, ¢ = p",, and the extended cyclic code on F,
whose defining set is T is invariant under AGL (m/r, q).
Proof: As wq(s) = wq(gs), s <, t implies ¢gs <, t,
proving ¢T" = T. Moreover, T satisfies (D,.) by definition; so
its permutation group contains AGL (m/r, q). O
Example 8: Consider codes of length 22* over F4. The
notation ¢ (s) and u(s) is that of Example 7. We get

T ={s € S|s <5 10}.

Since u(10) = (4,2), the value of u(s), s € 7', can only
be one of the following: (0,0), (1,2), (2,1), (4,2). We have
w(5) = (2,4), proving that 5 ¢ T' (while 10 € T). Hence the
code C with defining set 7" is a 22-ary code. This property im-
plies that its permutation group cannot contain AGL (m/e, 2¢)
for e odd. From the proposition above, C is invariant under
AGL (k, 2%) and this group contains AGL (m/e,2°) for any
e even. We can conclude that the permutation group of C is
exactly AGL (k,22). Note that C is not a 22-ary RM code.
Indeed, w4(10) = 4 and wy(5) =2, with 10 € T and 5 ¢ T.

B. An Equivalent Condition

In this section, we propose a new condition for a code of
M, whose extended code is affine-invariant, to be invariant
under GL (m/e, p®). It is a necessary and sufficient condition.
and then it is equivalent to that of Delsarte. However, our

“proof does not use Theorem 4. Theorem 7 can be viewed as a

corollary of Theorem 5. As it will be shown through examples,
this condition is a very efficient tool for the determination
of the permutation group. For instance, it will allow us to
determine the group of the p-ary BCH codes (in Section IV).

Let e be a divisor of m and let o be a permutation which is
in AGL (m/e, p®) and not in ATL (m/¥, p*), for any £ strictly
greater than e and e | £ | m. Denote by G the permutation
group generated by the affine group AGL (1,p™) and by o.
In accordance with Theorem 5, G is exactly AGL (m/e,p®).
From now on o will be the permutation og with associated
polynomial

fo(X) =X - pX¥" e G

(for simplification we denote it fg instead of f,,). Note that
fs cannot be in ATL (m/£, p*), for any ¢ strictly greater than
e (see Definition 5).

Lemma 2: Denote by N(3) the norm of 8 over Fp.. The
polynomial f3(X) is a permutation polynomial if and only if
N(B) # L.

Proof: Let v = p°®, m, = m/e, and

me—1

Q=" -1/ -1)=(@™ -1)/(v-1)= Y p
=0

By definition, the norm of 3 is 8% [25, p. 57]. Since fa is
a linearized polynomial, it is a permutation polynomial if and
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only if its kernel is {0}. That is equivalent to saying that there
is no g, different from zero, such that 3¢°~! = 1.

Recall that a denotes a primitive root of G. It is clear that
the o/(*~1) j € [1,Q)], are the roots of the equation X? — 1.
Moreover, the inverse of /(=1 js o= k= Q — j. So
(9 equals 1 if and only if the inverse of 3 is ¢?~, for some

g, providing Sg*~! = 1. O
Throughout the section, the notation is as we defined above:
€, v, Qa ﬂ 3 f B

Lemma 3: Let C be an affine-invariant code with defining
set 7. For any s € T and for any j € T, there exists at least
one A, 0 < A < v —1, such that § + AQ@ is not a descendant
of s, with respect to < (j + AQ is calculated modulo p™ — 1).

Proof: Recall that n = p™ — 1. We get s and j in T.

We want to study the set
T(H={j+AQmodn |0< A <v—1}

Suppose that j = j' + ¢@, with j* < Q. Obviously, T'(j) =
T(4"). So without loss of generality, we can choose j < Q.
With this hypothesis, the elements 7 + AQ are less than n. As
the multiplication is calculated modulo n, to choose j < @
makes easier the manipulation of elements j 4+ AQ. From now
on, in this proof, ¢; denotes the kth symbol of the p-ary
expansion of any ¢ in [0,n].

3

t= > tp*, t,c[0,p-1].

0

We will say that T'(5) satisfies H(s) if and only if

S
Il

JH+AQ < s, forevery A, 0<A<wv-—1.

