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© A posteriori error estimate

Zugi Tang ( POMDAPI ) An adaptive i ithm for the Stokes problem



Numerical Simulation

Mathematical assumptions

Y

[Mathematical modeling (u)]

Numerical methods

y

[Numerical results (uh)]

Zuqi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem 20/01/2015 7/ 35



Numerical Simulation

Y

Mathematical assumptions

[Mathematical modeling (u)]—

Numerical methods

Numerical errors

Y
[Numerical results (uh)]—

Zuqi Tang ( POMDAPI )

An adaptive inexact Uzawa algorithm for the Stokes problem 20/01/2015 8 /35



What is an a posteriori error estimate

Error estimate

@ A priori error estimate
Hu - uh” < C(u)hfnax

o useful in theoretical assessment of convergence.
o C(u) is not computable in practice
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Error estimate

@ A priori error estimate
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o useful in theoretical assessment of convergence.
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@ A posteriori error estimate
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What is an a posteriori error estimate

Error estimate

@ A priori error estimate
Hu - uh” < C(u)hfnax

o useful in theoretical assessment of convergence.
o C(u) is not computable in practice

@ A posteriori error estimate
lw — unll < Cm(un)

o n(uy) is computable in practice.

A posteriori error estimate
@ Error control
o Guaranteed upper bound |lu — w,[% < YiKkeT; n%
3

o Reliability : [[u — u;,,||?2 < C1 ZKeTh nf(
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What is an a posteriori error estimate

Error estimate

@ A priori error estimate
Hu - uh” < C(u)hfnax

o useful in theoretical assessment of convergence.
o C(u) is not computable in practice

@ A posteriori error estimate
lw — unll < Cm(un)

o 7(uyp) is computable in practice.
A posteriori error estimate
@ Error control
o Guaranteed upper bound |lu — w,[% < YiKkeT; n%
o Reliability : [[u — u;,,||?2 < C1 ZKeTh nf(
o Mesh refinement
o Local efficiency : ng < Co2|u — uplw
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What is an a posteriori error estimate

Error estimate

@ A priori error estimate
Hu - uh” < C(u)hfnax

o useful in theoretical assessment of convergence.
o C(u) is not computable in practice
@ A posteriori error estimate
lw = unll < Cn(un)

o n(uy) is computable in practice.
A posteriori error estimate

@ Error control
o Guaranteed upper bound |lu — w,[% < YiKkeT; n%
o Reliability : [u — ung < C1 Xger; 1k

@ Mesh refinement
o Local efficiency : ng < Co2|u — uplw

@ Low computational cost
e estimators can be evaluated locally

Zugi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem



What is an a posteriori error estimate

Error estimate

@ A priori error estimate
Hu - uh” < C(u)hfnax

o useful in theoretical assessment of convergence.
o C(u) is not computable in practice
@ A posteriori error estimate
lw = unll < Cn(un)

o n(uy) is computable in practice.

A posteriori error estimate

@ Error control
o Guaranteed upper bound |lu — w,[% < YiKkeT; n%
o Reliability : [[u — u;,,||?2 <y ZKeTh nf(

o Mesh refinement
o Local efficiency : ng < Co2|u — uplw

@ Low computational cost
e estimators can be evaluated locally

@ Robustness

o (1 and (2 does not depend on data, mesh, or solution.
e (1 and (2 are computable.
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Example of an a posteriori error estimator

! 0.0609226

0.0465207

© oo0321189

0.0177170

0.00331517

! 0.0715274

0.0544907

© o.0374581

0.0204174

e ]
::::“‘:::::::M,,,,;;;;;mﬂm,f««,ﬂ;;%

e rrrrrrr i rrrres

0.00338073

(a) Exact error distribution |[u — |k (b) Estimated error distribution ng
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What is an a posteriori error estimate

Different types a posteriori estimates

Babuska and Rheinboldt (1978), introduction

Ladevéze and Leguillon (1983), equilibrated fluxes estimates (equality of Prager and
Synge (1947))

Bornemann et al. (1996), Verfiirth (1996) and Veeser (2002)), hierarchical estimates
Zienkiewicz and Zhu (1987), averaging-based estimates

Verfiirth (1996, book), residual-based estimates

Repin (1997), functional a posteriori error estimates

Destuynder and Métivet (1999), equilibrated fluxes estimates

Ainsworth and Oden (2000, book), equilibrated residual estimates

Luce and Wohlmuth (2004), equilibrated fluxes estimates

Braess and Schéberl (2008), equilibrated fluxes estimates

some other heuristic estimates ...

