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1 Introduction

We do not intend to give an exhaustive account of the research problems on
cyclic codes. Many are suggested in Chapter 1 and in several other chapters.
There are chapters which deal with a specific class of cyclic codes or with
related problems and it would be superfluous to say it again. Above all we
want to avoid a boring enumeration of the open problems; many are just
mentioned and could be solved soon.

Our purpose is to emphasize that this topic remains of great interest
for researchers in coding theory. It is a fact that cyclic codes are crucial
objects of coding theory. The involvement of Reed-Solomon codes and of
BCH codes in a number of applications is well-known. On the other hand
the generalized Reed-Muller codes are at the core of algebraic coding theory
and they should be considered as “classical”. The reader can be convinced
of the importance of cyclic codes by referring to the recent publications and
proceedings including as a topic Error-control Coding or, more generally,
Coding Theory. However there are famous old problems which have remained
open for a long time and we have chosen to focus on them. They essentially
involve questions of weights and forms of codewords.

Our concern is to place the problem in a large theoretical context. It
can be the general behaviour of group algebras, or of polynomials over finite
fields, or of the solving of algebraic systems. We want to show that general
tools can be used here in an extremely rich environment. Furthermore we
wish to point out any results on cyclic codes that apply in other contexts.

We give an elementary presentation, choosing simple aspects and basic
results. We don’t want to develop a theory, or even to suggest a method
precisely. It is because we have in mind that a hard research problem is
generally solved by building a theory for solving it. The main recent illustra-
tion of this fact in coding theory is the explanation of the duality between
Preparata and Kerdock codes.

We will often give results without proofs or with a sketch of a proof
because of the special subject of our chapter. Generally we prefer to explain
rather than to prove precisely. Following the same idea, we mainly treat
binary codes, which are simpler to handle. BCH codes and GRM codes
appear many times. This is because these classes impose the main filters of
the general class of cyclic codes — it is usual, when we study any cyclic code,
to begin by looking at their relations with BCH codes, or with GRM codes



when the code is primitive. For this reason, any result on BCH codes or on
GRM codes could have surprising consequences. In contrast, the Quadratic
Residue codes , which form a famous class with remarkable properties, appear
as a specific class.

The main notation and definitions are introduced in Section 2 and they
will be held to afterwards. However they will be specified again as often as
necessary. We don’t give a series of “research problems”. We think that
“comments” are more suited to our purpose. They are placed at the end of
the sections; short sections have no comments. Our purpose or our choices
are explained at the beginning of the main sections.

This chapter is not self-contained. We suppose that at least the intro-
duction on cyclic codes given in Chapter 1 is known. Our main reference for
the theory of finite fields is [102].

2 Different kinds of cyclic codes.

In this section we introduce cyclic codes. We present notation, basic defini-
tions and fundamental tools or properties. However our main purpose is to
describe the general context of our chapter.

Cyclic codes are defined as group algebra codes. We distinguish cyclic
codes and extended cyclic codes, primitive and non primitive cyclic codes,
simple-root and repeated-root cyclic codes. We then define several group
algebras, but we emphasize that the ambient space of the primitive extended
codes is the fundamental algebra. That is the field algebra, say A, in which
the extended cyclic codes appear as central objects. For this reason, we
explain how a non primitive code can be seen as a primitive code. We
also give an extensive study of the “cyclic ideals” of A, completing those of
Assmus and KEY (chapter XXX).

On the other hand, any cyclic code satisfies a set of equations on an ex-
tension field, say F. These are stated by means of several Fourier transforms.
Any simple-root cyclic code is fully defined by this set of equations.

Therefore, the properties related with the structure of any group algebra,
especially of A, and the Fourier transforms, from such a group algebra to F,
appear as general tools for considering open problems on cyclic codes.



2.1 Notation

In accordance with Chapter 1, a cyclic code is viewed as an ideal in a poly-
nomial ring over a finite field; it is characterized by its generator polynomial.
In Chapter 1, the proper context for studying cyclic codes of length n over
the finite field k of order ¢, ¢ = p” and p a prime, is the residue class ring

Coordinate positions are labelled as 0,1,...,n — 1 and the cyclicity is the
invariance under the shift ¢ —— ¢+ 1. Our presentation here is not really
different because it is relevant also to the one-variable approach, as opposed
to that introduced by KAsAMI, LIN and PETERSON in [85] where the cyclic
codes are defined as polynomial codes — such a code corresponds to a set of
polynomials in m variables. This approach, which is usual for the descrip-
tion of the generalized Reed-Muller codes, was later called the m-variables
approach [64]. In our approach, any cyclic code is always described by means
of polynomials with one indeterminate.

However we take into account the fact that the support of a cyclic code
is always a cyclic group G*, the group of the roots of X" — 1. Clyclic
codes are group algebra codes. So coordinate positions will be labelled as
a’, al,. .., o™ !, where « is a primitive nth root of unity. The cyclicity
is the invariance under multiplication by «. Thereby the symbols of any
codeword are the values of the Mattson-Solomon (MS) polynomial on each
a’. The MS polynomial will play an important role: actually our definition
of cyclic codes is based on this concept.

Two finite fields are necessary for defining the ambient space. They are
the alphabet field k and the full support field F, the splitting field of X™ — 1
over k. The order of F is ¢", where ¢ is the order of k. As ¢ = p', p is the
characteristic of the ambient space; the field F will be generally identified
with the field of order p™, m = rm/.

By the notation G* we want to emphasize that the group is multiplicative
and does not contain zero; G* is a subgroup of the multiplicative group of
F. So the notation G means G* U {0}. When the codes are primitive, G* is
exactly the multiplicative group of the field F and then G = F. For clarity,
if necessary, we will denote by GF'(q) the finite field of order q.



2.2 Definitions

Let us denote by M the group algebra k[{G*, x }|, which is the group algebra
of the multiplicative group G*, over the field of order ¢ denoted by k. An
element of M is a formal sum:

X:ng(g) , zgek.

geG*

Addition and scalar multiplication are component-wise and multiplication is
given by the multiplication in G*:

A (Z xg(ﬂ)) = Z Arg(g) , NEk,

geG* geG*

Z z4(9) + Z Yo(9) = Z(f[g +9y)(9)

geG* geG* geG*

PEAOESIREOEDY (Z :chyk) (9)

geG* geG* geG* \hk=g

and

It is clear that the following map v is an automorphism between the algebras
R, and M:

x(X) € Ry, x ZxX’ — P(x sz —Z%(g)

i=0 geG*

where « is an nth root of unity. So any cyclic code can be seen as a group
algebra code, an ideal of M, say a code of M, the image by 1 of an ideal of
Ry The shift of the codeword x is the codeword »_ .. z4(ag). Consider
the following k-linear map of M into F:

ps (Z xg(g)) =)z’ (1)
geG* geG*

where 0 < s < n . Note that ps(x) = x(a®) for any x in M corresponding
to ¥(x(X)). Moreover we have obviously:

po(x) €k, pu(x) = po(x) and  pgs(x) = (ps(x))? . (2)



Definition 2.1 Let C' be a cyclic code of length n over k. The defining
set T of C is the largest subset of the range [0,n — 1], invariant under the
multiplication by q (mod n), such that any codeword x € C' satisfies

ps(x) =0, VseT .

The set T is a union of q-cyclotomic cosets modulo n; any s € T' corresponds
to a zero of C, say o, (see Chapter 1, Section 4).
Note that [0,n — 1] is the set of integers i with 0 < i <n — 1.

Let C' be a code of M. It is called a simple-root cyclic code when the
characteristic p of the alphabet field k does not divide the length n. As is
stated in the next definition, a simple-root cyclic code is uniquely defined by
its defining set.

Definition 2.2 Assume that n is prime to p. A cyclic code C of length n
over k, with defining set T can be defined as follows :

C={xeM]| ps(x)=0, VseT }.
The dual C* of C is the cyclic code with defining set
T+H={scloon—1]|n—s¢T}.

If p divides n, the code is said to be a repeated-root cyclic code . Such a
cyclic code has length n = p’é, for some ¢ and some § prime with p. So the
polynomial X™ — 1 is equal to (X? — 1)p[. Hence it has § distinct roots with
multiplicity p’ in its splitting field. That means that the general form of the
generator polynomial of such a code is

9(X) = H(gz(X))k , ke [1,p7,

iel

where g; is the minimal polynomial of o’ over k. In this case the defining set
of the cyclic code does not define the code uniquely —i.e. the condition on the
codewords given in Definition 2.1 is only a necessary condition. Henceforth,
in the remainder of the chapter, a cyclic code will be implicitly a simple-root
cyclic code, assuming that ged(n,p) = 1. Although we will mainly treat
cyclic codes, the repeated-root codes will be mentioned later several times.



The Fourier transform of any codeword x, referred to as the Mattson-
Solomon (MS) polynomial , will be denoted by My (X). It is the polynomial

MX(X) = ipnfs(x) X ) (3>

whose coefficients are in F. The inverse of the MS polynomial is calculated
by means of a simple argument. It is important to notice that My can be
viewed as a mapping from G to k. We have

M(g) = z_: (Z xhh”‘s) 9= i(gh‘l)s -

s=0 \heG* heG*  s=0

For any ¢ € F which is an nth root of unity the value of 22;01 Eis0if € #1
and n otherwise — since it is equal to (1 —£")/(1 —&). So we obtain:

My(g9) = (n mod p)x, , g€ G". (4)

One obviously deduces from (4) that when gcd(p,n) = 1, the weight of x
is n minus the number of roots of M,(g). Note that one can define the MS
polynomial of codewords when ged(n, p) # 1, but it is generally not invertible.
So it is of little interest for the codewords of a repeated-root cyclic code. Any
codeword of M can be characterized by its MS polynomial but this tool is of
most interest for the study of cyclic codes. In accordance with Definition 2.2
and with (3), (4), we can define a cyclic code by means of its MS polynomial.

Theorem 2.3 Let T' be a subset of the range [0,n — 1] which is invariant
under multiplication by q (mod n). Denote by L the subspace of F™ whose
elements are the n-tuples (A1, ..., \,) satisfying

Aqs mod n — (As)q and As =0 fO’r' any s € T ,
Then there is a one-to-one correspondence ® between the codewords of the

cyclic code C with defining set T and the set of polynomials ZZ:_& As X°, (A, ... Ay) €
L. This is the correspondence between a codeword and its MS polynomial:

n—1
xelC — P(x)= Z As X2 N = ps(x) .
s=0



Note that the image of the shift of x is as follows:

® (Z x, ag) Z Ay (a71X)* = M (X /@) . (5)

geG*

One can say that the code C' is formally defined by the polynomial

n—1
= ZAn—s X* )
s=0
where (A1, ..., A,) € L.

Proof: We only need to verify that any polynomial
:Z Aps X5, (A, ..., €L,

corresponds to a unique codeword x of C. As Ay = (Ay)?, Ag) € k for all
g € G. So A(X) is the MS polynomial of one and only one codeword x € M.
Moreover x is in C' because A; = 0 for s € T'. It remains to prove (5). Set
X' =3 co- Tg(ag). By definition (see (1)) we have

geG* geG
Therefore
n—1 n—1
MX1<X) = an_s(x/) Xs = O{ pn s an s _lX)
s=0 s=0

completing the proof.
¢

Example 2.4 Let C' be the binary cyclic code of length n = 15 with defining
set
T={1,2, 4,8, 5 10 };

T is the union of two cyclotomic cosets modulo 15 containing respectively 1
and 5. We have here k = GF(2), m = 4 and « is a primitive root of the field
F of order 16. Then

G*=F"={1, a o, .., o}

9



and M = k[{G*, x}]. Recall that the cyclotomic cosets modulo 15 are
0}, {1,2,4,8), {3,6,12,9}, {5,10}, {7,14,13,11} .

With the notation of Theorem 2.3, we have A; = 0 for any ¢ € T'; L is the
set of the n-tuples

(07 07 A37 07 07 A67 A77 07 A97 07 A117 Al?a A137 A147 A15 )7
where the A; satisfy Ag; moa 15 = A?. So
Me(X) = As X2+ AZXO A XBHASXO FASX A ASXP FARX 2 AZX + A5 .

