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What is an a posteriori error estimate

Error estimate
A priori error estimate

}u ´ uh} ď C puqhp
max

useful in theoretical assessment of convergence.
Cpuq is not computable in practice

A posteriori error estimate
}u ´ uh} ď Cηpuhq

ηpuhq is computable in practice.
A posteriori error estimate

Error control
Guaranteed upper bound }u ´ uh}

2
Ω ď

ř

KPTh
η2

K
Reliability : }u ´ uh}

2
Ω ď C1

ř

KPTh
η2

K
Mesh refinement

Local efficiency : ηK ď C2}u ´ uh}ωK
Low computational cost

estimators can be evaluated locally
Robustness

C1 and C2 does not depend on data, mesh, or solution.
C1 and C2 are computable.
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Example of an a posteriori error estimator

0.0609226

0.0465207

0.0321189

0.0177170

0.00331517

ERREUR_EQUILIBRE_REAL 0, -

(a) Exact error distribution }u ´ uh}K

0.0715274

0.0544907

0.0374541

0.0204174

0.00338073

Equilibre_REAL 0, -

(b) Estimated error distribution ηK
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What is an a posteriori error estimate

Different types a posteriori estimates
Babuška and Rheinboldt (1978), introduction
Ladevèze and Leguillon (1983), equilibrated fluxes estimates (equality of Prager and
Synge (1947))
Bornemann et al. (1996), Verfürth (1996) and Veeser (2002)), hierarchical estimates
Zienkiewicz and Zhu (1987), averaging-based estimates
Verfürth (1996, book), residual-based estimates
Repin (1997), functional a posteriori error estimates
Destuynder and Métivet (1999), equilibrated fluxes estimates
Ainsworth and Oden (2000, book), equilibrated residual estimates
Luce and Wohlmuth (2004), equilibrated fluxes estimates
Braess and Schöberl (2008), equilibrated fluxes estimates
some other heuristic estimates ...
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Simple example of the adaptive inexact method

Partial differential equation (PDE) : ´∆u “ f

Weak formulation : p∇u,∇vq “ pf , vq

Discrete Variational formulation : p∇uh ,∇vhq “ pf , vhq

Linear system Ax=B

Numerical results : uh

Numerical method, like FEM

Mesh discretization

Linear algebraic solver

Discretization error
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Simple example of the adaptive inexact method : exact method

Partial differential equation (PDE) : ´∆u “ f

Weak formulation : p∇u,∇vq “ pf , vq

Discrete Variational formulation : p∇uh ,∇vhq “ pf , vhq

Linear system Ax=B

Numerical results : uh

Numerical method, as FEM

Mesh discretization

Linear algebraic solver
Algebraic error ď 10´10?

Discretization error

Total error

Zuqi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem 20/01/2015 16 / 35



Simple example of the adaptive inexact method

Partial differential equation (PDE) : ´∆u “ f

Weak formulation : p∇u,∇vq “ pf , vq

Discrete Variational formulation : p∇uh ,∇vhq “ pf , vhq

Numerical results : uh

Linear system Ax=B

Numerical method, as FEM

Mesh discretization

Linear algebraic solver
Algebraic error ! Total error ?

Discretization error

Total error

Zuqi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem 20/01/2015 17 / 35



Adaptive inexact method

Previous results
Becker, Johnson, and Rannacher (1995), multigrid stopping criterion
Jiránek, Strokoš and Vohralílk (2010), finite volume method, algebraic and
discretization error components
Ern and Vohralík (2013), various discretization schemes, Newton methods for
nonlinear PDEs, discretization, linearization, and algebraic error components

Conclusion
guaranteed and robust error estimate
distinguishes each error components
stopping the iterations when the corresponding error no longer affects the overall error
significantly
important computational savings
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About my postdoc at Inria

Adaptive stopping criterion for linear/nonlinear solver :

Theoretical development
+

Implementation work : Freefem++
+

Pr. Martin Vohralík
(POMDAPI, Inria)

Pr. Frédéric Hecht
(LJLL, UMPC)
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Stokes problem

Steady linear Stokes model problem
Find a velocity u : Ω Ñ R2 and a pressure p : Ω Ñ R satisfying :

´∆u`∇p “ f in Ω,
∇¨u “ 0 in Ω,

u “ 0 on BΩ,

where f : Ω Ñ R2 represents the volumetric force.