Zuqi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem 20/01/2015 1/



Outline

© Adaptive inexact method

Zuqi Tang ( PO ive inexact Uzawa algorithm for the Stokes problem



Simple example of the adaptive inexact method

r Discretization error

Dlscrete Variational formulation : Vuh,Vvh (f, vn ]—
Lmear system Ax=B

—

Numerlcal results : uh
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Simple example of the adaptive inexact method

r Discretization error

Dlscrete Variational formulation : Vuh,Vvh (f, vn ]—
Lmear system Ax=B

Numerlcal results : th
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Simple example of the adaptive inexact method

Dlscrete Variational formulation : Vuh, Vo) = (f, vn)

Discretization error

Total error
Lmear system Ax=B

Numerlcal results : th
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Simple example of the adaptive inexact method : exact method

Discretization error

[Discrete Variational formulation : (Vu, Vo) = (f, vh)]—
[Linear system Ax=B]

Total error

Algebraic error < 1071°?

[Numerical results : uh]
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Simple example of the adaptive inexact method
Dlscrete Variational formulation : (Vuh, Vo) = (f, vh)]—
Lmear system Ax=B

ﬁ Algebraic error « Total error

Numerlcal results : th

Discretization error

Total error

-~
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Adaptive inexact method

Previous results
@ Becker, Johnson, and Rannacher (1995), multigrid stopping criterion
e Jiranek, Stroko$ and Vohralilk (2010), finite volume method, algebraic and
discretization error components

o Ern and Vohralik (2013), various discretization schemes, Newton methods for
nonlinear PDEs, discretization, linearization, and algebraic error components
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Adaptive inexact method

Previous results
@ Becker, Johnson, and Rannacher (1995), multigrid stopping criterion

e Jiranek, Stroko$ and Vohralilk (2010), finite volume method, algebraic and
discretization error components

o Ern and Vohralik (2013), various discretization schemes, Newton methods for
nonlinear PDEs, discretization, linearization, and algebraic error components

Conclusion
@ guaranteed and robust error estimate
o distinguishes each error components
@ stopping the iterations when the corresponding error no longer affects the overall error
significantly

@ important computational savings
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About my postdoc at Inria

Adaptive stopping criterion for linear/nonlinear solver :

Theoretical development
+

Pr. Martin Vohralik Pr. Frédéric Hecht
(POMDAPI, Inria) (LJLL, UMPC)

Zuqi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem 20/01/2015 19 /35



Outline

© Application to the Uzawa algorithm for the Stokes problem
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Stokes problem

Steady linear Stokes model problem
Find a velocity u : © — R? and a pressure p : Q — R satisfying :
—Au+Vp=f in Q,
Vu=0 in Q,
u=0 on 012,

where f : Q — R? represents the volumetric force.
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Stokes problem

Steady linear Stokes model problem

Find a velocity u : © — R? and a pressure p : Q — R satisfying :

—Au+Vp=f in Q,
Vau=0 in Q,
u=0 on 012,

where f : Q — R? represents the volumetric force.

| \

Weak solution
Find (u, p) € V x @ such that

(Vu,Vv) — (V-v,p) = (f,v) VveV,
(Vou,q) =0 Yqe Q.

with
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Stokes problem

Finite element method

Find (un, pr) € Vi x Qn € V X @ such that

(Vuh, Vvh) = (V-Vh, ph) = (f, V}L) VV}L € Vh,
(V-up, gn) =0 Van € Qn-

Zuqi Tang ( POMDAPI ) An adaptive inexact Uzawa algorithm for the Stokes problem



Stokes problem

Finite element method

Find (un, pr) € Vi x Qn € V X @ such that

(Vuh, Vvh) = (V-Vh,ph) = (f, Vh) VVh € Vh,
(V'Uh, qh) =0 th € Qh-

Here we obtain a corresponding system of linear algebraic equations to solve

(5 %)(»)-(5)

where A is a symmetric positive definite matrix and B has full rank.
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Stokes problem

Finite element method

Find (un, pr) € Vi x Qn € V X @ such that

(Vuh, Vvh) = (V-Vh,ph) = (f, Vh) VVh € Vh,
(V'Uh, qh) =0 th € Qh-

Here we obtain a corresponding system of linear algebraic equations to solve

(5 %)(»)-(5)

where A is a symmetric positive definite matrix and B has full rank.

|

Conforming finite element methods

@ Unstabilized schemes : Taylor—Hood family, mini element, cross-grid P1—P; element,
Py iso Po—P; element

o Stabilized schemes : Brezzi—Pitkaranta method, Hughes—Franca—Balestra method,
Brezzi-Douglas method
(Vun, Vvi) — (V-vi, p) + th(n, pr;ve) = (£,ve)  Yvi € Vi,
(V-un, gn) + sn(an, pn; gn) = 0 Van € Q.
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Finite element method
Find (un, pr) € Vi x Qn € 'V x @ such that