Recall that Aj5 € {0,1}. Set € = Aj5, A = A3 and o = A;. Each codeword
x of C'is uniquely defined by a triple (¢, A, 1) € F3; its MS polynomial is as
follows:

M (X) = AX2Z XX 4 X%+ XX 4+ B X+ XX A X2 4+ 2 X e
e + Tr(NX? 4+ 12 X)

where T'r is the trace function from F to k. Note that the code C' contains

2(2%)? codewords; C' has dimension 9. Consider the generating idempotent

of C'. That is the codeword y defined by e = A\ = u = 1. We obtain the
symbols of y by computing, for i € [0, 14],

Yoir = My(a') =1 + Tr(a® +a') . (6)

Note that we have y,2i = y,i, since y is an idempotent. Assuming that F
is defined by the primitive polynomial X* + X + 1, we have the following
representation:

2 3 4 5 6 7 8 9 10 11 12 13 14

Q
Q
Q
e
e
e
Q
Q
e
Q
Q
Q

— O O Ol
o~ o o2
_ _ O O
O =) = O

«
1
1
0
0

o O = O
SO O
— O
_ O = O
O~ O
— == O
O~ =
— = =
— O = =
_ o O =

It is easy to check that

Tr(1) =Tr(a) =Tr(@®) =0 and Tr(a®)=Tr(a") =1,

10



implying, by using (6),
ylzya3:ya5:yo¢7:1 and yaZO-
So the codeword y is as follows

y=>» (o), J={0,3,6,9,12,5,10,7,11,13,14} ,

jeT

where {a’ | j € J} is the support of y; note that wt(y) = 11. We can check
that y is the generating idempotent of C' by computing the p,(y). According
to (1) we obtain

ps(y) =1+ Tr(a35 + a78) 1+ ab 4 alls
providing
po(y) = pa(y) = pr(y) =1 and pi(y) = ps(y) =0 .

So we find again the coefficients of the MS polynomial of y — since py = Ays
and p, = A, for all non zero s.

At the end of this brief background to MS polynomials we want to recall a
well-known theorem, called Blahut’s Theorem in coding theory [29], providing
the link between the weight of a codeword and its MS polynomial.

Theorem 2.5 Let x € M and denote by Ay, ..., A, the coefficients of the
MS polynomial of x. Then the weight of x is equal to the rank of the circulant
matrix

An An—l e Al
Ay A, - A
co=| 4 0 S,
Anfl Anf2 e An

Proof: Recall that « is an nth root of unity. Let x = >° ;. 74(g). By
definition (see (1) and (3)), we have for any ¢

Aiq 1 a - a1 alx,
A'L’+n71 1 o ! (an—l)n—l Oé(n_l)il‘anfl

11



Denote by L the n x n matrix above. By expressing each column of C(x) in
the same way, it is easy to see that, up to rearrangement of columns:

z 0 0 .- 0

0 zoo O --- 0
Cx)=1L , _ L.

0 0 -+ 0 zgn

Hence the rank of C(x) is equal to the number of non zero terms of the
diagonal of the matrix above. That is exactly the weight of x.

¢

Example 2.6 As in Example 2.4, and later in Example 2.12, k = GF(2),
F = GF(16) and « is a primitive root of the field F. We consider here a
binary cyclic code of length 5 (F is the splitting field of X°+1). We choose a
5th root of unity, let 8 = a3; then G* = { 8" | i € [0,4] }. The 2-cyclotomic
cosets modulo 5 are

{0orb5}, {1, 2, 4, 3}.

Consider the code C' with defining set 7" = {0}. Actually C is the [5,4,2]
irreducible binary cyclic code whose weight enumerator is obviously

We(z,y) = 2° + 1023y* + 5ay* .
The MS polynomial of C'is
Mo(X) = Ay X + AsX? + A X3+ A X

Set A = Ay. Any A € F defines one and only one codeword of C'. For instance
the MS polynomial of the generating idempotent y is

X°+1

M X)=X+X>+ X3+ X4=
y(X) tATEATY X +1

+1.

This polynomial has exactly one root in G*, X = 1, implying wt(y) = 4. On
the other hand, consider the circulant matrix C(y) (with notation of Theorem
2.5)

Cly) =

— = == O
e =
_ = O =
_ O = =
O = =



It is easy to check that the rank of C(y) is exactly 4. Note that both methods,
especially the second, necessitate a computer, except for such very simple
cases.

Whenever T' does not contain 0, we extend the code C' by an overall parity
check (see Chapter 1, Section 2). We denote by C the extended code of C:

C = { (=2 @)+ D ay(9) | Y alg)eC } : (7)

geG* geG* geG*
By convention the attached symbol is labelled by 0 and the defining set of

C is T U {0}. The extended code is defined with one more equation. An
extended codeword is in C' if and only if it satisfies

nggoz() and ps(x) =0, seT,

geG

where 0° = 1. The support of C is now the set G. These conventions will have
a clear meaning for primitive codes. Conversely we say that C' is the code
obtained from C' by puncturing at the element 0 € G: C' s the punctured
code of C.

A code of length p™ —1 (or p™), over a field of characteristic p, is generally
said to be primitive. Suppose that n =p™ — 1, for some m. Then the codes
C and C' are respectively said to be primitive cyclic and primitive extended
cyclic. In that case G equals F, the splitting field of X™ — 1. We can take
as ambient space the algebra of the additive group of F over k. This algebra
will be denoted by A, A = k[{G,+}]. In order to avoid confusion we will
use the notation F instead of G in this context. An element of A is a formal

sum:
_ g
X—E r, XY , z,ek.
geF

The operations are:
2w X7+ X0 =) (o)XY
geF geF geF

and

D X x>y, X9 =) ( > xhyk> X9

geF geF geF \h+k=g

13



Note that X° is the multiplicative unit. As previously (for the algebra M)
we consider the k-linear map of A into F:

Os (Z ngg> = nggs (8)

geF geF

where 0 < s<n and 0° = 1.

Definition 2.7 Let the ambient space be A =k[{F,+}]. Let T be a subset
of [0,n], containing 0 and invariant under multiplication by q (mod n). The

extended cyclic code C with defining set T is defined as follows:
C={xeA| ¢)(x)=0,VseT}.

The code C is said to be an extended cyclic code in A. The dual ofé is also
an extended cyclic code. Its defining set is the set of those s such that n — s
1s not i T'.

When we consider cyclic codes in A, rather than in M, we place these codes in
the general ambient space of primitive codes of length p™ (extended cyclic or
not). New operations, and then new tools, appear. The algebra A is actually
a field algebra. Since the multiplication in F involves the shift on codewords,
this point of view is of most interest for cyclic codes. But, conversely, the
field algebra A is the appropriate ambient space for the study of any relation
between a given primitive code and some cyclic codes. We will develop, or
illustrate, these ideas several times in this chapter.

Remark on the functions p, and ¢,. The mappings p, are defined for
0 < s <n, but we noticed that p, = py. Definition 2.1 is classical, taking
into account that o® = a™. R

For the definition of the extended code C' we must differentiate between
0 and n. We have, by convention,

o <ngXg> = Za:g and ¢, (ng)(9> — Z zy .
geF geF geF geF*

By definition, any extended code in A satisfies ¢o(x) = 0, for any codeword
x. Generally n is not in the defining set of C. If it is, it means that o is a

14



zero of the code C'. So the extension of C' is not really an extension. One
simply considers C' in the ambient space A. R

The mapping ¢, is more interesting for the study of subcodes of C'. In
any code C, we have the subcode containing the codewords x satisfying
¢n(x) = 0. This subcode can be seen as the extension of the cyclic subcode of
C containing o as zero. When C'is binary, this is the subcode of codewords
of even weight.

Finally we want to recall the definition of three “classical” classes of cyclic
codes: the Generalized Reed-Muller (GRM) codes, the Bose-Chaudhury-
Hocquenghem (BCH) codes, and the Quadratic Residue (QR) codes.

Definition 2.8 Let the ambient space be A; n = q¢™ — 1, ¢ = p" and m =
m/r. For any q and any s € [0,n] , the qg-weight of s denoted by wt,(s) is

m’'—1

wty(s) = Z S;

=0

where ZZ@_l siq" is the g-ary expansion of s. The GRM code of order v,
0<v<mi(q—1), is the extended cyclic code over the field k = GF(q) with
defining set

T,={s€0,n] | 0<wt,(s)<m'(¢g—1)—v }.

This code is of length p™ = ¢™ and is denoted by R, (v, m) while its punctured
code s denoted by R;(y, m). Binary Reed-Muller codes are usually called
Reed-Muller (RM) codes. More generally, a GRM code defined on a prime
field of order p is called a p-ary RM code.

Definition 2.9 Let the ambient space be M. Let & be an integer in the
range [1,n — 1] which is the smallest representative of a cyclotomic coset of
q modulo n. The BCH code of designed distance 0 is the cyclic code with
defining set

s€[1,0—1]

where cl(s) is the cyclotomic coset of ¢ modulo n containing s.

When n = p™ — 1 and k is the field of order p™, then cl(s) = {s} and
Ts = [1,0 — 1] is the defining set of the Reed-Solomon (RS) code of length n
and minimum distance 0 over k.

15



Definition 2.10 Let the ambient space be M with two further conditions:
1. the length n is an odd prime;

2. the order q of the alphabet field k is a quadratic residue modulo n —
in other words, q is such that ¢™ /2 =1 (mod n).

Denote by Q the set of the quadratic residues in the finite field F,, of order
n and by N the set of non residues:

Q={s* (modn)|se€F, s#0}.
Then the codes with defining sets
Q, {0juQ, N, {0JUN,

are the quadratic residue codes.

Comments on Section 2.2 There are few papers about the class of
repeated-root cyclic codes. Some special such codes, related to RM codes,
were studied by BERMAN in [25] (see also [114] where the practical inter-
est is explained). Binary self-dual codes which are cyclic are repeated-root
cyclic codes; some properties are given in [132]. The most important work on
repeated-root cyclic codes is due to CASTAGNOLI et al. [46, 1991]. The au-
thors treat the full class and present general results. Actually they introduce
the theory. They show precisely how some parameters of a repeated-root
cyclic code can be expressed from those of a certain simple-root cyclic code.
Thereby the repeated-root cyclic codes cannot be “better” than simple-root
cyclic codes. However these codes appear more evidently as interesting ob-
jects. Complements are given in [113]. On the other hand, VAN LINT has
described the binary cyclic codes of length 2n, n odd, by means of the well-
known |u|u+uv| construction [140]. The repeated-root cyclic codes, considered
as ideals in a group algebra, have been extensively studied by ZIMMERMANN
[154].

The weight enumerators of GRM codes, BCH codes and QR codes are
not always known, except RS codes, since they are MDS codes, and some
particular codes (such as the Hamming codes). For the RS codes the ques-

tion is to determine their complete weight enumerators. The minimum dis-
tance of GRM codes is known (see comments of Section 3.2 and 3.4.1). This

16



is generally not known for BCH codes and QR codes. The automorphism
groups of GRM codes, QR codes and narrow-sense BCH codes are known
(see Chapter(Huffman) and §3.5). There is no decoding algorithm known for
QR codes.

2.3 Primitive and non primitive cyclic codes

In this section we want to show that any non primitive cyclic code can be
considered as a primitive cyclic code. More precisely it can be viewed in the
ambient space of the primitive cyclic codes. Therefore the extended code can
be viewed as a code of A.

We need to be more precise; in particular we take specific notation (only
for this section). Assume that

N=p"—-1, N=nv, n<N .

The finite field of order p™ is denoted by F and G* is the cyclic subgroup of
F of order n generated by [, a primitive nth root of unity. We choose «, a
primitive element of the field F, such that 8 = o”. Recall that the alphabet
field k is a subfield of F. Note that, in this section, the mappings ps apply
to the codewords of k[{F*, x }].

Denote by C' a non primitive cyclic code. It is a code of length n over k
with defining set T'(C'). Then the set of zeros of C is the set {3’ | j € T(C)},
as well as the set {a?” | j € T(C)}. Consider the cyclic code D of length N
over k with defining set

T(D)= [0, N-=1]\{jv]jelon=1], jgT(C)}. (9)

Thereby the non-zeros of D are exactly the non-zeros of C. Let x € D and
consider its MS polynomial. By definition and since p;(x) = 0 for any j in
the defining set of D, we have

M (X) = > pr—s(x) X* = Yo pe(x) X"
0<s<N-1 0<t<n-1
N —s¢&T(D) n—t¢gT(C)

(see Definition 2.1 and (3)). Now we compute the symbols of x by the inverse
Fourier transform; we obtain

N 24 = M(a'), i€[0,N—1].
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Set 1 = niy + 19 with 0 < i3 < n. We have

M(a') = Yo Peeap(x)a iR = Y. Paeon(x)8,
0<t<n-1 0<t<n-1
n—tgT(C) n—tgT(C)
(10)

since o = [ and " = 1. Hence
M (@™*2) = M (o), i1 €[0,v—1], ia<n,

which means x,i = x,i, for i =iy modulo n. Now we take (Ay, ..., A,) € F"
such that A; = p;,(x). Consider the codeword y in C' whose MS polynomial
1s

M,y(X) = > A X
0<t<n—-1
n—tg&T(C)

According to (10), we have for any iy € [0,n — 1]
My (B?) = Myx(a®) |
which means
Ygiz = (N/n mod p) i, = (v mod p) Tpir , iz € [0,n —1] .

On the other hand, any primitive cyclic code whose defining set is of the form
(9), for some T'(C') which is invariant under the multiplication by ¢ (mod n),
corresponds to a non primitive cyclic code. We summarize this in the next
proposition (with notation introduced above).