Suppose that T'(j) satisfies H(s). Consider A = (p — 1 —
Je)pt, for any £ € [0,e — 1]. Since j + A\Q < n, we are sure
that (7 +AQ), = p—1. As T(j) satisfies H(s), s, = p—1 and
this equality holds for any £ € [0,e — 1]. Now, by definition
of <, 7+ AQ < s implies v*(j + AQ) < v's, for any 4 and
for any A. Note that vAQ = AQ (mod p™ — 1), since for any
A € [0,v — 1] we have

me—1

AQ= D" Mt
1=0

Hence T(v'j) satisfies H(v's), for any 3. Using the method
above, we can prove that (v's)y = p — 1, for any £ €
[0,e — 1] and any ¢ € [1,m. — 1]. But (v's); = sg, with
k = (me — i)e + £. Finally, we obtain that all coefficients of
the p-ary expansion of s are equal to p— 1, proving that s = n.
An affine-invariant code whose defining set contains n is the
null-vector, a contradiction completing the proof. O
Theorem 7: Let C be a nontrivial cyclic code whose ex-
tended code C is affine-invariant. We denote by T the defining
set of C and by e a divisor of m. Then C (resp., (7) is invariant
under the action of GL (mn /e, p°®) (resp., AGL (m/e, p?)) if and
only if the following condition is satisfied:
Vsel,j<s=>s+j(p°—1)eT (1D

where s + j(p® — 1) is calculated modulo n (n = p™ — 1).
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Proof: The code C is a code of M (Definition 1), and
then ¢ divides p® (see Lemma 1). In order to prove the theorem
we will simply apply Theorem 1 to the permutation polynomial
fs. As we said at the beginning of this section, the code C
is invariant under AGL (m/e, p®) if and only if it is invariant
under the permutation o4, for some 3 whose norm is 1; in other
words, if and only if for all s in 7', the polynomial (fg(X))*,
evaluated modulo X™ — 1, has all its exponents in 7.

Suppose first that (11) is satisfied. By writing (fz(X))?, for

any s in T'
any m L

(X -px) =% (j ) (1Y B X" (mod X" — 1)

J=s

-3 <€>(_1)1 3 X o+iw=1) (mod m)

j=<s J
we check immediately that fs is associated with a permutation
of C. Recall that the binomial coefficient of s and 7 is not zero
(modulo p) if and only if § < s.

We suppose now that C is invariant under AGL (me,p%);
i.e., fg is associated with a permutation of C, for any (3 whose
norm is not 1. Let s € T and 5 < s. We want to prove that
s+ j(v—1)is in T and then we consider the exponents of
(f8(X))*® above. Suppose there is a j' such that

s+j3(v—1)=s+j(v—1)modn.

Obviously, that means 7' = jmod ). Hence the coefficient
of X+i(v=1) where the exponent is calculated modulo 7, in

(fo(X))" is

v—2
Ap . = 2 1y HQgi+iQ
If this coefficient is not 0 we are sure that s + j(v — 1) is in
T, and that is independent of the choice of 8. It is sufficient
to exhibit at least one [ such that Ag ; is not 0. Suppose that

for every 3, A ; is 0. Consider the following polynomial:

v—2 s (0 i
P(X) ; (J.H_Q)( 19X,
Clearly, As; = (—B)IP(89). But the set of the 39 (the
norms of the element J) consists of elements of the field 7,
except 0 and 1. With our hypothesis, all these elements must
be roots of P(X). Since the degree of P{X) is v—2, we have
here all the roots of P(X). The polynomial

v—2
PX) = (X = D)X - 1) = Y X
=0

has the same roots and the same degree as P(X). Then P(X)
is equal to P'(X), up to a scalar multiple. In particular, all
coefficients of P(X) are different from 0, implying

j+1iQ < s,i € [0,v—2).

This result contradicts Lemma 3, completing the proof. O

As a corollary of Theorem 7, we can give the form of the
BCH bound of any affine-invariant code whose permutation
group contains AGL (m/e, p®). This result is very powerful,
as we will show in Example 9 following the corollary.
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Corollary 5: Let C be an affine-invariant code with defin-
ing set 7" and BCH bound 6. Let e be a divisor of m and

5=3s,
e

If C is invariant under AGL (m/e,p®), then 6,1 < 6;, for
any i. '

Proof: Recall that the BCH bound of C is the smallest
element of its border (see Proposition 1). For any ¢ let the
p-ary expansion of §; be

e—1
=Y b0, bij€
Jj=0

Note that ;11 < 6; means 6,41 ; < §; 5, for all 5. Suppose
that there is an ¢ such that 8; 11 4 é;. Then there is a j such
that 52',]' < 5i+1,j- Set

[pr—]‘]'

s=6 +pei+j _ pe(i+l)+j7 t = pei+j’

and s’ =s+(p° — 1).

As s < 6, s € T. Moreover, we have clearly ¢ < s and
§ =6 (so s’ ¢ T). Hence, T cannot satisfy (11); C cannot be
invariant under AGL (m/e, p®). [

Example 9: Consider an affine-invariant code C of length
230 over F,, with BCH bound § = 2937. The 2-ary expansion
of & is

(1001111011010...0).

