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1) MYCENAE Project-Team
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1) MYCENAE Project-Team: members
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Biological background: neuro-endocrinology

 Understanding complex hormonal oscillations (GnRH)

1) MYCENAE Project-Team: thematics
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Mathematical tool : 
multiple timescale dynamical systems

 4 ODEs with slow and fast variables

 Core model: GnRH pulse & surge generator

Two coupled 
FitzHugh-Nagumo

Periodic regime

Quasi-stationary regime,
quasi-periodic regime

1) MYCENAE Project-Team: thematics
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 Phenomenological model with both qualitative & quantitative aspects

1) MYCENAE Project-Team: thematics

Mathematical tool : 
multiple timescale dynamical systems
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Mathematical tools : 
multiple timescale dynamics with 
PieceWise-Linear (PWL) systems 

 Idea: replace the FitzHugh-Nagumo model by the PWL equivalent,  
McKean caricature model

(source: scholarpedia)

Goal: keep the richness of the dynamics with better access to 
quantitative outputs

1) MYCENAE Project-Team: postdoc
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Stability of 3D Piecewise Linear Systems

Invariant cones in 3D Piecewise Linear Systems

Periodic Orbits in 2D Hybrid Systems

Why Piecewise Linear Systems?Why Piecewise Linear Systems?

2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications
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Stability of 3D Piecewise Linear Systems

Invariant cones in 3D Piecewise Linear Systems

Periodic Orbits in 2D Hybrid Systems

Why Piecewise Linear Systems?Why Piecewise Linear Systems?

Melnikov Theory
V. Carmona, S. F-G, E. Freire and F. Torres Melnikov Theory for 
a Class of Planar Hybrid Systems. Physica D, 248 (2013) 44-54

V. Carmona, S. F-G, E. Freire, Saddle-
Node Bifurcation of Invariant Cones in 3D 
Piecewise Linear Systems. Physica D, 241 
(2012) 623–635

2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Classical Melnikov Theory

x 2 R2, f 2 C1(R2)

 Continuum of periodic orbits with transversal intersection with a section

ẋ = f(x),

T.R. Blows and  L.M. Perko,  Bifurcation of Limit Cycles from Centers and Separatrix Cycles of 
Planar Analityc Systems. Siam Review, 36, 3 (1994) 341-376
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x 2 R2, f 2 C1(R2)
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y

x
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Classical Melnikov Theory

x 2 R2, f 2 C1(R2)

 Continuum of periodic orbits with transversal intersection with a section

Which periodic orbits
persist after the perturbation 

ẋ = f(x) + "g(x, ", µ)

ẋ = f(x),

T.R. Blows and  L.M. Perko,  Bifurcation of Limit Cycles from Centers and Separatrix Cycles of 
Planar Analityc Systems. Siam Review, 36, 3 (1994) 341-376

y

x

?
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Classical Melnikov Theory
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Classical Melnikov Theory

P (y, ", µ)
y
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Classical Melnikov Theory

Periodic orbits = Fixed points of the Poincaré map 
                     

P (y, ", µ) P (y, ", µ) = y
y
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Classical Melnikov Theory

Periodic orbits = Fixed points of the Poincaré map 
                     

P (y, ", µ) P (y, ", µ) = y

d(y, ", µ) = P (y, ", µ)� y = 0
y

Periodic orbits = Zeros of the displacement function
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Classical Melnikov Theory

Periodic orbits = Fixed points of the Poincaré map 
                     

Melnikov function

Objective: extending the Melnikov Theory to our Hybrid Systems

P (y, ", µ) P (y, ", µ) = y

d(y, ", µ) = P (y, ", µ)� y = 0

d(y, 0, µ) = 0

D(y, 0, µ) =
@d

@"
(y, 0, µ)

d(y, ", µ) = "D(y, ", µ)

y

Periodic orbits = Zeros of the displacement function
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The unperturbed system

ẋ = f(x) = (f1(x), f2(x))
T

f

�(x) = (f�
1 (x), f�

2 (x)) f

+(x) = (f+
1 (x), f+

2 (x))

x < 0 x = 0 x > 0
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The unperturbed system