Weak solution
Find pu, pq P VˆQ such that

p∇u,∇vq ´ p∇¨v, pq “ pf ,vq @v P V,
p∇¨u, qq “ 0 @q P Q.

with

V :“ rH 1
0 pΩqs2,

Q :“ L2
0pΩq :“ tq P L2

pΩq; pq, 1q “ 0u.
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Stokes problem

Finite element method
Find puh , phq P Vh ˆQh Ă VˆQ such that

p∇uh ,∇vhq ´ p∇¨vh , phq “ pf ,vhq @vh P Vh ,

p∇¨uh , qhq “ 0 @qh P Qh .

Here we obtain a corresponding system of linear algebraic equations to solve
ˆ

A B
T

B 0

˙ˆ

U
P

˙

“

ˆ

F
0

˙

,

where A is a symmetric positive definite matrix and B has full rank.

Conforming finite element methods
Unstabilized schemes : Taylor–Hood family, mini element, cross-grid P1–P1 element,
P1 iso P2–P1 element
Stabilized schemes : Brezzi–Pitkäranta method, Hughes–Franca–Balestra method,
Brezzi–Douglas method

p∇uh ,∇vhq ´ p∇¨vh , phq ` thpuh , ph ; vhq “ pf ,vhq @vh P Vh ,

p∇¨uh , qhq ` shpuh , ph ; qhq “ 0 @qh P Qh .
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Uzawa method

Finite element method
Find puh , phq P Vh ˆQh Ă VˆQ such that

p∇uh ,∇vhq ´ p∇¨vh , phq “ pf ,vhq @vh P Vh ,

p∇¨uh , qhq “ 0 @qh P Qh .

Uzawa method
1: Chose an initial approximation p0

h P Qh of p, a real constant α P p0, 2q, and a
tolerance ε ą 0. —Initialisation

2: For k “ 0 . . .`8 : —Uzawa iteration
a) Compute uk`1

h P Vh such that

p∇uk`1
h ,∇vhq “ p∇¨vh , pk

hq ` pfh ,vhq @vh P Vh .—algebraic solver

b) Compute pk`1
h P Qh such that

ppk`1
h , qhq “ ppk

h , qhq ` α p∇¨uk`1
h , qhq @qh P Qh .—updating the pressure p

c) If }pk`1
h ´ pk

h}8 ă ε, finish the computation.
EndFor
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Exact Uzawa method

Finite element method
Find puh , phq P Vh ˆQh Ă VˆQ such that

p∇uh ,∇vhq ´ p∇¨vh , phq “ pf ,vhq @vh P Vh ,

p∇¨uh , qhq “ 0 @qh P Qh .

Exact Uzawa method
1: Chose an initial approximation p0

h P Qh of p, a real constant α P p0, 2q, and a
tolerance ε ą 0. —Initialisation discretization error

2: For k “ 0 . . .`8 : —Uzawa iteration
a) Compute uk`1

h P Vh such that

p∇uk`1
h ,∇vhq “ p∇¨vh , pk

hq ` pfh ,vhq @vh P Vh .—algebraic solver

b) Compute pk`1
h P Qh such that

ppk`1
h , qhq “ ppk

h , qhq ` α p∇¨uk`1
h , qhq @qh P Qh .—updating the pressure p

c) If }pk`1
h ´ pk

h}8 ă ε, finish the computation.
EndFor
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Inexact Uzawa method

Finite element method
Find puh , phq P Vh ˆQh Ă VˆQ such that

p∇uh ,∇vhq ´ p∇¨vh , phq “ pf ,vhq @vh P Vh ,

p∇¨uh , qhq “ 0 @qh P Qh .

Inexact Uzawa method
1: Chose an initial approximation p0

h P Qh of p, a real constant α P p0, 2q, and a
tolerance ε ą 0. —Initialisation discretization error

2: For k “ 0 . . .`8 : —Uzawa iteration
a) Compute uk,i

h P Vh such that algebraic error

p∇uk,i
h ,∇vhq « p∇¨vh , pk

hq ` pfh ,vhq @vh P Vh .—algebraic solver

b) Compute pk`1
h P Qh such that

ppk`1
h , qhq “ ppk

h , qhq ` α p∇¨uk,i
h , qhq @qh P Qh .—updating the pressure p

c) If }pk`1
h ´ pk

h}8 ă ε, finish the computation. Uzawa error
EndFor
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Inexact Uzawa method