Suppose that Cisa 4-ary code. So C could be invariant under
AGL (m/e,p®), for e € {2,6,10} because e must be an even
divisor of m. With the notation of Corollary 5, it is clear that
b1 £ bg, in all cases. Indeed, by identifying é; to its 2-ary
expansion, we have:

*« Fore = 2,8y = 10 and 4; = 01.

e For e = 6, 6o = 100111 and 6; = 101101.

» For e = 10, 6o = 1001111011 and é; = 010...0.

So the automorphism group of C is generated by
AGL(1,2%%) and 6,.

C. Some Examples

1) Codes with Defining Det {cl(1),cl(1 + p*)}: As an
example of application of Theorem 7, we will study the codes
C,, of length p™ — 1, whose defining set is

Ty =cl(1)Ucl(l+p*)

(cl(y) is the orbit of j under multiplication by p). Clearly,
the extension of such a code is an affine-invariant code. Since
Tr—x = T, we assume A is in [1, m/2]. By definition, C) is a
p-ary code. So the integer £ of Corollary 2 is here equals to 1.

Lemma 4: let ¢ and j be nonnegative integers such that
0 <1< j < m. Then

PP eTy < {j—i=X or j—i=m—A}
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Proof: Obviously, p* + p/ is in Ty if and only if p* + p
is in cl(1 + p*). In other words, p* + p’ is in Ty if and only
if there is A’ in [0, m — 1] such that

AN (mod m)

p+p =p" +p
So either ¢ = X, providing j = A + 4, or j = X, providing
Tt=A+7—m. |

Proposition 5: Assume A < m/2. The permutation group
of Oy is the semi-linear group I'L (1,p™), except for the
following cases:

1) p =2, meven and A = m/2. The permutation group

is TL (2 2m/2),

2) p=2,m = 0mod3, and A = m/3. The permutation

group is 'L (3, 2’”/3)

3) m = Omod4 and A = m/4. The permutation group is

TL(2,p™/?).

These properties hold for the extended codes c \» by replac-
ing 'L by ATL. When parameters are those of 1), the dual
of 5,\ is the extension of the BCH code of designed distance
gm=1 _ 9(m=2)/2 _ 1 When p = 2 the permutation group is
actually the automorphism group.

Proof: Let e be any divisor of m. We get e < m/2,
because we know that C is invariant under GL (1,p™).
We want to verify if a code C) may be invariant under
GL (m/e,p)—i.e., if Ty satisfies (11).

For s in cl(1), 7 < s yields j = 0 or s; in both cases
s+ j(p® — 1) is in Ty. Consider now s = 1+ p*. Let j be
such that § < 1+p* and j & {0, s}. So j = 1 or p*. Suppose
that (11) is satisfied. One must have

1+p)‘+(pe—1) €Ty and 1+p>‘—f—p)‘(pe—1) e Ty.
That means

Dpr+p° €Ty and ii)l+p e eTh.

As A <m/2and e < m/2, A+ e < m; moreover, A\+e < m
when A # e. We are going to examine if i) and ii) may be
satisfied together. There are three cases:

1) Suppose A > e. By applying Lemma 4, i) implies
A—e=Aor A—e = m— A\ which means ¢ = 0
or A = (m + ¢)/2, a contradiction.

2) If A = e, i) means 2p* € T. That is possible only for
p = 2. If p =2, ii) implies 1 + 22* € T and we have:

o If A\=e=m/2, then 1 +2%* = 2mod2™ — 1 and
2 is in cl(1). So in this case, (11) is satisfied and
that is the first exception.

* If 2\ < m, Lemma 4 yields 2A = A or 2\ = m — ),
providing the second exception: p=2and e = A =
m/3.

3) Now suppose A < e. By applying Lemma 4, i) implies
e = 2\ or e = m. Only e = 2) is of interest. Then
ii) becomes 1 + p** € T\. Applying Lemma 4, ii) is
satisfied only for A = m/4. We then obtain the third
exception: A = m/4 and e = m/2.
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Consider the first exception. The dual of C s 18 such that the
elements which are not in its defining set are

2™ — 1, cl(2™7 — 1), and cl (21 — 2(m=D/2 _ ),

So it is easy to see that, in this case, the defining set of 6,\ is
d-1

U c(i),d = 2mt —2m=2/2 _

i=0 :

which is the defining set of the extended BCH code of designed

distance d. O
.2) Special Infinite Classes: We have shown, in Example

2, that one can easily construct a p-ary affine-invariant code

whose permutation group is bigger than ATL (1, p™). We want

to define precisely these codes by means of their border.
Proposition 6: Let C be an affine-invariant code with defin-

ing set T' and border F. Denote by M the maximal set of T

(see Proposition 1). Let e be a divisor of m and set for any

s €S

W(s) = {wye (p*s)|k € [0,e — 1]}.
Then there exists A such that
T={seS|supW(s) <A}

if and only if i) and ii) are satisfied:

i) for any f in F, supW(f) > X\;

i) for any s in M, supW(s) < A\

In this case, c
AT'L (m/e, p®).