ẋ = f(x) = (f1(x), f2(x))
T

f

�(x) = (f�
1 (x), f�

2 (x)) f

+(x) = (f+
1 (x), f+

2 (x))

x < 0 x = 0 x > 0

f�, f+ 2 Cr(R2), r � 1
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The unperturbed system

 Continuum of periodic orbits crossing the separation line transversally

T�
y0

T+
y0

Ty0 = T�
y0

+ T+
y0

x

y

�y0

y0

ŷ0

Right half-periodLeft half-period
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The perturbed system

ẋ = f(x) + "g(x, ", µ)
⌘ : Rk+2 �! R
(y0, ", µ) 7�! ⌘(y0, ", µ)
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The perturbed system

x < 0 x = 0 x > 0

ẋ = f(x) + "g(x, ", µ)
⌘ : Rk+2 �! R
(y0, ", µ) 7�! ⌘(y0, ", µ)

f

�(x) f

+(x)

g

�(x, ", µ) g

+(x, ", µ)

g+,g� 2 Cr(R2 ⇥ R⇥ Rk), r � 1, k 2 N
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The perturbed system

Reset map

x < 0 x = 0 x > 0

ẋ = f(x) + "g(x, ", µ)
⌘ : Rk+2 �! R
(y0, ", µ) 7�! ⌘(y0, ", µ)

f

�(x) f

+(x)

g

�(x, ", µ) g

+(x, ", µ)

g+,g� 2 Cr(R2 ⇥ R⇥ Rk), r � 1, k 2 N

⌘(y0, ", µ)

⌘ 2 Cr(Rk+2)
⌘(y0, 0, µ) = y0 2 R, f1(0, y0) · f1(0, ⌘(y0, ", µ)) > 0
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Poincaré map and Displacement function

martes, 18 de marzo de 14



2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Poincaré map and Displacement function

x = 0

(0, y0)
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Poincaré map and Displacement function

x = 0

(0, y0)

(0, y1)

P�
Left Poincaré half-map
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Poincaré map and Displacement function

x = 0

(0, y0)

(0, y1)

P�

(0, ⌘(y1, ", µ))

Left Poincaré half-map
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Poincaré map and Displacement function

x = 0

(0, y0)

(0, y1)

(0, y2)
P�

P+

(0, ⌘(y1, ", µ))

Left Poincaré half-map
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Poincaré map and Displacement function

x = 0

(0, y0)

(0, y1)

(0, y2)
P�

P+

(0, ⌘(y2, ", µ))

(0, ⌘(y1, ", µ))

Left Poincaré half-map
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Poincaré map and Displacement function

x = 0

(0, y0)

(0, y1)

(0, y2)
P�

P+

(0, ⌘(y2, ", µ))

(0, ⌘(y1, ", µ))

P (y0, ", µ) = ⌘(P+(⌘(P�(y0, ", µ), ", µ), ", µ), ", µ)

Left Poincaré half-map

Right Poincaré half-map
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Poincaré map and Displacement function

x = 0

(0, y0)

(0, y1)

(0, y2)
P�

P+

(0, ⌘(y2, ", µ))

(0, ⌘(y1, ", µ))

d(y0, ", µ) = P (y0, ", µ)� y0

P (y0, ", µ) = ⌘(P+(⌘(P�(y0, ", µ), ", µ), ", µ), ", µ)

Left Poincaré half-map

Right Poincaré half-map
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The Melnikov function for Planar Hybrid Systems

M(y0;µ) =
@d

@"
(y0, 0, µ)
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The Melnikov function for Planar Hybrid Systems

ŷ0 = P�(y0, 0, µ)

⇢�(t) = exp

✓Z t

0
div f�(�y0(⌧))d⌧

◆
, ⇢+(t) = exp

✓Z t

0
div f+(�ŷ0(⌧))d⌧

◆
x ^ y = x1y2 � x2y1

M(y0;µ) =
@d

@"
(y0, 0, µ)

M(y0;µ) =
@⌘

@"
(y0, 0, µ) +

⇢+(T+
y0
)

f+
1 (0, y0)

@⌘

@y0
(y0, 0, µ)·

·
"
f+
1 (0, ŷ0)

f�
1 (0, ŷ0)

⇢�(T�
y0
)
@⌘

@y0
(ŷ0, 0, µ)