Proposition 2.11 The cyclic code D 1is the “primitive form” of the code
C. Any codeword x = 3 _p. 24(g) of D is obtained from a codeword y =
deG* yy(g) by repetition of symbols. That is:

N-1

X = Zxai(ai) = Zxaj Z (o)

=0 i mod n=j

and » »
y = _yw(B) = (v mod p) Y zai (5) -
j=0 Jj=0
Therefore wt(x) = v wt(y).
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To conclude we would like to illustrate the link between the irreducible
cyclic codes and some diagonal equations. Suppose that C' is an irreducible
cyclic code of length n over k. Then, up to equivalence, it is the code of
M which has as non zeros only 7! and its conjugates. Let c¢l(—1) be the
g-cyclotomic coset of —1 modulo n. So

T(C)=1[0,n—1]\ c(-1).

(see Chapter 1, Theorem 5.25). Consider the code D, as previously defined
from C'. According to (9) we have:

T(D)=[0,N—-1\ { —v, —qv, ..., (—¢™'v) mod N } ,

implying that the defining set of the dual of D is the g-cyclotomic coset of v
modulo N. Let us consider the equations over F of the type

wX] + ... + a,X,, =0, (11)

where a; € k and w is an integer greater than two. They are diagonal
equations with a constant exponent over F [102, Chapter 6]. A solution of
(11) is a w-tuple (g1,...,9w), ¢; € F, satisfying > 1" a;g¥ = 0. Suppose
that such a solution S is composed of k£ pairwise distinct nonzero elements,
say gi,- .., gk, and of w — k zeros. Then it corresponds to the codeword

k

x =Y ai(g:), x€k[{F, x}].

=1

As the g; satisfy (11), p,(x) = 0. Hence x is a codeword of D+ of weight k.
More generally any codeword of D+ of weight less than or equal to w provides
a solution of an equation of type (11).

In the binary case, the connection with the weight enumerator of a given
irreducible cyclic code is more clear and of most interest. Indeed if k is the
field of order two, the knowledge of the solutions of the diagonal equations

X'+ ...+ X, =0 (12)

over F, for any w, is equivalent to the knowledge of the weight enumerator
of the code C. More precisely the number of the codewords of weight w in
D+ is equal to the number of the solutions S of (12) composed of w distinct
non zero elements of F. The weight enumerator of C' can be obtained from
the one of D.
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Example 2.12 Let N = 15 and n = 5; so F = GF(16) and v = 3. Consider
the binary cyclic code D of length 15 with defining set

T(D)={sec0,15 | s ¢ {3,6,12,9} }.

That is the binary cyclic code with only one non zero class, o (and its
conjugates). So its dimension is 4. The diagonal equations (12) providing
the weight enumerator of D+ are

X+ ..+ X2 =0, 0<w<15,
with solutions in GF'(16). The MS polynomial of any x € D is

M(X) = pa(x) X 4 ps(x) X7 + po(x) X° + pra(x) X°
— >\<X3)4 + )\Q(X?))S + )\8(X3)2 + )\4X3 ’

where A\ = p3(x) is any element in F. We remark that by taking Y = X3 we
obtain the MS polynomial of some codeword of the code C' of Example 2.6.
We have, for 0 <i; <2 and 0 < iy, <4,

M (a®F%2) = M, (a') .

Actually the code D is the primitive form of the code C' of Example 2.6.
Indeed the set of non-zeros of D and C' are respectively

{3x1,3%x2, 3x4,3x3} and {1,2 4, 3}

and that is exactly definition (9). According to Proposition 2.11, D is a
(15,4, 6] code whose weight enumerator is

Wp(x,y) = 2 + 102%° 4 52°y"* |

since each codeword of D is obtained from only one codeword of C' by rep-
etition of each symbol three times. The non-zero weights of codewords of
C are 2 and 4 so that they are respectively 6 and 12 for the code D. By
way of illustration, consider the idempotents of these codes. Denote by z the
idempotent of D. We have

X1

M,(X)=X24+ X"+ X0 4 X3 =
(X) + X7+ X° + %71

+1.
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The zeros of M,(X) are those o such that o®* = 1. The idempotent of
C was denoted by y; we showed that its MS polynomial is equal to (X° —
1)/(X — 1)+ 1. In k[G*, x], where G* is generated by /3, we have

y=(8)+(8)+(5") + (8
providing in k[F*, x|

z = (@) + (@) + (@) + (@®) + (") + (®"F?) +
a3)+(an+3)+(&2n+3)+(a4) (a”+4)+(a2”+4)
a) + () + () + (o) + (0®) + (a®) +

o) + (a?) + (@) + (") + (") + (o) .

_+_
+

Note that the supports of y and z satisfy the property characterizing idem-
potents: they are invariant under the Frobenius mapping.

Comments on Section 2.3 The link between diagonal equations and
irreducible cyclic codes was extensively studied by WOLFMANN [148, 149].
Previously, HELLESETH [77] and TIETAVAINEN [136] studied this approach
for finding the covering radius of codes. The problem of solving diagonal
equations of type (11) is related to famous problems such as WARING’s prob-
lem.

It is often efficient to consider an irreducible cyclic code in its primitive
form. An application can be found in [150]. In [55], this point of view is
decisive for the determination of the weight distributions of cosets of 2-error-
correcting binary BCH codes. Tt is generalized in [56].

2.4 Affine-Invariant codes

In this section, we consider codes of A — i.e. of the field algebra of the
primitive extended codes. Addition and multiplication in the field F involve
natural transformations on codewords including the following affine permu-
tations

Tup Za:ng — ngX“g+”, ueF, veF. (13)

geF g€eF

The permutations o,, o consist of shifting symbols unless the symbol is labelled
by 0. It is exactly the shift on codewords punctured in the position “0”. On

21



the other hand we have clearly
o14(x) = X"x .

Thus a code C, which is invariant under the permutations o, ,, is an extended
cyclic code and an ideal of A. Such a code is called an affine-invariant code

We will develop a combinatorial approach to affine-invariant codes, by
defining the poset of affine-invariant codes. Each affine-invariant code can
be identified with one and only one antichain of the poset (5, <), S = [0,n].
This leads to a classification, which is purely combinatorial. But it is most
surprising that a given antichain contains much information about the code
that it defines. This will provide tools useful in applications. In particular,
with this point of view, the connection with the general representation of
the ideals of A is established. For instance, the principal ideals, which are
extended cyclic codes, are easily characterized. Finally a result on maximal
antichains, due to GRIGGS, can be applied.

By our approach we complete the algebraic study of AssMUs and KEY
(Chapter XXX Section 4). We do not give the complete proofs of results
because our aim is mainly to suggest another context or other extensions.
Moreover some of them can be found in Chapter(Assmus-Key). The main
references are [51] and [52]. The results (and terminology) on antichains are
those of GRIGGS [73].

2.4.1 The poset of affine-invariant codes

Affine-invariant codes were characterized by KAsAamrI et al. in [87]. The
authors showed that an extended cyclic code is affine-invariant if and only
if its defining set satisfies a certain combinatorial property. We will present
this result (Theorem 2.14) in terms of a partial order.

Definition 2.13 Let S = [0,p™ — 1]. The p-ary expansion of s € S is
272.7:01 sip', s; € [0,p—1]. We denote by =< the partial order relation on S
defined as follows:

Vs,tesS: st < si<t;, i€[0,m—1]

(s <t means s <Xt and s # ).
Then we can define the poset (S,=<) . When s <Xt , s is said to be a
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descendant of t and t to be an ascendant of s. We can define a maximal
(resp. minimal) element of a subset of S, with respect to <. Two elements,
s and t, are not related when they are distinct and are such that s £ t and
t £ s. An antichain of (S, <X) is a set of non-related elements of S. In the
usual terminology, (S, =) is said to be a product of chains of size p.

Theorem 2.14 Let us define the map

A:TcCS +— AT)=|J{seS s=t}. (14)

teT

Let C' be an extended cyclic code, with defining set T'. Then C' is affine-
invariant if and only if A(T)=1T .

Let T'C S . The border of T is the antichain I of (S, =) consisting of the
minimal elements of the set S\ T It is easy to check the following:

I={seS\T | A(s)\{s}cT} (15)

where A(s) = A({s}). For simplification we will often say the border of the
code C, with defining set T', instead of the border of T'. Many extended cyclic
codes have the same border. However one and only one affine-invariant code
corresponds to a given antichain, providing the classification of the affine-
invariant codes via antichains of (.5, <).

Theorem 2.15 There is a one-to-one correspondance between antichains of
(S, xX) and affine-invariant codes of length p™. Each antichain is the border
of one and only one affine-invariant code.

Proof: Let I be an antichain of (S5, <) and define the following subset of S:

T=5\ [Jlses|f=zs}y=({teS|f£t}.

frel fel

It is clear that the two definitions of T" above are equivalent. By definition
A(T) = T and I is the border of T. So we can define the affine-invariant
code C with defining set 7" and border I.

Suppose now that a subset 7" of S, such that A(7”) = 1", also has border
I. It is impossible to have s € T" and f < s, for some f € I, since I is
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the border of T". So T" is included in 7. If there exists an s € T'\ 7", then
T contains any descendant of s. In particular 7' contains a descendant of s
which is in the border of 7", a contradiction. Hence 17" = T.
¢

When the defining set of any cyclic code is precisely described, it is easy
to check if this code is affine-invariant or not. For instance, GRM codes and
extended narrow-sense BCH codes are obviously affine-invariant. It is more
difficult to determine the border of any affine-invariant code; generally one
has to make do with numerical results, by using a computer. However, in
some cases, it is possible to prove exactly what the border is. We present
below two results: the borders of p-ary RM codes and the borders of extended
RS codes. We give the proof of the first one; the proof of the second one,
which is more technical, can be found in [52]. Note that the RM codes have,
as borders, maximal antichains while the border of any extended RS code of
length p™ cannot have more than m elements.

Proposition 2.16 The border of the p-ary RM code of length p™ and order
v, denoted by R,(v,m) with 0 <v <m(p—1), is

S,={teS|wty(t)=pn} where p=m(p—1)—v.

Such an antichain S, is said to be a maximal antichain of constant rank.

Proof: GRM codes are defined in Definition 2.8. In the terminology of partial
order, the p-weight of any s € S is said to be the rank of s. Two distinct
elements with the same p-weight are not related, with respect to <. So a set
of elements of the same p-weight is an antichain, which is called an antichain
of constant rank [73]. An antichain is said to be maximal if it is not included
in a bigger antichain. Clearly, the antichain S, is maximal.

Recall that wt,(s) is the integer sum of the symbols of the p-ary expansion
of s. The defining set T' of R,(v,m) is the set of those s € S satisfying
0 < wty(s) < p. Obviously, s <t implies wt,(s) < wt,(t).

Let t € S such that wt,(t) = p. Any descendant s of ¢ is in 7', except
t itself. So t is in the border of T'. Conversely if a given t satisfies this
last property, it cannot be such that wt,(t) > u, because it cannot have a
descendant whose p-weight is p. So the border of T is exactly .S,,, completing
the proof.
¢
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Proposition 2.17 Let C(d) be the extended RS code of length p™ and de-
signed distance d. It is a code over the field of order p™ and its defining set
is the set of elements in the interval [0,d — 1] (see Definition 2.9).

Let (dy, ..., dm_1) be the p-ary expansion of d and denote by ko the small-
est k such that dy # 0. Let us define d™ Y = (dp,—1 + 1)p™~" and for any
kE,0<k<m-—1,

m—1

i=k+1
Then the border of C(d) is
Id)={d} U {d¥ |kg<k<m—-1landdy<p—1}.

Note that the minimum distance of C(d) is d+1, since the minimum distance
of the RS code is exactly d.

Example 2.18 Denote by C' the extension of the RS code with parameters
(127,102, 26]. The defining set of C'is [0, 25]; the designed distance is d = 26.
The minimum distance of C'is 27 (see later Property 2.20). With the notation
of Proposition 2.17, we have ky = 1 and the border of C'is

I(d)={d, d?, d® d© } .

where
d = (0,1,0,1, 1,0, 0)=26
d? = (0,0, 1,1, 1,0, 0)=28
d® = (0,0, 0,0,0, 1, 0)=32
d® = (0,0,0,0, 0,0 1)=64.

We pointed out that the affine-invariant codes of length p™ can be classi-
fied, by considering the antichains of (S, <). There are special classes among
these antichains as well as special classes of affine-invariant codes. In other
words, and it is quite surprising, many properties of a given affine-invariant
code can be deduced from its border. One aspect will be developed later in
the description of “cyclic ideals” of A. We now give some basic properties
and two examples for illustration. The proofs, which are generally simple,
can be found in [52], [21] or [54]. Recall that n = p™ — 1 and S = [0, n].
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Property 2.19 Let I be an antichain of (5, <). Denote by T the subset of
S such that A(T) = T and whose border is I. Let u divide m (u may be 1
or m). Then p*I = I if and only if p*T =T (modulo n).

Actually this means that the class of antichains satisfying p“l = I corre-
sponds to the class of affine-invariant codes over k, where k is the finite field
of order p“.