(Vup, Vvy) — (Veovy, pr) = (£, vh) Vv € Vi,
(V-up, gn) =0 Van € Qn.
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Finite element method
Find (un, pr) € Vi x Qn € 'V x @ such that

(Vup, Vvi) — (V-va, pr) = (£, va) Vvn € Vi,
(v'uh, (Ih,) =0 th, € Qh-

1: Chose an initial approximation pf € @ of p, a real constant a € (0,2), and a
tolerance € > 0. —lInitialisation
2: For k =0...+ o0 : —Uzawa iteration

a) Compute u; ! € V, such that

(VUi Vvi) = (Vova, pf) + (i, Vi) Yvi € Vi.—algebraic solver
b) Compute p; ' € @ such that
(et ) = (pr> @) + @ (Vup*', gn)  Vgu € Qu—updating the pressure p

c) If |py " — pfllw < e, finish the computation.
EndFor
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Exact Uzawa method

Finite element method

Find (un, pr) € Vi x Qn € 'V x @ such that

(Vuh, Vvh) = (V-Vh, ph) = (f, Vh) VV}L € V}L,
(V-up, gn) =0 Yan € Q.

v

Exact Uzawa method

1: Chose an initial approximation pf € @ of p, a real constant a € (0,2), and a
tolerance € > 0. —lInitialisation

2: For k =0...+ o0 : —Uzawa iteration
a) Compute u; ' € V, such that

(Vs Vvi) = (Vova, pf) + (i, Vi) Vvi € Vi.—algebraic solver

b) Compute p} ™' € Q) such that

(on™', an) = (ph, @) + @ (V-ui*', qn)  Van € Qu.—updating the pressure p

) If |py " — pfllo < e, finish the computation.
EndFor
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Inexact Uzawa method

Finite element method

Find (un, pr) € Vi x Qn € 'V x @ such that

(Vuh, Vvh) = (V-Vh, ph) = (f, Vh) VV}L € V}L,
(V-up, gn) =0 Yan € Q.

v

Inexact Uzawa method

1: Chose an initial approximation pf € @ of p, a real constant a € (0,2), and a
tolerance € > 0. —lInitialisation

2: For k=0...+ o0 : —Uzawa iteration
a) Compute u}’’ € V, such that

(Vul', Vvi) ~ (V-va, pr) + (Fr,vi) Vv, € Vi,.—algebraic solver

b) Compute p} ™' € Q) such that

(p’,i“, qrn) = (p,’i, qr) + a (V-uf‘i, gr) Vaqn € Qn.—updating the pressure p

) If |py " — pfllo < &, finish the computation.
EndFor
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Inexact Uzawa method

Inexact method : relative work

@ Vincent and Boyer (1992), mixed stabilized finite element
e Elman and Golub (1994), stopping criterion in algebraic solver
@ Cheng and Zou (2003), mixed finite element methods, Lagrange multiplier methods

@ Bacuta (2006), convergence analysis
v

Inexact Uzawa method

1: Chose an initial approximation pf, € @ of p, a real constant « € (0,2), and a
tolerance € > 0. —lInitialisation

2: For k=0...+ o0 : —Uzawa iteration
a) Compute ufﬂ € V, such that

(Vuﬁ’;’, Vi) & (V-vi, ph) + (fn, V)  ¥vi € V,.—algebraic solver
b) Compute p’;“ € Qp such that
(™" an) = (B, @) + @ (V-u,", ¢1) Vg € Qn.—updating the pressure p

c) If [pf™" — pf|w < &, finish the computation.
EndFor
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Adaptive inexact Uzawa method

Parameters for the stopping criteria ® rem ® Yalg ® YUsa

) 7751? : discretization estimator
1sC

k,i . . . o nréin : remainder estimator
® 7),j, ©inner algebraic solver estimator

. ° 175;2 : data oscillation estimator
I . H
9 7y,, : Uzawa estimator )

Adaptive inexact Uzawa method

1: Chose an initial approximation pf € @ of p, a real constant « € (0,2), and a
tolerance € > 0. —lInitialisation nhii

2: For k=0...+ o0 : —Uzawa iteration
a) Compute u)"’ € V, such that

Taig < Valg WAX{M5icc, 70,0}
(Vui',Vvi) ~ (V-va, pr) + (Fr,vi) Vv, € Vj,.—algebraic solver

b) Compute p} ™' € @y such that

(on*, an) = (k@) + « (V-uy’, gn)  Vagu € Qu.—updating the pressure p

<) If p;*!

