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2 ;
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A [, constants
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B Decomposition of the displacement field
into potentials

32905
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329013
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(A4 21)App =0

HAps =0

A4 2
2 = 2T
0

Vp: pressure waves velocity Vs :shear waves velocity
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B Coupling of the P-waves and S-waves

In a piecewise homogeneous medium, the coupling appear on the boundaries and
on the interfaces.
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u=>0
or =~

~No(u)n =0
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In a piecewise homogeneous medium, the coupling appear on the boundaries and
on the interfaces.

Boundary Conditions

u=>0
or =~

~No(u)n =0

Perfect Bounding
Interface Conditions

- [u]=0
lo(u)n] =0

Main issue: treat these couplings by potentials in a stable way. ¢ e
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Example: case of a rigid boundary © =0 on I = 012
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Dirichlet boundary conditions

Example: case of a rigid boundary © =0 on I = 012

R
Vop+ curl pg =0 on I' = 0f)

T . 5
‘A< Curlgp-n:—(?—gp Curlgpxn:—gp
ot on

{) I

After projection along the normal (-n) and the tangent (xn) to I, we get

dps  Opp
on O

0 0 |
pp_99s _ ot (= u-n=0) Hqe
oT Bl

=0 I'=0Q (<= u-7=0)
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The energy identity

1 8290p
Ve, Ot?

1 9%ps
V2 Ot Aps =0 xef), t>0
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S Gp1%ep +wen) + [ (

The energy identity
1 (9290]3
Ve Ot?

1 0%ps
V3 0t? Aps =0 reQ. t>0

Opp  Ops _  Os : 9P _ 1 on 9
on oT on oT

We demonstrated the following energy equality:

E is positive and conservative: Py E(t) = 0.
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Let E(i) :=
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The energy identity
1 (9290]3
Ve Ot?

1 0%ps
V3 0t? Aps =0 reQ. t>0

Opp  Ops _  Os : 9P _ 1 on 9
on oT on oT

We demonstrated the following energy equality:
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E is positive and conservative: Py E(t) = 0.
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B The energy identity

The key to demonstrate the previous proposition is:

Y op,ps € H'(Q)?

/Q(|VQOP\Z+WSOS\2)—/P(%¢P 850:) SOS)Z/Q

o UNIVERSITE

S PARIS
SUD

Aliénor Burel Elastic wave propagation in soft elastic material June, 26th 2012

Tuesday, 26 June 12



B The energy identity

The key to demonstrate the previous proposition is:

Y op,ps € H'(Q)?
2 2 0ps Oyp .
/Q(WSOP\ + Vs ) /r( 5 PP~ 5 SOS)—/Q

/

¥ UNIVERSITE

S PARIS
SUD

Aliénor Burel Elastic wave propagation in soft elastic material June, 26th 2012

Tuesday, 26 June 12



B The energy identity

The key to demonstrate the previous proposition is:

Y op,ps € H'(Q)?
2 2 0ps Oyp .
/Q(WSOP\ + Vs ) /r( 5 PP~ 5 SOS)—/Q

[

2/ Vop - curl pg
Q

¥ UNIVERSITE

S PARIS
SUD

Aliénor Burel Elastic wave propagation in soft elastic material June, 26th 2012

Tuesday, 26 June 12



B The energy identity

The key to demonstrate the previous proposition is:

Y op,ps € H'(Q)?
2 2 0ps Opp .
/Q(|V90P| + |Vs| ) /r( 5 PP~ 5 %*)—/9

[

2/ Vop - curl pg
Q

We found an energy identity so we are confident in the fact that we can find the
same kind of equality for the discrete scheme.
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B The energy identity

The key to demonstrate the previous proposition is:

Y op,ps € H'(Q)
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[

2/ Vop - curl pg
Q

We found an energy identity so we are confident in the fact that we can find the
same kind of equality for the discrete scheme.

And why are you happy with that?
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B The energy identity

The key to demonstrate the previous proposition is:

\va Yp,Ps € Hl(Q)2

2 2 0ps Opp 5 2
+ Vs >_/r(¥ PP 97 905)—/Q|V90p+ curl pg

[

2/ Vop - curl og
Q

We found an energy identity so we are confident in the fact that we can find the
same kind of equality for the discrete scheme.

And why are you happy with that?

Because if a quantity involving my discrete potentials is conserved § §
in time, it means | can find a scheme that won'’t explode. N\
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B An energy-preserving scheme and a code

Remark : Since we don’t want any of the two waves to be more penalizing
than the other, it will be natural to choose our approximation spaces so
that we can play with either the space step or the order of the scheme.

Finite Elements discretization

We choose two space steps 'p and s or|two different orders

We take Vi = Vi X Vg discretization spaces

= | two meshes
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than the other, it will be natural to choose our approximation spaces so
that we can play with either the space step or the order of the scheme.

Finite Elements discretization

We choose two space steps 'p and s or|two different orders
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A numerical illustration

The modulus of the displacement field is represented
(in color levels) as a function of time

VPZSVS

S-wave
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A numerical illustration

The modulus of the displacement field is represented
(in color levels) as a function of time
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A numerical illustration

The modulus of the displacement field is represented
(in color levels) as a function of time

Classical
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PART 2

Thin layers approximation for
time-domain elastodynamics
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@ Goal

If the width of the layer is small enough, can
we compute “as if” there were no glue?