Property 2.20 Let C be an affine-invariant code with defining set 7" and
border I. Let C* be the cyclic code whose extended code is C'. The cardinal-
ity of the largest interval contained in T is called the BCH bound of C'. Let
d be the smallest element of I. Then [0,0 — 1] C T and § is the BCH bound
of C. This property provides a lower bound for the minimum distance of C'.
Indeed the minimum distance of C* is lower-bounded by §, since [1,d — 1] is
contained in the defining set of C*. Since C' is affine-invariant, its minimum
distance is lower-bounded by 6 + 1. Note that the BCH bound of C* could
be § + 1, but no more.

Property 2.21 Let C' be an affine-invariant code with defining set 7" and
border I. The dual code C* is also affine-invariant. Denote by I+ its border
and by T% its defining set. Let us define the mazimal set M of T (or of C)
as the set of maximal elements of T', with respect to <.

Obviously M is an antichain. As well as the border, the mazimal set of
T uniquely defines the affine-invariant code C. Moreover M = n — I+ and,
conversely, I =n — M=.

Property 2.22 This property is an application of Property 2.21; we keep
the same notation. The code C is self-orthogonal, i.e. C C C*, if and only
if its border satisfies

for all sin I and for all ¢t in I then t & A(n—s) . (16)

In other words the class of antichains of (S, <) satisfying (16) corresponds
to the class of affine-invariant self-orthogonal codes of length p™.

It is well-known that a ternary code is 3-divisible (i.e. any codeword has
a weight divisible by 3) when it is self-orthogonal. Hence, when p = 3, an
antichain I which satisfies (16) and 31 = I (modulo n) defines one and only
one 3-divisible ternary affine-invariant code.
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Example 2.23 Consider the extended BCH code of length 16 with designed
distance 5, say C. First suppose that C is binary. The defining set is

T={0,1,2, 4,8, 3, 6,9, 12 }.
By writing the 2-ary expansions of these elements we obtain

(000 0)
T={ (1000) (0100) (0010) (0001)
(1100) (0110) (1001) (0011)

It is easy to check that the border I is exactly the 2-cyclotomic coset of 5:
I={5=(1010),10=(0101)}.

Suppose now that C'is a code over GF'(4). The defining setis 7" = {0, 1, 4, 2, 8, 3, 12 }
and the border is obviously I’ = { 5, 6, 9, 10 }. Note that 2] = I and

21" # I', whereas 41 = I and 41" = I’ (modulo 15). For both codes, the

smallest element of the border is 5, the designed distance. That illustrates
Properties 2.19 and 2.20.

Example 2.24 Let p = 3 and m = 3; so S = [0,26]. Consider the 3-
cyclotomic coset modulo 26 containing 7. It is the antichain

I={721,11}={(120), (012), (201) }.
Hence we have
n—I1={19,5 15}={(102), (210), (021) }.

It is easy to check that I satisfies (16): there is no ¢ € I which is a descendant
of some u € n — I. Therefore the affine-invariant code C, whose border is I,
is self-orthogonal. Its BCH bound is 7, implying that its minimum distance
is at least 8. It is at least 9, since C' is 3-divisible (see Property 2.22).
The defining set of C' is the set of s such that ¢t £ s, for all t € I. That
is:
(000) (100) (200) (010) (110
T = (210) (020) (001) (101) (0O11)
(111) (021) (002) (102)

One deduces that the maximal set of C is the antichain

M=1{5 1519, 13}={(210), (021), (102), (111)}.
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The maximal set of the dual of C'is M+ =n — I. It is clear that M+ C T,
implying 7+ C T. This again shows that C' is self-orthogonal. The border
of the dual of C' is the antichain

I"=n—M={(012),(201), (120), (111)}.

2.4.2 Affine-invariant codes as ideals of A

Recall that the ambient space is A = k[{F,+}] where k is any subfield of
the field F of order p™. Note that p-ary codes can be defined in this ambient
space — or more generally p®-ary codes, p° dividing the order of k. In other
words a p-ary code is a code which has a generator matrix with coefficients
in GF(p).

Let x be any element of A. The p' power of x, where p is the characteristic
of A, is as follows:

P = (Z ngf?)p = ahX™ = (Z xf;) X0 = (Z g;g>p X0

g€eF geF geF geF

Thus x is either invertible, when ger Lg 7 0, or nilpotent, when > geF Tg =
0. The radical of the algebra A is the set of nilpotent elements of A. It is
clearly an ideal of A, the unique maximal ideal of A. We will denote it by
P; the rth power of the ideal P will be denoted by P". Recall that powers
of the radical of A are the p-ary Reed-Muller codes:

P =Ry(mp—1)—r,m), 1<r<m(p-1). (17)

The proof of this important property, as well as an extensive study on the
ideals P, can be found in the chapter(Assmus-Key) (Section 4). Our no-
tation is slightly different; note A is used instead of R and P instead of
M.

Any element (or any subset) of A has a “position” in the decreasing
sequence provided by ideals P". This is a new parameter we will call the
depth: x € A has depth r if and only if x € P"\ P"'. Similarly the depth
of any ideal U of A is r if and only if U is contained in P" and not in P" !,

Our purpose here is to describe the affine-invariant codes by a set of
generators. Any ideal of A is a sum of principal ideals. For any element x
of A, we will denote by (x) the principal ideal generated by x. The next
definition and Theorem 2.26 were introduced by LAUBIE in [97].
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Definition 2.25 Let U be an ideal of A and let V' be a subset { uy,...,us }
of U. The set V is said to be a generator system of U if

U:(ul) + ... + (U.g).

Moreover V is said to be minimal when the cardinality k of any generator
system of U satisfies £ < k. In this case we will say that ¢ is the size of the
tdeal U'.

Theorem 2.26 Let U be an ideal of A. For any x € U, denote by X the
image of X in the quotient vector-space U/PU. Then the following statements
are equivalent:

(1) { u,...,u } is @ minimal generator system of U.
(i) {T,...,u } is a basis of U/PU.
Note that PU s the ideal generated by the products xy, x € P andy € U.

The main consequence of this theorem is that any generator system of any
ideal U of A contains a minimal generator system. More precisely, one has
a method for finding the size of any ideal.

Principal ideals are simply the ideals of size 1. In the general case it is
not so easy to determine the size. However, for affine-invariant codes, the
size is deduced from the border.

Theorem 2.27 Let U be an affine-invariant code with defining set T and
border I. Let 0 be the cardinality of I. Then 6 is the size of the ideal U.

Sketch of proof: The complete proof is given in [52]. First consider the ideal
PU. As P and U are affine-invariant, PU is affine-invariant. It is sufficient
to see that forx € P and y € U

Tu0(Xy) = 0uo(X)Tuo(y) -
Let T be the defining set of PU. Then we have the following property:
T=TUI.

Then the dimension of U is equal to the dimension of PU plus . It remains
to find 6 elements in U, linearly independant and providing a basis of U/PU.
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We will indicate how this basis can be constructed. Let U* be the cyclic
code whose extension is U. We consider the usual generator matrix of U*,
whose rows are the generator polynomial and their shifts (see Chapter 1,
Theorem 5.2.). By extending each row of this matrix, we obtain a basis of
U. Let x be the first extended row — i.e. the extension of the generator
polynomial of the cyclic code U*. The extension of the ¢th row is the image
of x by the affine-permutation o,i . Then the set

{X, 0a0(X), 0a20(x), ..., Oao-10(x) }

is a minimal generator system of U.
¢

An immediate consequence of this theorem is the characterization of
affine-invariant codes which are principal ideals of A — i.e. affine-invariant
codes of size 1.

Corollary 2.28 Let q be the order of the alphabet field k.

An affine-invariant code is a principal ideal if and only if its border has
only one element. More precisely, the border contains only one element 9,
satisfying g0 = 0 modulo n.

Example 2.29 As an example, the class of extended RS codes which are
principal ideals is easily deduced from Proposition 2.17. Indeed such a code
C'(d) must have as border the set {d}, where d is its designed distance. So,
in Proposition 2.17, d must be such that the set

{d® | ky<k<m—landdy<p—1}

is empty. It is equivalent to say that d has the following form

m—1
d=dp+ > (p—1p*, diy€lp—1], koel0,m—2]. (18)
k=ko+1

By convention, d = dy,p* when ky = m — 1. There are m(p — 1) principal
extended RS codes, one and only one for each depth.

For instance, consider the RS code with parameters [2™ — 1,2m~1 2m~1]
over GF(2™). Then the extended code, C(d) with d = 2™, is such that d
satisfies (18). So C(d) is a principal ideal. The code C(d) has parameters
[2m 2m=1 2m=1 4 1]. Tts defining set is [0,2™~ — 1] and its maximal set is
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d | border d | border

1* | (1) 23* | cl(23) U cl(27) U cl(29) U cl(43)
3 | c3)ud(b)Ucl(9) 27 | cl(27) U cl(29) U cl(43)

5 | cl(5) U cl(9) 20% | ¢1(29) U cl(43)

7 | el(m)uel(9) 31 | cl(31) U cl(43)
11% | cl(11) U cl(13) U el(19) U el(21) | 43* | c1(43)
13* | €l(13) U cl(19) U (21) 47 | cl(47) U el(55)

15 | cl(15) U el(19) U cl(21) 55* | cl(55)
19% | cl(19) U cl(21) 63* | cl(63)

21 | cl(21) U cl(27)

Table 1: Borders of the extended binary BCH codes of length 128; d is
the designed distance of the BCH code; ¢l(i) denotes the 2-cyclotomic coset
containing ¢; the asterisk indicates that the border is an antichain of constant
rank.

simply {27! — 1}. From Property 2.21, the border of the dual code also
contains only one element, which is

(2" —1)—(@2™ ! —1)=2m"1,

The code C'(d) and its dual have the same border, implying that C(d) is self-
dual. The binary image of such self-dual codes, with short lengths, appear
in [120] and [121] for a new construction of the binary Golay code and of an
extremal self-dual code of length 64.

On the other hand the results of GRIGGS on maximal antichains can be
applied here to the determination of affine-invariant codes of maximal size.
These codes are among the p-ary RM codes.

Theorem 2.30 Let U be an affine-invariant code and denote by t(U) the
size of U. Let S;, 1 < j < m(p—1), be the mazimal antichain of constant
rank which is the border of P?. Denote by |S;| the cardinality of S;. Let A
be the median p-weight in S = [0, p™ — 1]:

o[22

Then t(U) < |Sy\|. Moreover if t(U) = |S\| then U is a p-ary RM code. That
18:
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o if m(p—1) is even then U = P*;
o if m(p—1) is odd then U is either P* or P

Note that |a] denotes the integer part of some real number a.

Proof: It was proved by GRIGGS in [73] that the maximal size for an antichain
of (9, <) is exactly the size of Sy. Moreover if m(p — 1) is even, S is the
unique antichain of this size. If m(p — 1) is odd then we have p = 2, m odd,
and A = (m — 1)/2; the size of Sy is exactly the size of Sy since these sizes

are respectively
( <minl>/2> and ( <mf1>/2> |

The antichains Sy and Sy, uniquely define the affine-invariant codes P* and
P Note that PM! is the self-dual doubly-even RM code.

¢

Let U be an affine-invariant code with border I. We have proved that
the size of U is the cardinality of I. On the other hand, the depth of U is
easily obtained. It is

min { wt,(s) |sel},

because if there is an s € I which has p-weight p then U cannot be contained
in P*L —ie. the defining set of U does not contain the defining set of P+*!
(see Proposition 2.16).

If all elements in I have the same p-weight, then [ is an antichain of
constant rank. This is the case for principal ideals and for p-ary Reed-Muller
codes. The extended RS codes defined from an antichain of constant rank
can be easily obtained from Proposition 2.17 (see another proof in [50]).
Moreover several extended BCH codes have this property. As an example we
give in Table 1 the borders of the extended BCH codes of length 128. The
class of extended BCH codes which are principal is described in [53]. It is
proved that the true minimum distance of these BCH codes is exactly the
designed distance. It is important to notice that, by studying a special class
of ideals, some results on parameters of some BCH codes are then obtained.
When the alphabet field is a prime field, all principal affine-invariant codes
are extended BCH codes. To conclude we give an example over the field of
order 5.
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Example 2.31 Consider BCH codes of length 5° — 1 over GF(5). Denote
by B*(d) such a code with designed distance d. Let B(d) be the extended
code. The codes B(d), which are principal ideals, are defined from antichains
{d} such that 5d = d modulo 124. Then the 5-ary expansion of d must have
the following form: d = 6(1+ 5+ 52), § € [1,4].

Let C be any affine-invariant code with border {d}, where d has the form
above. Let T be the defining set of C'. Then t € T if and only if ¢ is not an
ascendant of d, with respect to <. That is

T={t|t£dandd A t}.

Since the 5-ary expansion of d is (0, d, 4), the condition ¢ € T means that
there is a representative of the 5-cyclotomic coset of ¢ which is smaller than
d. Thus T is the defining set of the extension of the BCH code B(d) — i.e.
C = B(d).

Then the four affine-invariant codes, which are principal, are extended
BCH codes B(d) with d € {31,62,93,124} (if d = 124 the code is trivial).
The dimensions of these codes are respectively (5 — 6)%, 6 € [1,4]. The
minimum distance of B*(d) is d and the minimum distance of B(d) is d + 1
(see [53, Theorem 2]).