EndFor

k o o o ki k,i
— prlloo < &, finish the computation. Nown < YUzalliee
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A posteriori error estimate

Let
o k be the Uzawa step
@ ¢ be the inner algebraic iteration

with the approximations (ufl’i,p,’j) and the stopping criterion. Then

Guaranteed upper bound

k,i k k,i k,i k,i k,i k,i
HV(U -4, )” + BHp - ph“ <2 (ndisc + nalg + Nyza T Mrem + nosc) °
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A posteriori error estimate

Let
@ k be the Uzawa step
@ ¢ be the inner algebraic iteration

with the approximations (ui’ﬂpﬁ) and the stopping criterion. Then

Guaranteed upper bound

IV(a— )] + Blp — okl < 2 (nkilc + nlsl + nlita + sk + il

Polynomial-degree-robust local efficiency

| A\

(nkile + st + Mt + il + mbsl) < €UV (= wp))| + Blp = pEI)-

where the generic constant C only depending on the shape-regularity parameter.
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Numerical example

Model problem

©Q = (0,1)? with homogeneous Dirichlet boundary conditions.

—Au+Vp=f in Q,
Vau=0 in Q,
u=0 on 0.

Exact solution

" 272 y(z— 1)?
“\ —2zi(z—1)

v
Configurations

@ Taylor—Hood conforming finite element discretization of order | = 2, i.e.

Vi =V [Po(Th)]?, Qui= Q ~ [C°(Q) A P1(Th)].

@ Vrem = 1,"Yalg = 0-5,’YUza :=0.5.

N
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Error and estimators on uniformly refined meshes

10 L L ) B o ) B A 10 L B e e ) B AL
T \ i 0 \ |
gl N’*’ i \\
£ 1ot -
Saorp R g
E gw'@— -
gl vY—v— vy _ 2
107 | W0 v T T Ty -
[ e — [N————— T AU B = SEF IR
10° 10 10° 10
Number of mesh elements Number of mesh elements
(a) Exact (b) Inexact
10 L ) A
E —e—total err. 3
F i
107 alg. est.
E —v—Uzawa est.
g f —slope O(h?)
A o eight levels of uniform mesh refinement
Sl y @ distinguish different error components
i F -
ol @ same order of convergence
m: P T B Hmu:
10° ° ¢ 10

10° 10f
Number of mesh elements

(c) Adaptive inexact
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Error and estimators as a function of Uzawa iterations

Error and estimators

Error and estimators

Zuqi Tang ( POM

Uzawa iteration

(a) Exact

Error and estimators

An adaptive inexact Uzawa alg

60 70 0 10 20 30 40 50 60
Uzawa iteration

(b) Inexact

—e—total err.
—=—total est
——disc. est.
alg. est.
~v—Uzawa est
—&—rem. est,

10

(c) Adaptive inexact
rithm for the Stol

<es.




Number of linear solver and Uzawa iterations

|

Number of algebraic solver iterations

@
3

@
S

¥

@
3

Number of Uzawa iterations
S
s

N
S

2 4 6 8
Refinement level

(a) Number of Uzawa iterations per

refinement level

5

0

—e—exact
—=—inexact
—»— adaptive

Total number of algebraic solver iterations

Refinement level

(c) Total number of linear solver iterations
per refinement level

@
S
S

@
=}
=)

IS
S
S}

300

N
=}
)

100
0

20

40
Uzawa step

60 80

(b) Number of linear solver iterations per
Uzawa step on the eighth-level mesh

Total number of linear solver
iterations at the finest mesh

Exact
31499

Inexact
11162

Adaptive inexact
6295
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Spatial distributions of the different error components and of the
corresponding estimates

b Rk
(a) Algebraic error (b) Discretization error (c) Uzawa error

(d) Algebraic estimator (e) Discretization estimator (f) Uzawa estimator
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Outline

© Conclusion
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Conclusion and perspective

Conclusion

@ distinguishes each error components
@ only a necessary number of algebraic solver iterations and Uzawa iterations
@ guaranteed and robust a posteriori error estimates

o general framework for conforming finite element methods : unstabilized schemes and
stabilized schemes

@ implementation with Freefem++
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Conclusion and perspective

Conclusion

@ distinguishes each error components

@ only a necessary number of algebraic solver iterations and Uzawa iterations
@ guaranteed and robust a posteriori error estimates

o general framework for conforming finite element methods : unstabilized schemes and
stabilized schemes

@ implementation with Freefem++

Future directions

@ convergence and optimality

@ application to electromagnetic problems
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Conclusion and perspective

Conclusion

@ distinguishes each error components
@ only a necessary number of algebraic solver iterations and Uzawa iterations
@ guaranteed and robust a posteriori error estimates

o general framework for conforming finite element methods : unstabilized schemes and
stabilized schemes

@ implementation with Freefem++

Future directions

@ convergence and optimality

@ application to electromagnetic problems

Thank you for your attention!
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