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Monge’s Formulation

Figure: Gaspard Monge (1746-1818)
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Monge’s Formulation

µ and ν: two probability
measures on R
c : R× R→ R+: a
nonnegative cost function

X : a random variable
distributed according to µ

Optimal Transport problem (Monge’s Formulation):

inf
T

E[c(X ,T (X ))]

where T is such that T (X ) ∼ ν.
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Kantorovich’s Formulation

Figure: Leonid Kantorovich (1912-1986)
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Kantorovich’s Formulation

µ and ν: two probability measures on R
c : R× R→ R+: a nonnegative cost function

Optimal Transport problem (Kantorovich’s Formulation):

inf
X ,Y

E[c(X ,Y )]

where X ∼ µ and Y ∼ ν.
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Motivation and definition

Robust finance : model-free pricing bounds on derivative financial products

µ and ν : two probability measures

c : R× R→ R+ : a nonnegative cost function

The Martingale Optimal Transport Problem:

inf
X ,Y

E[c(X ,Y )],

where X ∼ µ, Y ∼ ν and E[Y |X ] = X .
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Application: Option Pricing

(St)t∈[0,T ]: value of a financial asset between 0 and T

c : R× R→ R+: a nonnegative function payoff of an option which
only depends on S0 and ST

µ and ν: respective distributions of S0 and ST

r : interest rate (suppose r = 0 for convenience)

An option is a contract which gives the buyer the right to buy or sell an
underlying asset at a specified strike price on a specified date.

Margheriti, William (Cermics) Martingale Optimal Transport February 18, 2020 10 / 18



Hypothesis: the payoff is of the form c(S0, ST ). Examples:

Payoff from buying a call: (ST − K )+

Payoff from buying a put: (K − ST )+

Fundamental theorem of asset pricing:

Price of the option = E∗[c(S0,ST )].

inf
X∼µ
Y∼ν

E∗[Y |X ]=X

E∗[c(X ,Y )] ≤ E∗[c(S0,ST )] ≤ sup
X∼µ
Y∼ν

E∗[Y |X ]=X

E∗[c(X ,Y )]
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Problem

How to solve the Martingale Optimal Transport problem?

Hypothesis: µ =
∑I

i=1 piδxi , ν =
∑J

j=1 qjδyj
Then the MOT problem becomes

inf
I∑

i=1

J∑
j=1

ri ,jc(xi , yj),

subject to

ri ,j ≥ 0∑I
i=1 ri ,j = qj∑J
j=1 ri ,j = pi∑J
j=1 ri ,jyj = pixi
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The convex order

Two µ, ν probability measures on R are said to be in the convex order,
denoted µ ≤cx ν, if

∀ϕ : R→ R convex,

∫
R
ϕ(x)µ(dx) ≤

∫
R
ϕ(y) ν(dy).

Theorem (Strassen (1964))

Let µ, ν be two probability measures on R. Then

∃X ∼ µ,Y ∼ ν, E[Y |X ] = X a.s. ⇐⇒ µ ≤cx ν.
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Main Theorem

µ and ν : two probability measures on R such that µ ≤cx ν

Wasserstein distance:

W1(µ, ν) = inf
X∼µ,Y∼ν

E[|X − Y |] = E[|F−1µ (U)− F−1ν (U)|],

where U ∼ U((0, 1)) and F−1η (u) = inf{x ∈ R | η((−∞, x ]) ≥ u}.
”Martingale-Wasserstein” distance:

M1(µ, ν) = inf
X∼µ,Y∼ν
E[Y |X ]=X

E[|X − Y |].

Theorem (Stability inequality)

W1(µ, ν) ≤M1(µ, ν) ≤ 2W1(µ, ν).
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A new family of martingale couplings

Family {(XQ ,Y Q) | Q ∈ Q} parametrised by a set Q of probability
measures on (0, 1)2

Proposition

∀Q ∈ Q,


XQ ∼ µ
Y Q ∼ ν
E[Y Q |XQ ] = XQ

E[|XQ − Y Q |] ≤ 2W1(µ, ν)
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Some Properties

|Q| = +∞
|supp ν| ≤ 2 =⇒ unique coupling

µ and ν with densities =⇒ infinitely many couplings

generalisation to the sub- and supermartingale case
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The Inverse Transform Martingale Coupling

Ψ±(u) =
∫ u
0 (F−1µ − F−1ν )±(v) dv

ϕ(u) =


Ψ−1− (Ψ+(u)) if F−1µ (u) > F−1ν (u)

Ψ−1+ (Ψ−(u)) if F−1µ (u) < F−1ν (u)
u if F−1ν (u) = F−1µ (u)

U,V ∼ U((0, 1)) independent

XQ = F−1µ (U)

Y Q = F−1ν (U)1
{V≥ F−1

µ (U)−F−1
ν (U)

F−1
ν (ϕ(U))−F−1

ν (U)
}

+ F−1ν (ϕ(U))1
{V≤ F−1

µ (U)−F−1
ν (U)

F−1
ν (ϕ(U))−F−1

ν (U)
}
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