Comments on Section 2.4 At the end of this section, we indicated
more properties of affine-invariant codes which are properties of antichains.
There are others examples: it was proved in [21] that the automorphism
group of an affine-invariant code can be determined from the knowledge of
its border and of its maximal set only. Another example is given in [54], where
the antichains defining self-dual affine-invariant codes are studied (only for
codes over GF(2")). The affine-invariant codes whose border is an antichain
of constant rank appear as a special class. However, except when the size is
1, no new result (on weights, dimension, ...) are derived.

Affine-invariant codes are of most interest when the combinatorial prop-
erties of the defining sets of cyclic codes are considered. There is a natural
question: is it possible, maybe with another partial order, to define other spe-
cial classes? We have in mind the work providing bounds on the minimum
distance (see Chapter 1, Section 6). On the other hand, is the development
similar when repeated-root cyclic codes, constructed from affine-invariant
codes, are considered?

To conclude we want to mention the role of the multiplication of the
algebra A in the study of primitive codes. For instance, Theorem 2.26 can
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be applied because it is possible to determine the defining set of the code
PU. More generally, one can characterize any code UV where U and V are
affine-invariant codes. This is because the value ¢4(xy), for some s, can be
calculated from ¢4(x) and ¢,(y) (see in Chapter(Assmus-Key), Section 4.3.).

3 On parameters of cyclic codes.

This section deals with famous open problems. For instance it is well-known
that the minimum distance of a given cyclic code is generally not known.
A fortiori weight enumerators of cyclic codes are generally not known. The
study of weight enumerators, complete or not, is crucial in coding theory.
A lot of open problems arise from the difficulty of obtaining results on the
number or on the form of a set of codewords of a given weight.

The main part of this section is devoted to the question of the form
of codewords. We develop connections with two algebraic problems: the
solvability of some systems of algebraic equations and the existence of certain
kinds of polynomials on finite fields (Section 3.1 and 3.2). Above all, we want
to emphasize the significant role of tools derived from symbolic calculus, as
has appeared in recent works. We want also to point out that several classical
problems of the theory of finite fields are involved.

In Sections 3.3 and 3.4, our main purpose is to illustrate the hardness of
any question on weight enumerators by discussing simple specific problems.
We have chosen, at first, two well-known hard open problems: the minimum
distance of binary narrow-sense BCH codes and the weight enumerators of
binary RM codes.

We later treat the weight enumerators of cyclic codes with few zeros, es-
pecially of binary cyclic codes with two zeros which appear to be the simplest
cyclic codes involved in several applications (see an example in Section 4.1).
The determination of the weight enumerator of such a code remains an open
problem except when the code is optimal in a certain sense. Our aim is to
recall and explain the main tools which were used by KasAMI for proving
the unicity of the weight enumerator of these optimal codes. The work of
KaAsaMi, based on the MacWilliams transform and the Pless identities,
is still fundamental for any approach with a view toward classifying cyclic
codes with few zeros.

Section 3.4.3 is a short paragraph devoted to irreducible cyclic codes —
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i.e. the duals of the cyclic codes with one zero. Note that to say “j zeros” for
any g-ary cyclic code means that the defining set of this code is the union of
exactly j g-cyclotomic cosets.

Section 3 is completed by short comments on the automorphism group of
cyclic codes and on the question of their asymptotic behaviour.

3.1 Codewords and Newton identities

In this section we introduce the Newton identities, restricting ourself to the
context of cyclic codes — however the reader can easily see that they can be
defined in a more general context. By using Newton identities, one can put
in a concrete form the definition of words of a given code, whose weights are
less than or equal to a fixed value. Our purpose is to explain (and we will
do that as one goes along) why this form is “concrete” and how it can be
exploited. We wish to show that Newton identities are a tool of great interest
for describing a set of codewords, particularly for codewords of cyclic codes.
This section is based on the recent work of AuGoT [5][6].

Taking any codeword c, say (c1,...,cy), its support is the set

supp(c) = {7 [ e #0 }.

We consider here codewords of length n whose supports are contained in a
finite field F, with respect to the ambient space M = k[{G*, x}] ( see §2.2);
recall that G* is the subgroup of order n of the multiplicative group of the
splitting field F of X™ — 1.

We can then study, as well as codewords, subsets of F and polynomials
in the ring F[X]. Recall that such a polynomial is said to split in F when it
can be written as a product of linear factors in F[X].

Definition 3.1 Let x = }_ .. 24(g) be a codeword in M of weight w. The
support of x is said to be its set of locators. That is

supp(x) ={ g1,..., gw } ={ g€ G [ 2,#0 }.

The locator polynomial of x is the polynomial over ¥ defined as follows :

w

i=1
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The coefficients of o4(X) are the elementary symmetric functions of the lo-
cators g;, 1 <1 < w. These are for any j, 1 < j < w,

i = (—1)j Z 9irGis - - - Gij -

1<dy <ia <. < <w

The power sum functions of the locators of x are:

w
Ai=>gi . i>0.
k=1
Note that the locators of a codeword are, by definition, distinct elements.

The definition of the locator polynomial is in conformity with the definition of
the extended codeword (see (7)). Indeed the support of extended codewords
is contained in G = G*U{0}. If such a support contains “0”, the polynomial
0x(X) is multiplied by 1 and the power sum functions are also unchanged.
Actually we assume that a codeword and its extension have the same locator
polynomial.

The following properties can be easily proved. Our notation is that of
Definition 3.1; ¢ is the order of the alphabet field and « is an nth root of
unity.

Proposition 3.2 Letx®) be the kth-shift of x. Denote by U](k) the coefficients

of the locator polynomial of x*) and by Agk) its power sum functions. Then

D) Ay=A%, A podn=2; and AP =aikA,.
q )

)

(ii) The support of x¥) is { akgy,..., a*g, } and
o (X) =0 (X)) | e cr;k) =a"o; .

There are two natural questions. What is the form of the locator polynomial
of this or that codeword of a given cyclic code 7 Is a given polynomial
a possible locator polynomial ? The use of the Newton identities is the
most natural tool for attacking these questions. We can write simply an
algebraic system of equations over the splitting field F whose solutions could
correspond to the codewords.

Note that a codeword whose symbols are from {0,1} can be identified
with its support and then with its locator polynomial. Moreover for such a
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codeword the coefficients of the MS polynomials are exactly the power sums
of the locators. The Newton identities are usually viewed in this context
while those introduced by Theorem 3.5 are said to be the generalized Newton
identities. We begin by giving the usual form which is very useful in practice,
mainly in the binary case, as will appear in the next example.

Theorem 3.3 Letx € M be a codeword of weight w, with locators g1, . . ., Guw-
Then the coefficients of the locator polynomial and the power sum functions
of x are linked by the Newton identities, i.e. with notation of Definition 3.1,
the following identities hold:

Al + o1 = 0
A2—|—0'1A1+20'2 =0 (19>
A, +0Ap_1+... +0up_14; +wo, =0
and for j > w,
Aj + UlAj—l + ...+ UwAj—w =0. (20)

Proof: The logarithmic derivative of o,(X), with respect to X, is

0 (X) S —9Gi
- Z 1 —gX

=1

But the formal series of (1 — ¢;X)™'is > 0, g X*. So we have

UX(X) i=1 =0 =0 \i=1 £=0

This yields
o (X) = (Z _AE+1XE> (Z O'iXi)
=0 i=0

giving

Zw:j 0; X7 = i (Z —AeHO’i) X7

j=1 §=0 \l+i=j
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By equating coefficients we obtain

j—1

Joj = _ZAj—iUiy for j <w,

1=0

0 = ZAj—iUi s fOI'j>U).
=0

¢

Example 3.4 Let C be the binary cyclic code of length n = 2™ — 1 with
defining set T', T' = cl(3) U cl(5), where cl(i) is the 2-cyclotomic coset of i
modulo n. By using Newton identities, we will prove the following property:

The code C' has minimum distance 3 if and only if 3 divides m.
In this case its set of minimum weight codewords consists of the
word whose locator polynomial is 1 + X + X3 and of its shifts.
When 3 does not divide m, the code C has minimum distance at
least four.

Out notation is that of Theorem 3.3. Clearly the minimum distance of C' is
at least two. Suppose that there is a codeword x of weight two or three in
C. We begin by using the first three Newton identities

A1+0'1 =0
A3+A201+A10'2+0'3 =0 (21)
As + Ayoy + Azog + Azos = 0.

By shifting we can take A; = 1 and by definition of C, we have A3 = A5 = 0.
First suppose that there is a codeword of weight two, i.e. o3 = 0. So by
substitution in (21) we obtain

or=A1=1, 14+09,=0 and 1 =0

(note that Ay, = A?). The third identity produces a contradiction, imply-
ing that codewords of weight 2 do not exist. Suppose now that there is a
codeword of weight three. In the same way, we obtain

or=A1=1, 14+09+03=0 and 1+03=0,
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implying o3 = 1 and o5 = 0. Then the locator polynomial is here unique, up
to a shift; we obtain o, (X) =1+ X + X3. But this polynomial splits in the
field of order 2™ if and only if 3 divides m. So if 3 does not divide m, the
minimum distance is at least four.

Suppose now that 3 divides m and compute the A; which are not already
known. By replacing the o; by their values, we have the following identities

We must prove that they are satisfied. Set I = {3, 5,6}, the cyclotomic coset
of 3 modulo 7. It is easy to check, by induction on j, that the solution

A = {O if jmod7el

1  otherwise (23)

works when 3 divides m. Note that Ag = 1, since Ay is the sum modulo 2 of
the three non zero symbols of the word. So we have

A0:A1:A2:A4:1 and A3:A5:A6:O,

showing that (23) is satisfied for j < 7. Now we have just to see that
A; = Aj 1oa 7; according to (22) one only have to check the seven equations

Ajetirs = A1) mod 7+ AG=3) moa 7= A5, 0<5<6.

Finally the codewords of weight three of C' correspond to the locator poly-
nomials

1 + "X + (o*X)® |, ke0,2m—2],
where « is a primitive root of the field of order 2™.

We are going to state the general form of Newton identities. This form is
clearly more interesting if we want to treat non binary codewords. Indeed it
will turn out that the MS polynomial is as important as the locator polyno-
mial for the description of the solutions of the algebraic system defined from
the Newton identities.

Theorem 3.5 Let x € M be a codeword of weight w. Let Ay,..., A, be
the coefficients of the MS polynomial of x and denote by og,..., o0, the
coefficients of the locator polynomial of x (note that o9 = 1). Then the o;
and the \; are linked by the generalized Newton identities — i.e. the following
wdentities hold:

V]EO, Aj—i—w"’o—lAj—s-w—l‘{"--+0wAj:0- (24)
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Proof: First observe that by definition (see (1) and (3)) we have for 0 </ <

n
w
Ay = Z xggz = ngigf
geG* i=1
where ¢, ..., g, are the locators of x. Moreover if / > n then Ay = Ay 100 n-

Now from Definition 3.1, 0,(1/g;) = 0 for i = 1,...,w. Thus, for any i
and any j > 0, we obtain

rog M on(1/g) =Y gl o =0,
k=0

implying

w w

w
Jtw—k __ _ _
g g Zg,9; = E Ajiwror=0.
k=0

i=1 k=0
¢
Consider the ring F[Y], Y = {Y1,..., Y}, of polynomials with coefficients

in F and with ¢ indeterminates. Taking f; € F[Y], 1 <1i < s, we can define
the algebraic system

S:{fl(Y):O, ) fs(Y):O}

The set of solutions of S is

VH{fi, [ ={YeF | fi(Y)=0, 1<i<s}.

If I denotes the ideal generated by {fi,..., fs}, we have obviously V(I) =
V({{f1,---,[s})-We are saying that any system S defines an ideal I in F[Y]
and any solution Y of S satisfies f(Y) =0 for all f € I.

We will now consider the ring F[Ao,...,A,_1,01,...,0,] and the alge-
braic system provided from a given cyclic code C' by the Newton identities.

Definition 3.6 Let the field F be the splitting field of (X™ —1). Let ¢ =p",
where p is the characteristic of the ambient space M. Let C be a cyclic code
in M with defining set T. We define the system Sc(w), where the A; and
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the o; are the indeterminates, as follows:

”

Aw+1 + Awo-l + Algw =0,
Awio + Nyjro1 + -+ + Ayo, = 0,

So(w) = Aprw + Mgw_101 4 -+ + Aoy = 0, (25)
Vie[0,n—1], Ay modn =AY
Vie[0,n—1], Ain=As,
VieT, A, =0.

\

The system Sc(w) defines an ideal in the ring F[Ao, ..., Ap_1,01,...,04].

Theorem 3.7 Let C' be a cyclic code in M with defining set T. Then we
have the following properties.

(1) If the code C contains a codeword x of weight less than or equal to w, then
the system Sc(w) has at least one solution (Ao, ..., Np_1,01,...,04),
where the A; are the coefficients of the MS polynomial of x and the o;
are the coefficients of the locator polynomial of x.