Proof: This result is immediately deduced from the def-
inition of M and of F : any element ¢ of T satisfies ¢ < s, for
some s € M; any element u ¢ T satisfies f < u, for some
feF O

We now come back to Example 6, in which an infinite class
C,, of binary BCH codes was studied. We proved that the
automorphism group of Cs is ATL (3,22). Clearly, i) and ii)
are satisfied, with A = 5.

For any m, the maximal set M,, satisfies ii), with A =
3(m — 4)/2 4 2. We claim that Cg is the first element of an
infinite class of binary codes, whose automorphism group is
ATL (m/2,2?). That is, the codes D,,, m even and m > 6,
with defining set

{s € 100,27 | supW(s) < Ao}

where A, is 3(m —4)/2+ 2. Note that Ag = 5. By definition,
D,, is invariant under AT'L (m/2,2?%), so that we need only
prove that D,, is not a binary RM code. It is clear that
d = 2™~2 — 1 is the first element of the border of D,,. Since
wal{d) = m — 2, if D, is an RM code it is the RM code of
order 2. But we have, for instance, y = 2m~1 —2m=3 _ 3
which satisfies

Wi(u) ={3(m—4)/2,3(m - 4)/2+ 3} and wa(p) =m — 3

is a p-ary code, invariant under

proving that the element y is not in the defining set of D,,
while it is in the defining set of the RM code of order 2.

In Example 5, we studied another special binary BCH code.
In this case also i) and ii) are satisfied, with A = 6. Using the
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method above, we can construct an infinite class of binary
codes whose automorphism group contains ATL (2,23%). It
is important to notice that there exist affine-invariant p-ary
codes whose permutation group is bigger than ATL (1, p™) and
which cannot be defined through Proposition 6. Some examples
of such codes appear in Proposition 5.

3) Affine-Invariant Codes which are Principal Ideals of
A: Any ideal I of the algebra A can be represented as a
sum of principal ideals. These principal ideals form a system
of generators of I. Moreover, any such system can be reduced
to a minimal system, whose cardinality is a constant only
depending on I [24]. Affine-invariant codes are ideals of A.
Such a code is a principal ideal if and only if its border contains
one and only one element. It is because the cardinality of
the border is equal to the cardinality of minimal systems of
generators of the code [14]. Consider an affine-invariant code
onk, k=F, and ¢ = p", whose border is {f}. As ¢f = f
the form of f is as follows:

m/r—1

F=Xx>0 ¢, rellg-1]

=0

(12)

It appears that such an affine-invariant code satisfies the
necessary condition of Corollary 5 (Section III-B) to be
invariant under AGL (m/e,p®), for any multiple e of r.
However, we will prove that, for any nontrivial case, this
property is only possible for ¢ = m. From Proposition
2 (Section III-A), a binary affine-invariant code, which is
principal, is trivial; it is because 2f = f means f = 0 or
2™ — 1. When k is a prime field, only extended BCH codes
can be principal [15]. Since we will treat later such BCH codes,
we will assume here that k is an extension ficld; the basis field
isk="Fg ¢g=p" withr > 1

Proposition 7: Let C be an affine-invariant codg on k,
which is a principal ideal of A. We assume that C' is not
trivial. Let £ be the smallest integer such that 6, leaves C
invariant. Then the permutation group of C is generated by
the group AGL (1,p™) and 6.

Proof: We suppose that k = F,, ¢ = p” with » > 1.
When r = 1, the result is given later by Theorem 8; hence
this result holds for £ = 1 and any r. When £ = m the result
comes immediately from Theorem 6. From now on, we assume
that 1 < £ < m. In this proof, an element s € S will be often
identified with its p-ary expansion (sq," -, sm—1). Let {f} be
the border of C and T its defining set. By definition, s is not
in T if and only if f < s. So it is clear that the maximal set
M of T is composed of the following elements:

t(j) = Z (p—-Dp'+(f; —1)p’, where f; > 0.
i€ [0,m—1]
iFEg

Let e be a multiple of ¢ (i.e., p°f = f), different from m, and
v = p°. In order to prove the theorem we only need to prove
that C is not invariant under AGL (1n/e, p¢), for any such e.

We first suppose that p > 2 and that there is a 7 such that
0 < f; < p— 1. Because of the form of f we can choose j in
[0,e — 1] and we know that f; = f;4. (see (12)). Now we let
t =1t(j+e)+p'(p® —1). Then t; = p— 1 for any : different
from j + e and j; moreover, by using the formula above, we
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easily obtain t;4. = fj4e and t; = p— 2. Hence f < ¢ which
means ¢t ¢ T. We have t(j +¢) € T, p/ < t(j + ¢), and
t(j+e)+p'(p°—1) ¢ T. In accordance with Theorem 7, we
can conclude that € is not invariant under AGL (m/e, p®).