Z T�
y0

0

f�(�y0(t)) ^ g�(�y0(t), 0, µ)

⇢�(t)
dt+

@⌘

@"
(ŷ0, 0, µ)f

+
1 (0, ŷ0) +

Z T+
y0

0

f+(�y0(t)) ^ g+(�y0(t), 0, µ)

⇢+(t)
dt

#
,
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

The Melnikov function for Planar Hybrid Systems

ŷ0 = P�(y0, 0, µ)

⇢�(t) = exp

✓Z t

0
div f�(�y0(⌧))d⌧

◆
, ⇢+(t) = exp

✓Z t

0
div f+(�ŷ0(⌧))d⌧

◆
x ^ y = x1y2 � x2y1

M(y0;µ) =
@d

@"
(y0, 0, µ)

M(y0;µ) =
@⌘

@"
(y0, 0, µ) +

⇢+(T+
y0
)

f+
1 (0, y0)

@⌘

@y0
(y0, 0, µ)·

·
"
f+
1 (0, ŷ0)

f�
1 (0, ŷ0)

⇢�(T�
y0
)
@⌘

@y0
(ŷ0, 0, µ)

Z T�
y0

0

f�(�y0(t)) ^ g�(�y0(t), 0, µ)

⇢�(t)
dt+

@⌘

@"
(ŷ0, 0, µ)f

+
1 (0, ŷ0) +

Z T+
y0

0

f+(�y0(t)) ^ g+(�y0(t), 0, µ)

⇢+(t)
dt

#
,

If the first component of the unperturbed system is continuous and the reset map is the identity, 

then the function M reduces to the clasical Melnikov function.
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Applications: 1. Periodic Orbits in Discontinuous Systems

⇢
ẋ = 2("! � ↵)x� y,

ẏ = (("! � ↵)2 + 1)x+ "A�,
x < 0,

⇢
ẋ = 2↵x� y + "B,

ẏ = (↵2 + 1)x+ "A+,
x > 0,

⇢
ẋ = 2�"x� y,

ẏ = x� a,

x < 0,

⇢
ẋ = 2�"x� y � "B,

ẏ = x� |a|, x > 0.
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Applications: 1. Periodic Orbits in Discontinuous Systems

y

�y0
y0

x

y

y0

�y0a < 0

x

" = 0 " = 0

⇢
ẋ = 2("! � ↵)x� y,

ẏ = (("! � ↵)2 + 1)x+ "A�,
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Applications: 1. Periodic Orbits in Discontinuous Systems

y

�y0
y0

x

y

y0

�y0a < 0

x

! 6= 0,
sgn (!)= sgn

�
2↵ (A+ +A�)� B(↵2 + 1)

�

There exists one periodic orbit

a < 0, � 6= 0

Saddle-node bifurcation of two-zonal 
periodic orbits

B = �2a�(1 + 2⇡)

" = 0 " = 0

⇢
ẋ = 2("! � ↵)x� y,

ẏ = (("! � ↵)2 + 1)x+ "A�,
x < 0,

⇢
ẋ = 2↵x� y + "B,

ẏ = (↵2 + 1)x+ "A+,
x > 0,

⇢
ẋ = 2�"x� y,

ẏ = x� a,

x < 0,

⇢
ẋ = 2�"x� y � "B,

ẏ = x� |a|, x > 0.
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Applications: 2. Periodic Orbits in Continuous Systems(
ẋ = "Tex� y + "(Ti � Te)sat(x),

ẏ = dex+ (di � de)sat(x).
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Applications: 2. Periodic Orbits in Continuous Systems

x

y

�y0
y0

" = 0

(
ẋ = "Tex� y + "(Ti � Te)sat(x),

ẏ = dex+ (di � de)sat(x).
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2) Melnikov Theory for a Class of Planar Hybrid Systems. Some Applications

Applications: 2. Periodic Orbits in Continuous Systems

V. Carmona, S. F-G, E. Freire and F. Torres Melnikov Theory for a Class of Planar Hybrid 
Systems. Physica D, 248 (2013) 44-54

x

y

�y0
y0

Saddle-node bifurcation of three-zonal periodic orbits

" = 0

(
ẋ = "Tex� y + "(Ti � Te)sat(x),

ẏ = dex+ (di � de)sat(x).
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

With discontinuity, the matching of stable linear systems can be unstable. 