(ii) If the system Sc(w) has solutions then the corresponding n-tuples (Ao, ..., Ap—1)
are the coefficients of the MS polynomials of the codewords of C' of
weight less than or equal to w.

(iii) Let (Ao, ..., An—1) € F" and denote by S the set of w-tuples (o1, ..., 04)
such that (Ng,...,Ap_1,01,...,04) is a solution of Sc(w). Assume
that S is not empty and then denote by x the codeword of C' whose MS
polynomial has as coefficients the A;.

Then (o1,...,04) is in S if and only if the locator polynomial of x
divides the polynomial 1+ 0, X*. Moreover S is an affine space of
dimension w — wg, where wy is the weight of x.

Proof: (i) Suppose that C' contains a codeword of weight wy < w. Let
x be this codeword, Ag,...,A,_1 the coefficients of its MS polynomial and
o1, ...,04, the coefficients of its locator polynomial. From Theorem 3.5 and
from the definition of the MS polynomial, it is clear that S¢(w) is satisfied
for these A; and these o;. Note that this solution is such that o; = 0 for
wy < i < w, when wy < w. We can say that the existence of solutions of
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Sc(w) is a necessary condition for the existence of codewords of weight less
than or equal to w in C.

(ii) Suppose that the algebraic system S¢(w) has a solution (Ag, ..., A,—1,01,. ..
and consider only the A;. The equations

Aqimodn:A? ) ZG[O,TL—]_]

imply that Ag,...,A,_1 are the coefficients of the MS polynomial of a code-
word x of M (the MS polynomial has values in k). Furthermore x belongs
to C' because A; = 0 for all i € T (see Theorem 2.3). It remains to prove
that wy < w, where wy is the weight of x.

We now write that (25) is satisfied for the solution (Ag, ..., Ay_1,01,...,04):

0
An Anfl e Aw+1 e Al
AT%Jrl An e A11_}+2 e A'Q ? —0.
: : : : o1
A2n—1 A2n—2 e Aw+n e An .
Tw

Since A, = A;, the matrix above is exactly the matrix C(x) of Theorem
2.5. From this theorem we know that the rank of this matrix is wg. Since
C(x) is a circulant matrix, we have

0 0 1

An An—l Aw+1 Al 0:1

AL A, Ao Ay 0 1 :
. . 1 o op | =0

Anfl An72 A'w An o1 0:2 0

ow 0 0

It appears that each column of C(x) is in the vector-space generated by the
last w columns of C(x). Hence the rank of C(x), which is wy, is less than or
equal to w. Moreover it is clear that, fixing Ag, ..., A, _1, the set of solutions
of S¢(w) is an affine space of dimension w — wy.
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(iii) Let (Ag, ..., An—1) € F™ and set

S:{(Ul,...,gw) ’ ‘(AO,...,/‘\n—l,Ul,...7aw) }

is a solution of S¢(w)

Assuming that S is not empty, we have at least one x € C' whose MS poly-
nomial has the A; as coefficients. We have shown in proving (ii), that the
weight wq of x satisfies wy < w and that S has dimension w — wy. Now set

S'={ (01,...,00) | 1+ZaiXiEO (mod oy (X)) } ,

where o,(X) is the locator polynomial of x. Since the degree of oy is wy,
S’ is an affine space of dimension w — wqy too; so it is sufficient to prove
that S” C S. Take (01,...,04,) € S" and denote by o(X) the polynomial
1+ >, 0:X" Since ox(X) divides o(X), any root of oy is a root of o,
providing

o(1/g;) = 0, i€[l,w

where g1, ..., gy, are the locators of x. We remark that only this property
is needed in the proof of Theorem 3.5, for proving that the o; and the A;
satisfy (24). By using the same method, we obtain for any j > 0:

xgzgf—’—w ]'/gz ngz ]+w k = O ’

implying
w wo w
§ :2 : j+w k 2 : z : j—l—w k . 2 : o
Lg, 9; Lg,9; O — Aj—i—w—kak =0.
i=1 k=0 k=0 =1 k=0

So S¢(w) is satisfied for these o; and for the A; corresponding to the codeword
x of C; hence (0y,...,04,) € S. We have proved that S = S’, completing
the proof of (iii). Note that the coefficients of the polynomial oy (X) itself
provide an element of S.
¢

It is important to notice that the existence of solutions of S¢(w) insures
the existence of codewords of weight wy < w in C (see (ii)). Moreover such
a codeword x, which is uniquely defined by its MS polynomial, is such that
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its locator polynomial generates an affine-subspace S, of dimension w — wy,
included in the ideal of solutions of S¢(w): each solution of Sc(w) provides
anx € C' and a subspace S; S “contains” one and only one x € C' and several
other solutions of Sc(w). Whenever wy = w, the subspace S contains one
and only one solution of S¢(w) corresponding to a unique codeword of C'
of weight w. This is always satisfied when the minimum distance of C' is
lower-bounded by w. Thus we have an important corollary of Theorem 3.7
concerning the minimum distance of C'.

Corollary 3.8 Let C' be a cyclic code in M whose minimum distance &
satisfies 0 > w. Then the minimum distance of C is exactly w if and only
if the system Sc(w) has at least one solution (Ao, ..., Ay_1,01,...,04). For
any such solution the codeword x, whose MS polynomial is ZZ:_Ol A, X7,
1s a codeword of C' of weight w. The o; are the coefficients of the locator
polynomial of x. The number of codewords of weight w in C' is equal to the

number of solutions of Sc(w).

The theory of Grobner bases (see [16][68]) gives tools for solving the sys-
tems Sc(w). The idea is to construct a basis of the ideal generated by the
polynomials occuring in the system. The aim is to obtain a reduced system
with few equations or with equations which induce a description of the set of
solutions. In order to do so, it is necessary to have a computer and a package
for computing Grobner bases.

This point of view, for finding minimum weight codewords in a code, was
first developed by AUGOT in his thesis [5]. When it is possible to compute the
Grobner basis of the system S¢(w), the set of solutions is thereby described
by a small set of equations — more precisely, it is almost always the case. The
most important is the possibility to prove that the system has no solutions.
In many situations, it is the only known way for proving that a lower bound
on the minimum distance of a given code is not reached. The system has no
solutions if and only if its Grobner basis is reduced to {1} — since 1 = 0 is
impossible. Otherwise we not only know the number of solutions but also
some algebraic properties that these solutions satisfy. According to Corollary
3.8, this method is of most efficiency when w is the minimum distance of C.
Several examples are given in [5][6]; one of them is the following.

Example 3.9 The field of order 32 is denoted by F. Let Q be the binary
quadratic residue code of length 31. It is the cyclic code with defining set

T=c(l)ucB)Uc(T) .
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The minimum distance is known to be 7. The Grobner basis for Sg(7) was
obtained by using a computer. It is the following set of polynomials

o7+ A *As® + A 2 A5 o6+ A3? o5+ A1 A5
04 + A114A328 + A112A325 03 + A3 02 + A11A328
Ais + AP A% 4 AS° o1 APt 41

Apr® 4+ At A+ AP AST A A AP

Denote by A a value of (Ag ,... ,A3y ,01,..., 07) in F38; A is a solution
of Sg(7) if and only if f(A) = 0, for any polynomial f belonging to the
set above. Note that in the Grobner basis only one indeterminate for each
set {A;, Ag; ...} appears; this is because of the conditions Ag; o4 31 = A?
in Sg(7). Moreover we have also in Sg(7) the equations Ay = 0, A5 = 0
and A; = 0, (by definition of Q). Finally we have ten expressions with ten
indeterminates, (As , Ay , A5 ,01,..., 07).

Each value in F!© of these indeterminates which is such that the ten
expressions are zero gives us a solution of Sg(7). A solution is here a triple

(a,b,c) €F3 with A3:CL, Anzb ,A15:C,

which is available; the values of the o; are deduced. In accordance with
Corollary 3.8, there is a one-to-one correspondance between the solutions of
So(7) and the codewords of weight 7 in Q. Moreover, by using the Grobner
basis, we can say more about the set of minimum weight codewords:

1. There are 31 x 5 = 155 solutions. They correspond to the roots of the
system :

A + A A AP H ARAT AR =0, AT+ 1=0.
(26)
We consider above the two equations which have only As and Aq; as
indeterminates.

For each value of (A3 , A1), we deduce the values of A5 and of the o;
from the other equations:

A5 = Ai*As™ + As®, 01 =0, 09 = AuAs™, ...

For any fixed value a € F* of A3, we are sure that the first equation of
(26), say

E(An) =0 where E(An) = A’ + Anta' + APa 4+ Apa® + a® )
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has five solutions in F; indeed each root of £ provides a solution which
must be in F, by definition of Sg(7) (see Theorem 3.7, (ii)). It remains
to check that these five solutions are always pairwise distinct. Consider
the derivative of E(Aq;), with respect to Ajq; it is the polynomial

Azlll + CL25 = (AH + (Z8X25)4 = (Au + a14)4 .

But E(a'?) = ¢® and a cannot be zero, implying that E(A;;) has no
multiple roots.

So there are 155 codewords of weight 7 in Q.

2. The codewords of weight 7 do not belong to any cyclic subcode of Q.
First we have no equation A; = 0, 7 = 3,11, 15, implying that the set of
codewords of weight 7 is not contained in a cyclic subcode. Can such
a codeword be in a cyclic subcode?

One easily proves that Az cannot be equal to 0 and A;; too. Indeed
A3' =1 yields A3 # 0. On the other hand, from the first equation of
(26), A1; = 0 would imply Az = 0, a contradiction. Finally suppose
that A;5 = 0. Then

A15 + A113A325 + A35 =0 = A?l = Azl))l .
By replacing in the first equation of (26), we obtain
A?l + ALA% + A?l + ALAg + Ag = Ag =0,

a contradiction. Thus we can conclude that there is no codeword of
weight 7 in some cyclic subcode.

3. There is no idempotent — i.e. no codeword of weight 7 whose MS
polynomial has binary coefficients. Indeed it is impossible to have
A3 =1 and Ay; = 1 and we have proved that As # 0 and Ay; # 0.

It is important to notice that for each solution (a,b,c) we are sure that
the corresponding polynomial 1+ 37, 0, X? is the locator polynomial of a
codeword. It means that this polynomial splits in F and has seven distinct
roots. We point out that by means of the Grobner basis of So(7) one 0b-
tains precisely the class of polynomials corresponding to the minimum weight
codewords of Q.
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Comments on Section 3.1 Example 3.4 summarizes the efficiency of
Newton identities. On the one hand the identities must be satisfied for a
given weight w and for a given defining set T' (i.e. some A; are equal to
zero). If a contradiction appears in the identities, then there is no codeword
of weight w in the code of defining set T". On the other hand the method can
produce immediately (by hand) the full set of codewords of a given weight
for an infinite class of codes. Of course it is not generally the case. Moreover
the method, which uses the form (19)(20) of the Newton identities, works
only for codewords whose symbols are in {0, 1}. But a lot of information can
be obtained in this way.

In the binary case the usual form allows us to treat any codeword. Note
that the set of minimum weight codewords of binary Reed-Muller codes was
first described by KASAMI et al. by means of the Newton identities [90].
There are many recent applications as, for instance, the minimum distance
of some BCH codes [9], codewords of minimum weight of some self-dual
binary codes [54] or covering radius of some BCH codes [61]. The Newton
identities can be used for the description of codewords of a large class of
codes. Recent results are given in [34] concerning cyclic codes over Z,.

The use of Newton identities for decoding is well-known (see [111, p.
273] and, for instance, [32]). We want also to cite several recent works on
decoding or on decoding up to the minimum distance as, for instance, [60][67]
and [131]. The use of Grobner bases for decoding is discussed in [59] and an
extensive study by DE BOER and PELLIKAN is in [31].

Unfortunately any method, for decoding or for codeword description,
which consists of computing the Grébner basis of the system Sg(w) is re-
stricted by the high complexity of BUCHBERGER'’s algorithm. It is, however,
the best known algorithm at the moment [98].

3.2 Special locator polynomials

This section naturally follows the preceding, concerning the description of
codewords of cyclic codes. The basic idea is still to define tools for finding
solutions in some system of type Sc(w). In Section 3.1 we started from the
concept of locator polynomials and next emphasized the significant role of
MS polynomials. Now we come back to the characterization of the locator
polynomials of codewords of a given cyclic code. We give here basic material
and recall that little is known about a question which is connected with the
determination of the splitting field of some class of polynomials.
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Idempotents in R, are studied in Chapter 1, §5. In our ambient space
M = Kk[{G*, x}] they are the codewords e which satisfy

(Z %(9)) = > elg) - (27)

geG* geG*
From the multiplication in M, that is equivalent to
Zeuev =e , geG*.
uv=g

Recall that « is a primitive nth root of unity and ¢ is the order of the alphabet
field k. We know from Corollary 5.19 of Chapter 1 that any idempotent has

the following form
e= Z Cos Z (a) (28)

sel i€cl(s)

where [ is a system of representatives of the g-cyclotomic cosets modulo n
and cl(s) is the coset of s. When g = 2 any codeword of the form (28) is an
idempotent.