Suppose now that f; is either O or p—1, for any ¢. From (12)
and since the code is not trivial, we can choose j € [e, 2e — 1]
such that f; = p—1 and f;_; = 0. By using the formula of
Proposition 3, we have for any % in [0,e — 1]

wv(pkt(])) = (m/e - 1)(” - 1) + [pk(v - pj-e - 1)])

while w, (p* f) = [p*A]-m/e. Now it is easy to check that the
difference w, (p*4(5)) — w,(p* f) is greater than or equal to 0,
for all k. Indeed, we have always this kind of situation

[P*(v-p " =1 =

and
anu

(p—l"'ap_lap_2ap—1"'7p—1)

[P"A) = (X, -+, A Am-1)

where A; is in {0,p — 1}. Since 2 < m/e we are sure that our
differences are greater than or equal to -y, with

i—- 2,0p 17>‘i+1"'

v = 2(p _ 1)pz—1 _ pz — pz _ zpz—l

when i > 0, and v = 2(p— 1)p™ ! — 1 when ¢ = 0 (the place
of 7 is determined by the value of k). So we have proved
that f <. #(4). In accordance with Corollary 4, it yields that
C cannot be invariant under AGL (m/e, p°), completing the
proof. O

IV. THE PERMUTATION GROUP
OF p-ARY PRIMITIVE BCH CODES

The automorphism groups of binary BCH codes, of length
2™ — 1, were previously studied by Lu in his thesis by means
of a slightly different version of Theorem 1 [26]. The author
characterized some BCH codes which have an automorphism
group larger than GL (1,2™). Moreover, he conjectured that
there are no others exceptional BCH codes (see also [27]). In
this section, we prove that this conjecture is true. Moreover,
we determine the permutation groups of BCH codes, extended
or not, when the alphabet field is any prime field.

We will denote by B(d), the extended BCH code of
designed distance d and of length p™ over F,. We are only
considering values of d which are the smallest values (coset
leaders) in their p cyclotomic cosets modulo p™ — 1. The GRM
codes of same length over [, say the p-ary RM codes, are
denoted by R(v,m), where v is the order. We suppose that
m > 1, which means that we do not treat here the RS codes
(see Definition 3). Some, but few, BCH codes are p-ary RM
codes; we enumerate these ex/c\eptions in the following lemma.

Lemma 5: Assume that B(d) is not trivial (le., d &
{1,p™ — 1}). The codes B(d) which are p-ary Reed-Muller
codes are the following:

1) For any p and any m, B(p™~(p—1) = 1) = R(1,m).
2) When p = 2

a) B(3) = R(m — 2,m), for any m;
b) B(7) = R(2,5), for the length 32.
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3) When p > 2
a) §(2) R(m(p—1) — 2, m), for any m and any p;
b) B(5) = R(3,3), for the length 3® (ie., p = 3 and

m = 3);
c) B(p(p 2)—1) = R(2,m), for the length p?, p > 3.

Proof : For any fixed length, an extended BCH code could
be an RM code if and only if it belongs to the class of BCH
codes whose designed distance has the following form:

T—1

d= Z(p - 1)p1 + kp‘rv ke [17p_ 1]a
1=0

Te0,m—1].

Indeed, a code B (d), d given above, has the same minimum
distance as the largest RM code it contains; moreover, it is
the smallest BCH code containing this RM code, which is of
order m(p - 1) — p, ¢ = 7(p — 1) + k, and of minimum

distance d -+ 1. Let Td be the deﬁﬂlng set of D("’) Note that

the cases {7 =m — 1 and k = p— 1} and {r = 0 as well
as k = 1} correspond to trivial BCH codes. Clearly, d is the
smallest element of p-weight 7(p — 1) + k. So the code B(d)
equals R(m(p — 1) — p,m) if and only if all elements s,
satisfying w,(s) = wp(d) — 1, are in Ty—i.e., the leader of
the cyclotomic coset of such an s is less than d. It is easy to
check that this property is satisfied by each exception indicated
in the Lemma. Otherwise, one can always exhibit an s which
contradicts the property. When p = 2, we can suppose m > 5
and 7 < d € 2772 — 1. Then we get