M. S. Branicky, Multiple Lyapunov functions and other analysis tools for switched and hybrid    
systems. IEEE Trans. Automat. Contr., 43, 4 (1998) 475-482

The continuous matching of planar stable linear systems is stable.    

E. Freire, E. Ponce, F. Rodrigo, F. Torres, Bifurcation Sets of Continuous Piecewise Linear 
Systems with Two Zones. I. J. of Bif. and Chaos 8, 11 (1998) 2073-2097

The continuous matching of two 3D stable linear systems can be unstable. 

V. Carmona, E. Freire, E. Ponce, F. Torres, The Continuous Matching of Two Stable Linear 
Systems Can Be Unstable. Discrete and Continuous Dynamical System, 16, 3, (2006) 689-703

Why Invariant Cones?
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

With discontinuity, the matching of stable linear systems can be unstable. 

M. S. Branicky, Multiple Lyapunov functions and other analysis tools for switched and hybrid    
systems. IEEE Trans. Automat. Contr., 43, 4 (1998) 475-482

The continuous matching of planar stable linear systems is stable.    

E. Freire, E. Ponce, F. Rodrigo, F. Torres, Bifurcation Sets of Continuous Piecewise Linear 
Systems with Two Zones. I. J. of Bif. and Chaos 8, 11 (1998) 2073-2097

The continuous matching of two 3D stable linear systems can be unstable. 

V. Carmona, E. Freire, E. Ponce, F. Torres, The Continuous Matching of Two Stable Linear 
Systems Can Be Unstable. Discrete and Continuous Dynamical System, 16, 3, (2006) 689-703

Which geometric and dynamic elements arise?
How they affect the stability/instability?

Why Invariant Cones?
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

Continuity

v̇ = A±v v = (x, y, z)T

v̇ = A�v v̇ = A+v

Equilibrium point
(0,0,0)

x = 0

Homogeneous 2CPWL3 Systems

x < 0 x > 0
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

The system transforms straight half-lines contained in x=0 passing through the 
origin into straight half-lines contained in x=0 passing through the origin.

An invariant straight half-line provides a two-zonal invariant cone.

x = 0
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

In absence of invariant cones: characterization of the stability.

In presence of invariant cones:

martes, 18 de marzo de 14



3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

V. Carmona, E. Freire, E. Ponce and F. Torres, The Continuous Matching of Two Stable Linear Systems Can Be Unstable. 
Discrete and Continuous Dynamical System, 16, 3 (2006) 689-703

In absence of invariant cones: characterization of the stability.

In presence of invariant cones:

martes, 18 de marzo de 14



3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

V. Carmona, E. Freire, E. Ponce and F. Torres, The Continuous Matching of Two Stable Linear Systems Can Be Unstable. 
Discrete and Continuous Dynamical System, 16, 3 (2006) 689-703

In absence of invariant cones: characterization of the stability.

In presence of invariant cones:

martes, 18 de marzo de 14



3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

V. Carmona, E. Freire, E. Ponce and F. Torres, The Continuous Matching of Two Stable Linear Systems Can Be Unstable. 
Discrete and Continuous Dynamical System, 16, 3 (2006) 689-703

In absence of invariant cones: characterization of the stability.

In presence of invariant cones:

martes, 18 de marzo de 14



3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory
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ẋ

ẏ
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory
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Reset map
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U̇ = 2(↵� � ��)U � V

V̇ =
h
(↵� � ��)

2
+ (��)

2
i
U � 1

(
U̇ = 2(↵+ � �+)U � V

V̇ =
h
(↵+ � �+)

2
+ (�+)

2
i
U � 1
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�(y) =

8
>><

>>:

y

1� (�+ � ��)y
if y 6 0,

y

1 + (�+ � ��)y
if y > 0.
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory

↵� = �� = ↵+ = �+
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ẏ = (�+)2x� 1

x = 0
y
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x

��,�� ± i�� ��,�� ± i�+
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3) Invariant Cones in Observable 2CPWL3 Systems via Melnikov Theory
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x = 0
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��,�� ± i�� ��,�� ± i�+
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ẏ = (��)2x� 1

⇢
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