Proposition 3.10 Let x € M. Then x has the form (28) if and only if
its MS polynomial My(X) has coefficients in k. If x has the form (28), its
locator polynomial o (X) has coefficients in k.

When q = 2, i.e. k is the field of order two, x is an idempotent if and
only if it satisfies one of these three following conditions

(1) x has the form (28);
(il) My(X) is a polynomial of k[ X];

(iii) ox(X) is a polynomial of k[ X].

Proof: Notation is that of Section 2.2. We must prove that x has the form
(28) if and only if

(0())" = pyx), 0<j<n. (29)
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Applying the inverse Fourier transform, x has the form (28) if and only if its
MS polynomial satisfies M (g) = M(g?), for all ¢ € G*. By definition this
is equivalent to M, (X?) = M,(X) which means

n—1 n—1
Z Pn—s(x) X° = Z Pn—s(x) X% mod 1 )
s=0 s=0

which is equivalent to p;(x) = pg;(x), for all j. As pg;(x) = (p;(x))?, this is
exactly (29).

On the other hand the locator polynomial of x is in k[X] if and only if
it is a product of some minimal polynomials on k. That means that the
support of x corresponds to a union of g-cyclotomic cosets modulo n. This
property is satisfied when x has the form (28).

When ¢ = 2, we know that the form (28) characterizes the set of idem-
potents. Since it is a binary codeword, x can be identified to its support. So
ox(X) € k[X] if and only if x has the form (28). We have previously proved
that (i) is equivalent to (ii) for any ¢, completing the proof.
¢

Example 3.11 The minimal polynomials correspond to the simplest idem-
potents. Consider the following polynomial which is irreducible over GF'(2):

4
d(X)=1+X+X+ X'+ X° =1 -p*X).

=0

Its splitting field is GF(2°) and, since 31 is prime, any such polynomial is
primitive; o(X) is the minimal polynomial of 37!, which is a primitive root
of GF(32).

Now we want to know the smallest binary cyclic code of length 31 con-
taining the codeword x whose locators are the 32". In other words, we want to
determine the cyclic code where x is the primitive idempotent. We must com-
pute the coefficients A; of the MS polynomial of x, for i € {1,3,5,7,11,15}
— a system of representatives of the 2-cyclotomic cosets ¢l(i) modulo 31.

Since x is an idempotent, one can obtain this result without computer, by
simply writing the Newton identities (given in Theorem 3.3) and replacing
the values of the coefficients of the locator polynomial: o7 = 1, 09 = 1,
o3 =1, 04 =0 and o5 = 1. We obtain

Ai=1, A3=1, A;=0,
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and
Aj = Aj_l +Aj—2 +Aj—3 +Aj—5 ) j 2 6.

Using the recursive formula above, one finds A; = 1, A;; = 0 and A5 = 0.
So x is the primitive idempotent of the cyclic code C' whose defining set is

T =cl(5)Ucl(11) Ucl(15) .

Moreover the minimum distance of C'is 5 and x is a minimum weight code-
word of C. Indeed wt(x) = 5 and 20, 21,22 and 23 are in 7', proving that the
minimum distance is at least 5.

We are going to define the codewords of BCH codes by means of a set of
special polynomials. Furthermore we will notice that some such polynomials

correspond to the idempotents which are minimal weight codewords of some
BCH codes.

Theorem 3.12 Let {g1,...,gw} be a set of locators in the field ¥ of char-
acteristic p. Denote by o(X) the associated locator polynomial and by A;,
1 > 0, the power sum functions of these locators. Let § be a positive integer
less than or equal to w. Then the coefficients o, of o(X) satisfy

1<r<d and r#0 (modp) = o0,=0

if and only if A1 =Ay=... = As_1 =0.

Proof: This is an immediate application of Theorem 3.3. The first w Newton
identities are:

[1 . A1—|-0‘1:O
IQ : A2+0'1A1+20'2:O

I+ A+YI A oitro.=0

I, @ A, + Z;’;l Ap_ioi +woy, =0 .
Suppose that A; = Ay = ... = As_1 = 0. Then for any r < ¢, I, is reduced
to ro, = 0. Hence if p does not divide r then o, must be zero.

Conversely suppose that the condition on the o, is satisfied. Then we can

prove, by induction on r, that A, = 0 for r < ¢:
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e From I; we have A; = 0.

e Suppose that Ay = Ay = ... = A,_1 = 0. Then the identity I, is
reduced to A, + ro, = 0, where either r = 0 (mod p) or o, = 0.
Hence A, = 0.

¢

It is clear that the theorem above is related to the BCH bound. Actually
it gives the “polynomial form” of any codeword of any BCH code of designed
distance 0 on k, which has symbols from {0,1}. The following corollary is
obvious, since the locators of any codeword of the BCH code of designed
distance ¢ satisfy A; =--- = As_1 = 0.

Corollary 3.13 Let the ambient space be M (the characteristic is p). Let
B(0) be the BCH code of length n and designed distance §. Consider any

polynomial

o(X)=1+ > X' +> oX" , 0. €F 0,#0, (30)
=4

1<r<é, p|r r=

where ¥ is the splitting field of X™ — 1. Then o(X) is the locator polynomial
of a codeword of weight w of B(9), whose symbols are from {0, 1}, if and only
if it splits in ¥ and their roots are w distinct nth roots of unity.

Corollary 3.13 gives the form of the locator polynomial of any codeword
of any binary BCH code. More precisely, let us denote by B(d) a binary
BCH code of length 2™ — 1 and designed distance 0. Then B(d) has true
minimum distance ¢ if and only if there exists a polynomial

(6—-1)/2
o(X)=1+ Y 02X" 405X’ (31)

i=1

which has ¢ distinct roots in F, the finite field of order 2™. This property
leads to the determination of the order of the splitting field of the polynomials
of the form (31).

Such a polynomial corresponds to an idempotent if and only if its coefhi-
cients are in GF(2). AUGOT and SENDRIER proposed in [10] an algorithm
for computing the extension degree of the splitting field of such idempotent

51



| m

2,3

4,5, 6

3,4,7,10

6,8, 9, 10, 14, 15, 21

11 |5, 6,8, 11, 21, 28

13 ]8,9, 10, 12, 13, 14, 21, 22, 33, 35

15| 4,5, 6,709, 26, 33, 39

17 8,9, 10, 12, 14, 15, 17, 21, 35, 39, 44, 52, 55, 65, 66, 77

19 | 8,9, 10, 12, 15, 19, 21, 28, 34, 35, 39, 51, 52, 65, 66, 77, 91

21 | 6, 7, 8,9, 10, 11, 15, 38, 51, 57, 68, 85

23 | 6, 8, 10, 11, 14, 15, 21, 23, 35, 51, 52, 57, 65, 68, 76, 85, 95, 117, 119

25 | 8, 10, 12, 13, 15, 18, 21, 22, 25, 28, 33, 46, 57, 68, 69, 76, 77, 95, 102, 119, 133, 153

27 | 6, 7,8, 9, 10, 13, 15, 33, 44, 55, 68, 69, 76, 85, 92, 115, 187

59 | 10, 12, 14,15, 16, 18, 21, 25, 26, 27, 29, 35, 39, 44, 66, 68, 69, 76, 77, 92, 95, 99, 102,
114, 115, 153, 161, 171, 187, 209, 221, 715

31| 5,6,8,09, 14, 21, 31, 39, 44, 52, 58, 77, 87, 92, 119, 161, 209, 221, 247, 374 , 561

55 | 10, 11,12, 15, 16, 17, 18, 21, 27, 28, 39, 52, 62, 76, 87, 91, 92, 93, 95, 114, 115, 116,
133, 138, 145, 171, 175, 207, 247, 322

o5 | 9- 10, 12,14, 15, 16, 17, 21, 22, 25, 33, 35, 52, 65, 77, 78, 87, 91, 92, 93, 05, 114, 116,
124, 138, 143, 145, 152, 155, 203, 253, 299, 494, 741

o7 | 810,12, 14,15, 18, 19, 21, 27, 33, 34, 37, 44, 51, 52, 55, 65, 77, 78, 92, 93, 115, 116,
117, 119, 124, 138, 143, 155, 161, 174, 175, 203, 207, 217, 261, 299, 506

59 | & 910, 12,13, 15,19, 21, 25, 28, 33, 35, 44, 51, 55, 68, 74, 77, 85, 111, 115, 116, 119,
124, 138, 145, 174, 186, 187, 217, 319, 322, 391, 406
10, 12, 14, 15, 16, 18, 21, 25, 26, 27, 35, 38, 39, 41, 44, 51, 57, 65, 66, 68, 77, 91, 99,

41 | 111, 116, 119, 124, 133, 138, 148, 155, 174, 184, 185, 186, 207, 209, 261, 279, 319, 341,
374, 377, 391, 437, 759, 1615, 2431
7,8, 11, 12, 15, 18, 20, 27, 39, 43, 50, 52, 57, 65, 68, 76, 82, 85, 95, 102, 111, 115, 116,

43 | 123, 124, 138, 145, 148, 153, 174, 185, 186, 207, 221, 261, 279, 310, 377, 403, 437, 782,
1173

45 | S 910,11, 12, 14,15, 21, 23, 25, 35, 39, 52, 57, 65, 68, 76, 85, 86, 91, 102, 119, 123,
124, 129, 133, 145, 148, 155, 164, 174, 186, 205, 217, 222, 247, 259, 403, 442, 493, 754
8,9, 10, 12, 15, 21, 22, 23, 28, 33, 35, 47, 52, 55, 68, 76, 77, 78, 91, 95, 102, 114, 119,

47 | 123, 129, 133, 143, 148, 155, 164, 172, 174, 185, 186, 205, 215, 22 1, 222, 287, 325, 407,
425, 434, 493, 494, 518, 527, 551, 741, 806, 1131, 1209, 1885, 3553
10, 12, 14, 15, 16, 18, 21, 25, 27, 33, 35, 44, 46, 49, 52, 55, 65, 68, 69, 76, 78, 85, 94,

4o | 95 102, 114, 117, 119, 129, 141, 143, 145, 148, 153, 164, 171, 172, 174, 186, 187, 203,

209,215,222,232,246,248,261,%59,287,299,301,333,369,407,442,481,527,5SL
589, 663, 741, 986, 1131, 1209, 1479, 1771, 2387, 3059, 4199

Table 2: Binary BCH codes of length 2™ — 1 and designed distance § whose
true minimum distance is exactly d (see §3.2, following (31)).



polynomials. In this way they gave the true minimum distance of many BCH
codes of relatively large length and dimension.

These results are presented in Table 2. Recall that extended primitive
BCH codes are affine-invariant. So it is sufficient to find an idempotent either
of weight § or of weight d + 1 to ensure that the true minimum distance is .
The codes B(0) listed in Table 2 have this property. For every §, 3 < § < 49,
a list of values of m is given. The result is precisely: for any value of m, in
the list, the true minimum distance of the BCH code of length 2™ — 1 and
designed distance 0 is exactly 6. Note that this property holds for the BCH
codes of length 2™ —1, and designed distance &, for any m in this list and for
any k. This is because the idempotent of weight d (or d 4+ 1) corresponds to
a polynomial of the form (31) which splits in GF(2™) and then in GF(2*™).

On the other hand, there is a “classical” class of lacunary polynomials:
the class of polynomials of the form

FX) =c+0X +nXT+ ..+ pXT (32)

with coefficients in some extension field of k, the field of order q. These
polynomials are usually called affine polynomials as their roots form an affine
space of dimension k over k. When ¢ = 0 the roots form a vector space and
f(X) is said to be a linear polynomial. The reader can refer to [102, pp.
108-120] for basic properties. Since the derivative of f(X) is reduced to vy
(modulo ¢q), the roots of f(X) have multiplicity one if and only if vy # 0. So
7o 7 0 is necessary if we want to consider f(X) as a locator polynomial.

Now we want to give some equivalent representations of affine spaces. As
the zeros of f(X) form an additive structure, our ambient space is now the
algebra A. We consider only primitive codewords, i.e. n = p™ — 1, and the
multiplicative group of M will be F* (F is the field of order p™).

Assume that the affine polynomial f(X) splits in F with roots of multi-
plicity one. Then f(X) can be identified to the codeword of A whose support
is the affine space of their roots and whose symbols are from {0,1}. More
precisely define the codewords of the form

x=MX") X9 Aek, (33)

g€V

where Vj, is a subspace of F of dimension k£ over k. Such a codeword can
be identified with an affine polynomial whose roots are the elements of the
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affine space h + Vi, up to scalar multiplication. In the next proposition, we
characterize the locator polynomial of any codewords x of the form (33) (in
the sense of Definition 3.1).

Proposition 3.14 Let the ambient space be A. Let § = ¢ — 1, 6 <n, and
set

Lo={d"~-¢|jelok-1}.
Define the polynomial of degree § (o5 #0):

oX) =1+ > oX', 0, €F.

i€ Iy,

Denote by v; the roots of o(X) and set g; = v;'. Then (i) and (ii) are
equivalent.