8=d_27‘_27’—2+27‘+1’

and s = 9 for d = 7. Assume now that p > 2 and
2 <d<p™I(p—2)— 1. Then we choose s as follows:
e forr>2andm >3:s=d+p’ —p'~! —p'72, where
=71if k < p—1and j =7+ 1, otherwise (note that
k is at most p — 3 when 7 = m — 1);
sforr=1,m>3,andp>3:s=(p—-3)+(k+1)pif
k<p—1ands=(p—2)+(p—2)p+p? otherwise;
s forr =1, m > 3,and p = 3: when k = 2, s = 13;
when £ = 1, either m > 3 and s = 10 or mm = 3 and
we obtain case 3b).
¢ for 7 = 1, m = 2: when p = 3 we obtain case 1); if
p>3andk<p—4,5=(p-3)+{k+1)pk=p-3
is case 3c¢));
s for 7 = 0 (i.e., k > 2 which implies p > 3) and m > 2:
s=(k-2)+p. , O
We are going to determine precisely the permutation group
of any p-ary BCH code. From now on we will use the same
notation.
Notation: Let e be a divisor of m and

ford > 7

2<e<m, mee=m, v=p° 13)

For any d in [1,p™ — 2], d being the designed distance of any

p-ary BCH code:

d= idipi = f:‘sj”j
i=0 =0

where d; € [0,p — 1], §; € [0,v — 1], d- > 0, 6, > 0 (p-ary
and v-ary expansions); we will denote by Ty the defining set

(14)
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of B(d). Generally, we treat BCH codes which are not trivial
and not equal to some p-ary RM code.

The proof of Theorem 8 is very technical because there are
many different situations. Actually, there are few exceptions
and we mainly want to prove that a given BCH code is
not invariant under AGL (m.,p®), e dividing m. In order
to be easily understood, we begin by proving two lemmas;
moreover, we choose to use the same method, for each case.
This method, implied by Theorem 7, is as follows: we want
to exhibit s(d) and ¢ such that s(d) is in Ty, t < s(d)
and s(d) 4+ t(v — 1) is not in 7. In almost every case, ¢
will be p?, for some j. In order to do so, we often need to
determine the leader of cl(s)—i.e., the smallest element of
the the cyclotomic coset of s. Recall that cl(s) is the orbit
of s under the multiplication by p modulo p™ — 1. The p-
ary expansion of s can be viewed as a sequence of m p-ary
symbols ; the p-ary expansion of any element of cl(s) is a
shift of those of s.

Lemma 6: Notation is that of (13) and (14). Assume that
k € [0,m, — 3] with m, > 3, and set

7—1
s(d) = Zo(p—l)p, itT>0 (s)
dy — 1, otherwise .

Set
_fs(d)+p " pt - 1), ifT>0
VT s(d) + (pf - 1), ifr=0.
Then s(d) € Ty and 51 & Ty.
Proof: By definition s(d) < d, showing s(d) € Ty.
When 7 # 0, the p-ary expansion of s; has this form

T—1 T—1+4e
(p_la"'ap'"lup‘zaoa"WOa 1 707"‘70)'
—— ——
e—1 m-—T—e

It is clear that s; > d, because e > 1 implies 7 — 1 +¢e > 7.
Moreover, & < m, — 3 yields (m — 1) — 7 > 2e, implying
m — T — e > e. Hence the longest sequence of *‘0’’ in the
p-ary expansion of s; is at the end of the word above. Note
that we are assuming d > 3 when p = 2; so we cannot have
T = 1 with p = 2, implying that the first symbol cannot be
zero. Thereby s; is the leader of its cyclotomic coset.
Suppose now that 7 = 0. As §(d) is not a p-ary RM code,
dg > 2 implying p > 3. The p-ary expansion of s; is
(doo_ 2,0,.._.70710,...,0)
e—1

m—e—1

with m—e > 2¢; clearly, 51 > d and s is the leader of ¢l (s7).
So in any case, s; is not in Ty, completing the proof. O

Lemma 7: Notation is that of (13) and (14); s(d) is given
by (15). Assume that k € {m, — 2,m. — 1}, me > 3, and d
such that 7 < m — 2. Moreover, we do not treat this situation

r=m-3,e=2p=2,d=2""2-1. (16)
Set
52 = s(d) +p7~ "D (p° ~ 1).
Then s(d) € Ty and sy & Ty.
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Proof: It remains to prove that s; & T, The p-ary
expansion of s» is the word

T4+1l—¢e 741
(p_la"'ap—lap—zap_]-”';p_]-y(); 1>07"'$0
—————— ——
e—1 m—7—2
17

S 4 We want to determine the leader of the
> d. we want (¢ getermine he ieager of e

Obvicusly. s
Obviously, s
cyclotomic coset of sp. Note that, by hypothesis, e < 7 <
m — 2. Then m — 7 — 2 > 0, which means that there is at least
one “0” at the end of the word above.