Inexact method : relative work
Vincent and Boyer (1992), mixed stabilized finite element
Elman and Golub (1994), stopping criterion in algebraic solver
Cheng and Zou (2003), mixed finite element methods, Lagrange multiplier methods
Bacuta (2006), convergence analysis

Inexact Uzawa method
1: Chose an initial approximation p0

h P Qh of p, a real constant α P p0, 2q, and a
tolerance ε ą 0. —Initialisation discretization error

2: For k “ 0 . . .`8 : —Uzawa iteration
a) Compute uk,i

h P Vh such that algebraic error

p∇uk,i
h ,∇vhq « p∇¨vh , pk

hq ` pfh ,vhq @vh P Vh .—algebraic solver

b) Compute pk`1
h P Qh such that

ppk`1
h , qhq “ ppk

h , qhq ` α p∇¨uk,i
h , qhq @qh P Qh .—updating the pressure p

c) If }pk`1
h ´ pk

h}8 ă ε, finish the computation. Uzawa error
EndFor
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Adaptive inexact Uzawa method

Parameters for the stopping criteria γrem γalg γUza
ηk,i

disc : discretization estimator

ηk,i
alg : inner algebraic solver estimator

ηk,i
Uza : Uzawa estimator

ηk,i
rem : remainder estimator

ηk,i
osc : data oscillation estimator

Adaptive inexact Uzawa method
1: Chose an initial approximation p0

h P Qh of p, a real constant α P p0, 2q, and a
tolerance ε ą 0. —Initialisation discretization error ηk,i

disc
2: For k “ 0 . . .`8 : —Uzawa iteration

a) Compute uk,i
h P Vh such that algebraic error

ηk,i
alg ď γalg maxtηk,i

disc, η
k,i
Uzau

p∇uk,i
h ,∇vhq « p∇¨vh , pk

hq ` pfh ,vhq @vh P Vh .—algebraic solver

b) Compute pk`1
h P Qh such that

ppk`1
h , qhq “ ppk

h , qhq ` α p∇¨uk,i
h , qhq @qh P Qh .—updating the pressure p

c) If }pk`1
h ´ pk

h}8 ă ε, finish the computation. Uzawa error ηk,i
Uza ď γUzaη

k,i
disc

EndFor
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A posteriori error estimate

Let
k be the Uzawa step
i be the inner algebraic iteration

with the approximations puk,i
h , pk

hq and the stopping criterion. Then

Guaranteed upper bound

}∇pu´ uk,i
h q} ` β}p ´ pk

h} ď 2
´

ηk,i
disc ` η

k,i
alg ` η

k,i
Uza ` η

k,i
rem ` η

k,i
osc

¯

.

Polynomial-degree-robust local efficiency
´

ηk,i
disc ` η

k,i
alg ` η

k,i
Uza ` η

k,i
rem ` η

k,i
osc

¯

ď C p}∇pu´ uk,i
h q} ` β}p ´ pk

h}q.

where the generic constant C only depending on the shape-regularity parameter.
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Guaranteed upper bound

}∇pu´ uk,i
h q} ` β}p ´ pk

h} ď 2
´

ηk,i
disc ` η

k,i
alg ` η

k,i
Uza ` η

k,i
rem ` η

k,i
osc

¯

.

Polynomial-degree-robust local efficiency
´

ηk,i
disc ` η

k,i
alg ` η

k,i
Uza ` η

k,i
rem ` η

k,i
osc

¯

ď C p}∇pu´ uk,i
h q} ` β}p ´ pk

h}q.

where the generic constant C only depending on the shape-regularity parameter.

Zuqi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem 20/01/2015 28 / 35



Numerical example

Model problem
Ω “ p0, 1q2 with homogeneous Dirichlet boundary conditions.

´∆u`∇p “ f in Ω,
∇¨u “ 0 in Ω,

u “ 0 on BΩ.

Exact solution

u “
ˆ

2x2ypx ´ 1q2py ´ 1q2 ` x2y2
p2y ´ 2qpx ´ 1q2

´2xy2
px ´ 1q2py ´ 1q2 ´ x2y2

p2x ´ 2qpy ´ 1q2
˙

and p “ x ` y ´ 1.

Configurations
Taylor–Hood conforming finite element discretization of order l “ 2, i.e.

Vh :“ VX rP2pThqs
2,Qh :“ Q X rC 0

pΩq X P1pThqs.

γrem :“ 1, γalg :“ 0.5, γUza :“ 0.5.
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Error and estimators on uniformly refined meshes
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(a) Exact
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(b) Inexact
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total err.

disc. est.

alg. est.