What does that mean?

UNIVERSITE

S
SE=

Aliénor Burel Elastic wave propagation in soft elastic material June, 26th 2012

Tuesday, 26 June 12



@ Goal

If the width of the layer is small enough, can
we compute “as if” there were no glue?

What does that mean?

@™ UNIVERSITE

S PARIS
SW

Aliénor Burel Elastic wave propagation in soft elastic material June, 26th 2012

Tuesday, 26 June 12



@ Goal

If the width of the layer is small enough, can
we compute “as if” there were no glue?

What does that mean?

We need more computation
points inside the layer if we
want to “see’” something
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@ Goal

If the width of the layer is small enough, can
we compute “as if” there were no glue?

What does that mean?

We need more computation
points inside the layer if we
want to “see’” something

We increase the calculation cost

Aim: find relationships
between the unknowns on
the upper boundary and on

the bottom boundary
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How do we do that!
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How do we do that!

We use the

Interface conditions
u] =0
lo(u)n] =0
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How do we do that!

We use the

SCALED Interface conditions
u] =0
lo(u)n] =0

1
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How do we do that!

We use the

SCALED Interface conditions
u] =0
lo(u)n] =0

1

-4

We develop in 77 the unknowns U and U+

U =U"+9Ul + 90U +n°U"°...

Uyt = uoi + 77u§E + nQui + ngui...
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SCALED Interface conditions
u] =0
lo(u)n] =0

1

-4

We develop in 77 the unknowns U and U+

U =U"+9Ul + 90U +n°U"°...

Uyt = uoi + 77u§E + 772“?& + ngui...

We use the scaled equation T
0*U
"ot

. — |
(A +21)Vy( div,U) + i curl, ( curl,U) =0 ol
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How do we do that!

—
(A +21)V,( div,U) + p curl, ( curl,U) =0

U =U"+ Ut +n?U? +n?U"...

uy = u(i + nui_L + 772ui + ngui...
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@ How dqw% do that!
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Effective Interface Conditions

It leads to conditions for eachi = 0,1,2,3...
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Effective Interface Conditions

It leads to conditions for eachi = 0,1,2,3...

[uy] = F(uf )
o(ul)n] = G(ui™)

We reconstruct each jump:

] [ui] +nlul] + 772 wi] + n’lud]...
o (us)n] = [o(ur)n] + nlo(ul)n] + n?[o(ui )n]..

with the previous conditions.
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Effective Interface Conditions

It leads to conditions for eachi = 0,1,2,3...

[uy] = F(uf )

o(ul)n] = G(ui™)

We reconstruct each jump:
[u+] = [ug] + nlug] + 0 ui] + n°lui]..
lo(ug)n] = [o(ug)n] +nlo(ug)n] + 7o (ui)n]..

with the previous conditions.

So that, given an initial condition on the bottom part for instance, if | know
every 1. on the bottom boundary, | can deduce u 1 on the upper boundary.
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Effective Interface Conditions

It leads to conditions for eachi = 0,1,2,3...

[uy] = F(uf )

o(ul)n] = G(ui™)

We reconstruct each jump:

|

given source

n| +nlo(uy)n] +n[o(ui)n].,

with the previous conditions.

So that, given an initial condition on the bottom part for instance, if | know
every 1. on the bottom boundary, | can deduce u 1 on the upper boundary.
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Effective Interface Conditions

It leads to conditions for eachi = 0,1,2,3...

] = F(uf)
()] S G

We reconstruct each jump:

us] = (4] + {ul) +
)] + o (sl )n]

o(us)n] = [o(uz

given source
with the previous conditions.

So that, given an initial condition on the bottom part for instance, if | know
every 1. on the bottom boundary, | can deduce u 1 on the upper boundary.
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Effective Interface Conditions

It leads to conditions for eachi = 0,1,2,3...

[uy] = F(uf )

o(ul)n] = G(ui™)

We reconstruct each jump:

ut] = [ud] +nlul] + 0 [ud] + n’lud]...
ven source o(us)n] = [o(u)n] + plo(ul)n] + o (u)n].

with the previous conditions.

So that, given an initial condition on the bottom part for instance, if | know
every 1. on the bottom boundary, | can deduce u 1 on the upper boundary.
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Bons Effective Interface Conditions

This method allows us to approximate the on
the .If I know what’s going on on the upper
interface, then | know the displacement on the
bottom interface.

So if the width of the interface is small enough, we can
compute “as if”’ there were nothing.
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B Scaled asymptotic expansion

Partially
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B Scaled asymptotic expansion

Partially

Yes, up to the order 2: this approximation
preserves an energy
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B Scaled asymptotic expansion

Partially

Yes, up to the order 2: this approximation No, with orders greater
preserves an energy than 2, for now

Work in progress...
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B To be continued...

Part |
® Dirichlet 3D

® condition? Unstable in time for the moment

® ? Neumann needed...

Part 2

® Stability of the “high” orders
o 3D

® + code

Finally: use of these two methods together?
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Thank you for your attention
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