When 7 < m — 3, there is at least two consecutive zeros at
the end of the word. On the left of the label 7 + 1, there is
only one sequence of at most two consecutive zeros; it is “00”
if and only if e = 2 and p = 2. So it is clear that sy is the
leader of ¢l (s9) unless 7 =m — 4, ¢ = 2, and p = 2. But in
this case the 2-ary expansion of ss is (1,---,1,0,0,1,0,0),
proving that s, is the leader.

Suppose now that 7 = m — 3—i.e., the word above ends
in the sequence “010.” When {e > 2} or {e = 2,p > 2},
either there is no other zero in the word (p > 2) or we have
this configuration

T+1l—e 741
(1’...71, o ,1---

where e —1 > 2 and 7+ 1 — e > 1 yield that s5 is the leader
of cl(s3). So it remains to examine the case 7 =m — 3, e =
2, p =2, for d < 2™~2 — 1 (since we do not treat (16)). The
2-ary expansion of s; is here

(1,---,1,1,0,0,1,0).
Clearly, the leader of cl(s2) has 2-ary expansion

(170a1a"'a1»070)

proving it is greater than or equal to d, completing the proof. O
Theorem 8 The permutation group of B(d), the extended
BCH code of designed distance d and length p™, is the semi-
affine group AT'L (1, p™), except for the few cases we describe
below.
1) When p = 2, the permutation group is actually the
automorphism group denoted by Aut( ); we have
a) The trivial BCH codes B(1) and B(2™ — 1), whose
automorphism group is Sym (2™).
b) BCH codes which are RM codes. That is, B(3),
B(2m=1 1), and B(7) when m = 5. The automor-
phism group is AGL (m, 2).
¢) For m even and d = 2m~1 — 2(m=2)/2 _ 1
Aut (B(d)) = ATL(2,2™/2).
d) When m = 6, then Aut (B(7)) = AI'L(2,23) and
Aut (B(15)) = ATL(3,22).
2) When pis odd, the only exceptions are trivial BCH codes
and BCH codes which are p-ary RM codes:
a) Per(B(1)) and Per (B(p™ — 1)) are Sym (p™).
b) Per(B(2)) and Per(B(p™ i(p — 1) — 1)) are
AGL (m,p).
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c) Fr m = 2,p > 3, and d = p? - 2p —
1, Per(B(d)) = AGL(2,p).
d) Form = 3and p = 3 then Per (B(5)) = AGL (3, p).

In any case, when the group of the extended BCH code
is AGL (tesp., AT'L) then the group of the BCH code is the
corresponding group GL (resp., T'L).

Proaf: All exceptions were treated before. BCH codes
which are RM codes are given by Lemma 5. Exception 1.c) is
given by Proposition 5. Exceptions 1d) appeared in Examples
5 and 6, in Section III-A. Note that the binary exceptions were
already found by Lu [26]; partial results on binary BCH codes
were given in [6], [26], [27]. In all these works, results were
obtained by means of Theorem 1.

Notation is now that of (13) and (14).A In any situation we
want to apply Theorem 7, proving that B(d) is not invariant
under AGL (m.,p®). We have found s(d) and ¢ such that
s(d) € Ty, t < s(d) and s = s(d) + ¢(p® — 1) not in Ty
in the following cases:

e k €[0,me—3], me >3 (Lemma6, sis sy andt =p” !

or 1).

* € {me—2,m.—1}, m. > 3 and d such that 7 < m—2,
unless when parameters satisfy (16) (Lemma 7, s is
s2,t = pT~ 7).

In Example 6 we solved the case where parameters satisfy
(16). So it remains to examine the cases: m., = 2, for
T <m—2,and m, > 2, for 7 € {m —2,m —1}. In all these
cases we will exhibit s(d), ¢, and s which contradict (11).

1) Assume that m, = 2, 7 < m — 2, and k = 1. Note that
e=2and 7 < m— 2 imply x = 0. So we have e > 2. Then
we get for s the element ss given by Lemma 7. In this case,
its p-ary expansion (17) is such that it cannot be a sequence
“00” before the label T 4 1, because e > 2. Moreover, the
word cannot begin with a zero, because 7 > e.

2) Assume that m. = 2 and x = 0; s(d) is given by (15).
~Whenp > 2wegett =1, s = s(d) + p° — 1. The p-ary
expansion of s has this form

(p_2)p_1"'71703"')
| SR .

e e

proving that s > d and s is the leader of cl(s). So s & Ty.
Suppose now that p = 2. We can suppose that d > 3, implying
e > 2; moreover, {¢ = 3 and d = 7} is also an exception.
When ¢ = 3 and d = 5, then s(d) = 3 and s = 10 (ie.,
3+ (2% — 1)) which is not in T5. So we assume e > 4 and
T > 2. We get s = s(d) + 2(2¢ — 1). When d € {5, 7}, then
s(d) = 3 and s = 1 + 2°+1. The leader of cl(s) is 1 + 2°71,
which is greater than 7; hence s € Ty. Assuming d > 7, the
2-ary expansion of s is now ’

(150>1a"'aT1 507“

e—71+41

-,0,1,0,---,0).
N —’

e—~2

AsTt2>3, e—7+1<e—2;moreover,e—2>2.Sos>d
and s is the leader of cl(s), proving s ¢ Ty.