Uzawa est.

slope O(h
2
)

(c) Adaptive inexact

eight levels of uniform mesh refinement
distinguish different error components
same order of convergence
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Error and estimators as a function of Uzawa iterations
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(a) Exact

0 10 20 30 40 50 60 70
10

−10

10
−8

10
−6

10
−4

10
−2

10
0

Uzawa iteration

E
rr

o
r 

a
n

d
 e

s
ti
m

a
to

rs

 

 

(b) Inexact
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(c) Adaptive inexact
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Number of linear solver and Uzawa iterations
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(a) Number of Uzawa iterations per
refinement level

0 20 40 60 80
100

200

300

400

500

600

Uzawa step

N
u
m

b
e
r 

o
f 
a
lg

e
b
ra

ic
 s

o
lv

e
r 

it
e
ra

ti
o
n
s

 

 

(b) Number of linear solver iterations per
Uzawa step on the eighth-level mesh
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exact

inexact

adaptive

(c) Total number of linear solver iterations
per refinement level

Total number of linear solver
iterations at the finest mesh

Exact Inexact Adaptive inexact
31499 11162 6295
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Spatial distributions of the different error components and of the
corresponding estimates

IsoValue
-2.76735e-08
1.39034e-08
4.16213e-08
6.93393e-08
9.70573e-08
1.24775e-07
1.52493e-07
1.80211e-07
2.07929e-07
2.35647e-07
2.63365e-07
2.91083e-07
3.18801e-07
3.46519e-07
3.74237e-07
4.01955e-07
4.29673e-07
4.57391e-07
4.85109e-07
5.54404e-07

alg. err.

(a) Algebraic error

IsoValue
3.51451e-08
8.02173e-08
1.10265e-07
1.40314e-07
1.70362e-07
2.0041e-07
2.30458e-07
2.60506e-07
2.90554e-07
3.20602e-07
3.5065e-07
3.80698e-07
4.10746e-07
4.40795e-07
4.70843e-07
5.00891e-07
5.30939e-07
5.60987e-07
5.91035e-07
6.66155e-07

disc. err.

(b) Discretization error

IsoValue
-9.48459e-07
4.74356e-07
1.4229e-06
2.37144e-06
3.31999e-06
4.26853e-06
5.21707e-06
6.16562e-06
7.11416e-06
8.0627e-06
9.01125e-06
9.95979e-06
1.09083e-05
1.18569e-05
1.28054e-05
1.3754e-05
1.47025e-05
1.5651e-05
1.65996e-05
1.8971e-05

Uzawa err.

(c) Uzawa error
IsoValue
-2.85432e-08
1.43904e-08
4.30128e-08
7.16352e-08
1.00258e-07
1.2888e-07
1.57502e-07
1.86125e-07
2.14747e-07
2.4337e-07
2.71992e-07
3.00614e-07
3.29237e-07
3.57859e-07
3.86482e-07
4.15104e-07
4.43726e-07
4.72349e-07
5.00971e-07
5.72527e-07

alg. est.

(d) Algebraic estimator

IsoValue
-4.72507e-07
2.66012e-07
7.58358e-07
1.2507e-06
1.74305e-06
2.2354e-06
2.72774e-06
3.22009e-06
3.71243e-06
4.20478e-06
4.69713e-06
5.18947e-06
5.68182e-06
6.17417e-06
6.66651e-06
7.15886e-06
7.6512e-06
8.14355e-06
8.6359e-06
9.86676e-06

disc. est.

(e) Discretization estimator

IsoValue
-4.25097e-07
2.12588e-07
6.37712e-07
1.06284e-06
1.48796e-06
1.91308e-06
2.33821e-06
2.76333e-06
3.18845e-06
3.61358e-06
4.0387e-06
4.46382e-06
4.88895e-06
5.31407e-06
5.73919e-06
6.16432e-06
6.58944e-06
7.01456e-06
7.43969e-06
8.5025e-06

Uzawa est.

(f) Uzawa estimator
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Conclusion and perspective

Conclusion
distinguishes each error components
only a necessary number of algebraic solver iterations and Uzawa iterations
guaranteed and robust a posteriori error estimates
general framework for conforming finite element methods : unstabilized schemes and
stabilized schemes
implementation with Freefem++

Future directions
convergence and optimality
application to electromagnetic problems

Thank you for your attention !
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