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Monge's Formulation

Figure: Gaspard Monge (1746-1818)
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Monge's Formulation

@ 1 and v: two probability
measures on R

o c:RxR—Ry:a
nonnegative cost function

@ X: a random variable
distributed according to u
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Monge's Formulation

@ 1 and v: two probability

measures on R H
e c:RxR—Ry:a

nonnegative cost function
@ X: a random variable
distributed according to u

Optimal Transport problem (Monge's Formulation):
ir}fE[c(X, T(X))]

where T is such that T(X) ~ v.
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Kantorovich's Formulation

Figure: Leonid Kantorovich (1912-1986)
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Kantorovich's Formulation

@ 1 and v: two probability measures on R
@ ¢c: R xR — R,: a nonnegative cost function
Optimal Transport problem (Kantorovich's Formulation):

inf E[c(X, Y)]

)

where X ~ pand Y ~ v.
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e The Martingale Optimal Transport Problem
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Motivation and definition

Robust finance : model-free pricing bounds on derivative financial products
@ 1 and v : two probability measures
@ c:R xR — R, : a nonnegative cost function

The Martingale Optimal Transport Problem:

inf E[c(X. V)],

where X ~ p, Y ~ v and E[Y|X] = X.
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Application: Option Pricing

(St)ecfo,1): value of a financial asset between 0 and T

c:R xR — R4: a nonnegative function payoff of an option which
only depends on Sy and St

i and v: respective distributions of Sy and St

r: interest rate (suppose r = 0 for convenience)

An option is a contract which gives the buyer the right to buy or sell an
underlying asset at a specified strike price on a specified date.
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Hypothesis: the payoff is of the form c¢(Sp, S7). Examples:

@ Payoff from buying a call: (St — K)™
e Payoff from buying a put: (K — S7)*
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Hypothesis: the payoff is of the form c¢(Sp, S7). Examples

@ Payoff from buying a call: (St — K)™
e Payoff from buying a put: (K — S7)*

Fundamental theorem of asset pricing:

Price of the option = E*[c(So, ST)]-
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Hypothesis: the payoff is of the form c¢(Sp, S7). Examples:

@ Payoff from buying a call: (St — K)™
e Payoff from buying a put: (K — S7)*

Fundamental theorem of asset pricing:

Price of the option = E*[c(So, ST)]-

jnf B, V)] < Ele(S0. ST < sup E[e(X. V)]

X~
Y ~v lelj
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Hypothesis: the payoff is of the form c¢(Sp, S7). Examples:

@ Payoff from buying a call: (St — K)™
e Payoff from buying a put: (K — S7)*

Fundamental theorem of asset pricing:

Price of the option = E*[c(So, ST)]-

inf E*[c(X,Y)] <E*[c(So, ST)] < sup E*[c(X,Y)]
{/Nu Xoop
B [Y [X]=x B[V (X=X
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How to solve the Martingale Optimal Transport problem?

e Hypothesis: p = 21{:1 pidx;, V = Zle qjdy,
Then the MOT problem becomes

g
inf Z Z rijc(Xi, ¥i)

i=1 j=1
subject to

@ rij > 0

° Yiinij=

° le fij = Pi

J
@ 2 j=11ijYj = PiXi
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e A new family of martingale couplings

Margheriti, William (Cermics) Martingale Optimal Transport February 18, 2020 13/18



The convex order

Two p, v probability measures on R are said to be in the convex order,
denoted p < v, if

Vo : R — R convex, /Rgp(x) u(dx) < /Rgo(y) v(dy).

Theorem (Strassen (1964))

Let pu, v be two probability measures on R. Then

X ~p Y ~v, E[Y|X] =X as. <= p <.
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@ 4 and v : two probability measures on R such that u <. v

o Wasserstein distance:
Waluv) = inf E[X = Y] = E[F,(U) — FAU)L
where U ~ U((0,1)) and Fn_l(u) =inf{x € R | n((—o0,x]) > u}.
@ "Martingale-Wasserstein” distance:

Ma(p,v) = XNL”{,NVEHX - Y.
E[Y|X]=X

Theorem (Stability inequality)

Wl(:ua V) < Ml(,“? V) < 2Wl(/'L’ V)'
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A new family of martingale couplings

o Family {(X®, Y®) | Q € Q} parametrised by a set Q of probability
measures on (0, 1)?

Proposition

XQ ~ o

Y@~

E[YQXQ] = XQ

E[IXQ — Y| < 2Wi(u, v)

VQ € 9,
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Some Properties

Q] = 400
|supp v| <2 = unique coupling
i and v with densities = infinitely many couplings

generalisation to the sub- and supermartingale case
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The Inverse Transform Martingale Coupling

0
VN (0) i FN(u) > Fl(w)
e p(u) = \Ujrl(\lf,(u)) if F,jl(u) < Ffl(u)
u if Fl(u) = Fi(w)
e U,V ~U((0,1)) independent
X =F V)
Ye = Fu_l(U)l TRORIRO)

= F;lwwn—FJl(U)}

+ F,jl(cp(U))l{\K Flw-F )

Fo N eU)—F L)

}
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