3) Assume that 7 € {m — 2,m — 1}, m, > 2 (here we
have: k > 1). We first suppose that there is a j such that j < 7
and d; < p— 1. Let § be the biggest such j. If § +e < 7
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then dgy. = p— 1 and dg < p — 1. From Corollary 5, E(d)
cannot be invariant under AGL (m., p®). So we can suppose
T—e < 4. We get :

7—1

s(dy = (p—D)p' +(dr — 1)p"

1=0
and
s=s(d)+p " °(p° - 1).

Cleatly, s(d) € Tyand p" ¢ < s(d);as 7 ~e <8, s >d. If
T=m— 1, then p > 2 and d, < p — 2. The p-ary expansion
of s is

e e

proving that s is the leader of cl(s). Now suppose that
7 = m — 2. When p > 2, s is the leader of cl(s), because
there is only one zero in its p-ary expansion—the last symbol.
When p = 2, the 2-ary expansion of s is
(-++,1---1,0,1---1,0).
S~ -

e—2 e

Clearly, s is the leader of cl (s), when m, > 3. If m, = 2 the
leader s’ of cl(s) has 2-ary expansion
(1---1,0,1---1,0).
— N —

e e—2

So s € Ty if and only if d < &. But d > s means
d =2m~1 _2(m=2)/2 _1 which is Exception 1c), completing
the proof when 6§ exists.

We suppose now that 6 does not exist. So

-1

d=Y (p~1)p' +d.p".

=0

Ifp=2thenT =m —2and E(d) is an RM code (see 1b)).
From now on p > 2. When 7 =m — 2 we get s(d) = d —-p",
t = pm-—l—e +pr—e, and

§ = S(d) + t(pe _ 1) — d+pm—1 _pm—l—e _p‘r—e‘

s cannot be in Ty because there is no zero in its p-ary
expansion. When 7 = m — 1 we get s(d) = d — p" 1,
t = p77¢, and

s=s(d)+t(p° =) =d+p" —p P —p""

As B(d) is not an RM code, d, < p— 2 (so p > 3). In the
p-ary expansion of s, the only symbols which are not p—1 are
s =d;+1, s,_1 =p—2,and s,_., = p— 2; so all symbols
are greater than d.,, proving s € Ty. In both cases (r =m —2 ,
or m—1), we have clearly s(d) € T, and ¢t < s(d), completing
the proof of the theorem. (]
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V. CONCLUSION

The aim of our work is the effective determination of
permutation groups of affine-invariant codes. At the end of
this paper, we think that we have presented the main tools and
that for any given code the characterization of its permutation
group can be achieved. However, we are convinced that many
other simplifications, analogous to those given by Corollary 5
can be obtained.

We did not study infinite classes of codes defined on
an extension field, except in Section III-C3. Of course, the
immediate open problem is the group of the g-ary BCH codes,
g = p” and r > 1. We think that the complication comes from
the obligation to study separately the different values of r.
We strongly conjecture that the results will be close to the
results we obtained for p-ary BCH codes. Indeed, we think
that a large part of our proof, when r = 1, can be generalized.
Moreover, we are convinced that there are special 2"-ary BCH
codes, generalizing results of Theorem 8 in the binary case.
We are confirmed in our idea by many numerical results: only
BCH codes of very small (or very large) dimension could
have a permutation group larger than GL (1,p™) (when the
Frobenius mappings are not taken in account). When p = 2
we found exceptions analogous to those given in Theorem 8c)
for binary BCH codes.

In fact there is a possibility to describe by antichains of
(5, <) the codes invariant under AGL (m/e, p®) and maybe
it is a good way for classification of g-ary codes whose
permutation group is greater than the affine group. We have
only indicated this way by Proposition 4.

During this work we did not pay much attention to the
problem of the permutation group of any cyclic code. It is
possible that some material can be used for specific classes.
We have noticed some possibilities of extensions of our
Theorem 7 which is obtained from the general definition
of permutations of cyclic codes. Finally, we must specify
the basic difference between our work and the recent work
of Huffman dealing with the extended generalized quadratic
residue codes. These codes are nontrivial linear codes of length
p™ + 1 over an alphabet field which is not of characteristic p.
Their automorphism groups, which contain PSL (2, p™), were
completely determined in [20].

Recently, Berger proved that the automorphism group of
an affine-invariant code is exactly the group generated by its
permutation group and the scalar multiplications [9].
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