(i) o(X) splits in F with roots of multiplicity one.

(ii) o(X) is the locator polynomial of the codewords of the form (33) such
that h =0 and Vj, is the set {0,¢1,...,0s5}-

Proof: We simply observe that the polynomial

k—1
FX) = XTa(X7) = X7 3" yx7

J=0

where v; = 0; with i = ¢*—¢7, is a linear polynomial. Clearly, (i) holds if and
only if f(X) has ¢* distinct roots in F and that means that the set of the roots
of f(X) is the support of a codeword of the form (33) with Vi, = {0, g1, ..., 9s}
and h = 0. It is equivalent to say that o(X) = Hle(l — ¢;X) , where
{0,91,...,9s} is a subspace of dimension k of F, i.e. it has exactly property

(ii).
¢

We defined the GRM codes in Section 2.2 and keep the same notation (see
Definition 2.8). Recall that considering GRM codes of length p™ — 1 over the
alphabet field of order ¢, ¢ = p”, the order is in the range [1,m/(¢ — 1) — 1]
where m = rm/; the GRM code of order v is denoted by R,(v,m). It is
quite easy to prove that the codewords of the form (33), whose weight is ¢,
belong to the set of minimum weight codewords of the GRM code of order v,
v=(m'—k)(¢g—1). A proof is given in Chapter(Assmus-Key). It was first
proved by KAsAMI et al. by using the following property [91, Theorem 9].
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Theorem 3.15 Let Vi be any subspace of F of dimension k over k. Then
the power sum functions

Aizz v, ode [l pm—1],

veVy

are zero when the q-weight of i is less than k(q — 1) — i.e. when i is in the
defining set of R,(v,m), v = (m' —k)(q —1).

By using this theorem and the usual Newton identities, the authors de-
scribed the set of minimum weight codewords of binary Reed-Muller codes.
We want to show that their result can be expanded by using the generalized
Newton identities. Note that the set of minimum weight codewords of any
GRM code was described in another way (see comments in Section 3.2).

Lemma 3.16 Let 6 = ¢* — 1; T, is defined in Proposition 3.14. Let x be a
codeword of the punctured GRM code R;;(v,m), v = (m' — k)(q —1). Then
the MS polynomial of x is such that ps(x) =0 for any 1 < s <4 and

sell,o—=1], s¢Iy = pss(x)=0
(see (1) for the definition of ps).

Proof: Recall that the defining set of R} (v, m) is the set
T,={sc0,q™ —1] | wty(s) <k(g—1)}.

A codeword x is in R} (v, m) if and only if ps(x) = 0 for all s € T,,.

First observe that 6 = Zf;ol(q —1)¢". Clearly wt,(8) = k(g —1) and any
s < 0 is such that wt,(s) < k(¢ — 1) — i.e. sisin 7T, and then ps(x) = 0.
Therefore

e

-1
20=2¢"-2=(q—2)+ > (¢—1)q +d",
i=1
providing wt,(26) = k(g — 1); note that 26, as 4, is not in T,,.

Set t = 0 + s with s € [1,0 — 1]. It remains to prove that ¢ is in T},
whenever s € 7. We easily deduce, from the form of the g-ary expansion of
20, that any ¢ < 20 has a g-weight less than or equal to k(¢ — 1). Suppose
that wt,(t) = k(¢ — 1). The general form of such a ¢, § <t < 20, is

k—1
t:Ztiqi+eqk, ec{0,1}, t;e{q—2, ¢—1},
i=0
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where € = 1 (since t # 0) and 9 = ¢ — 1 (since t # 26). More precisely
wt,(t) = k(g — 1) yields that one and only one ¢;, j > 0, must be equal to
q—2-ie t=0+¢" —¢, withje[1,k—1].
We have proved that the set of those ¢, 6 < ¢ < 24, such that wt,(t) =
k(g — 1) is the set of those ¢t which satisfy: ¢t = § + s with s € Z; U {0}.
Finally when s € [1,d — 1] and s & Z, we have wt,(d +s) < k(¢ — 1)
meaning 6 + s € T,,, completing the proof.
¢

Lemma 3.17 Denote by C the GRM code R; (v, m) of length n = Jr -1,
v=(m'—k)(g—1). Let 6 = ¢* — 1 and let Sc(5) be the system (25), written
for the codewords of weight 6 of C'. The defining set isT,,. Then any solution
(A1, ..., Ap,01,...,05) of Sc(0) satisfies the following statements.

(i) A=A =...=As1=0.
(i) Ifse[1,0 —1] and s € Iy, then As1s =0 and o, = 0.
(lll) ]fS € Ik, then o, = A5+5/A5.

Proof: Recall that Z,, is the set of the ¢* — ¢/, j € [0,k — 1]. Statement
(i) and a part of statement (ii) are immediately deduced from Lemma 3.16.
Indeed it was proved that the defining set of C' contains [1,6 — 1] and any
s + ¢ such that s € [0,6 — 1] and s &€ Z. Now we write the first Newton
identities, taking into account the condition { A;, =0, i € [0,6 — 1] }.

L : Asi1+Asor =0
Iy o Nopo + Nspio1 + Asoe =0
I b Agys + 200 Asrs—ioi =0

Is—1 © Nos—1 +Agsp01 + ... +Nso5_1 =0

There are other A; which are zero because the full conditionis { A; =0, i €
T, }. The proof follows by simply replacing some A; by zero in the system
above.

We proceed by induction on s. Since we do not treat trivial GRM codes,
it is clear that 1 € Z. So Asy1 = 0 and I; gives o; = 0. Now we assume
the following hypothesis, say H,: forr € [0,s — 1], if r € I}, then o, = 0 else
o, = Asir/As. Consider every term Asys ;0;, @ < s, of the identity I,. We
have:
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o If i & 7; then o; = 0 from H;.

o If i € Z; then i = ¢* — ¢/, j in the range [0,k — 1]. Asi < s < ¢F — 1,
s—i< ¢ —1with ¢/ —1 < ¢* 1. Hence s —i € Z;, implying As,s_; = 0.

So the identity I, is in fact Asy s + Asos = 0. If s € 7, then As s = 0 and
os = 0, otherwise o, = As;s/As. Note that A; = 0 is impossible because this
would imply that all the A; are zero (one can also say that the BCH bound
would be strictly greater than §).

¢

Theorem 3.18 The minimum weight codewords of the punctured GRM code
Ri(v,m), v =(m'—k)(q—1), are the codewords of weight § = ¢* — 1 whose
locators are the nonzero elements of some subspace Vi, of F of dimension k
and whose symbols are from {0, 1}, up to scalar multiplication. These are in
the algebra k[{F*, x}| precisely the codewords

x=XA Y (9, Xek. (34)

ge V¥
The locator polynomial is
(X)) =1 + > Pres(%) o (35)
P, ps(x)
S§=4q —(q
j€e0,k—1]

The minimum weight codewords of R,(v, m) are the codewords of A of weight
q* which are of the form (33).

Proof: This is an application of Corollary 3.8. In Lemma 3.17 we studied the
solutions of the system S¢(§), where C' = R (v,m) and ¢ is the minimum
weight of C. We know that in this case the set of the solutions of S¢(d) is
the set of the minimum weight codewords of C. For any solution the A; are
the coefficients of the MS polynomial, and the o; are the coefficients of the
locator polynomial of such a word. So we have proved that any minimum
weight codeword of C' has a locator polynomial of the form (35).

On the other hand, we know from Proposition 3.14 that the roots of
such a polynomial are the non zero elements of some subspace V. of F of
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dimension k. Moreover we know that any codeword of the form (34) is a
minimum weight codeword of R?(v,m). So the symbols of the minimum
weight codewords are from {0, 1}, up to a scalar multiplication. Indeed two
minimum weight codewords which have the same support are obtained one
from the other by scalar multiplication. The set of the minimum weight
codewords of C' is the set of codewords of the form (34).

GRM codes are affine-invariant codes. Hence the minimum weight code-
words of R,(v,m) are the codewords of A of weight ¢* which are either an
extension of any minimum weight codeword of R} (v, m) or any translation
of these extended codewords. They are the codewords X"x, where x is the
extension of a minimum weight codeword of R} (v, m) and h € F. These are
exactly the codewords of the form (33).

¢

Comments on Section 3.2 Our purpose is to emphasize, with an elemen-
tary presentation, that any property of polynomials on finite fields can apply
to the description of codewords of cyclic codes. We have chosen to present
the best known polynomials concerned with codewords of cyclic codes. They
are more or less lacunar and this property, evidently, gives simplifications for
solving the algebraic systems of type (25).

It appears in [10] that binary narrow-sense BCH codes often have a min-
imum weight codeword which is an idempotent, and the authors ask for a
theoretical explanation of their numerical results.

In Theorem 3.15, the values of some power sum functions are given for
codewords whose supports are vector spaces. The result, due to KASAMI et
al. [91], is based on a report from PELE [122]. Note that there is no other
general result on the other power sum functions of these codewords. We
remark that Theorem 3.18 gives the form of the coefficients of the locator
polynomials of codewords whose supports are vector spaces.

Denote by W the set of the minimum weight codewords of the binary BCH
code of length 2™ — 1 and minimum distance 2™~2 — 1. It was proved that W
is equal to the set of the minimum weight codewords of the punctured Reed-
Muller code R3(2,m) [9][41]. It is probably an exception which, however,
could happen also for some non binary primitive BCH codes. We know
that the p-ary Reed-Muller codes (extended or not) are generated by their
minimum weight codewords (see Chapter(Assmus-Key) and also [3]). This
leads to the general problem: for which other cyclic codes does this property
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hold 7

The number of minimum weight codewords of GRM codes was obtained
by DELSARTE, GETHALS and MACWILLIAMS [64]. At the beginning of
their proof, the authors hasten to point out that it would be very desirable to
find a more sophisticated and shorter proof. Another description of the set
of minimum weight codewords was proposed in [20], but the proof used the
cardinality of this set. We cannot say, at present, if our method which leads
to the description of the set of minimum weight codewords of GRM codes
of some orders (Theorem 3.18) can be generalized to GRM codes of any
order. Furthermore we are not sure that it can provide a proof shorter than
the preceding. Actually our aim is merely to illustrate the use of Newton
identities and then to suggest other applications.

3.3 On the minimum distance of BCH codes

The BCH codes are, for many reasons, considered as the most important
cyclic codes. They are presented in Chapter 1 and appear in several others
(Tietaveinen-Huffman-Brualdi.Litsyn.Pless) because of their connection with
many open problems. In this section we want to present recent numerical
results on the true minimum distance of primitive binary BCH codes and
their duals. Actually there are few theoretical results for the pionering work
of BERLEKAMP [22, 23] and KASAMI et al. [87, 88, 89, 90, 93]. In this con-
text there is a challenge which consists in the improvement of the numerical
results. This is a good way for testing the efficiency of algorithms for finding
minimum weight codewords in a given code. But above all the numerical
results could suggest interesting conjectures.

Recall that BCH codes are defined in Section 2.2 (Definition 2.9). In this
section we consider binary BCH codes of length 2™ —1; we will always assume
that the designed distance is the smallest representative of its 2-cyclotomic
coset.

In the previous section we have pointed out that the problem of finding
the minimum distance of BCH codes is connected with the existence of some
kinds of polynomials. In Section 2.4 we indicated that the group algebra
approach can lead to applications on minimum distance of non binary BCH
codes. On the other hand the WEIL bound is an interesting tool for studying
the duals (see Theorem 3.21). In the binary case this bound is actually the
so-called CARLITZ-USHIYAMA bound:
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Theorem 3.19 Denote by B(6) the binary BCH code of length 2™ — 1 and
designed distance § with 6 = 2t + 1. Assume that

2t —1 < 22 4 1.
Then the weight w of any codeword in B*(0) satisfies
o=l _gm/2(t 1) <w < 2™t 2m2(t—1) .

Note that w must be even.

The BCH bound is generally a good bound for BCH codes since one can
say that the true minimum distance is roughly close to the BCH bound. It
is easy to find examples of non primitive binary BCH codes whose minimum
distance exceeds the BCH bound (see [111, p.205] and [47, 84]).

When the codes are binary and primitive, it is usually conjectured that
the true minimum distance d does not exceed ¢ + 4, ¢ being the designed
distance. KAsaMI and TOKURA first proved that d can exceed § [93, 1969].
This result was obtained by means of the divisibility of the RM codes. They
have shown that for any m > 6, m different from 8 and 12, there are some
binary BCH codes of length 2™ — 1 and designed distance & such that d > 0.
Quite recently AUGOT et al. completed the table of the minimum distance of
BCH codes of length 255 [9, 1991]. By using Newton identities they proved
that two such codes have true minimum distance § 4+ 2. These are the BCH
codes with designed distance 59 and 61. At the moment the case m = 12
remains open.

On the other hand the true minimum distances of BCH codes of length
511 are not all known. The more recent results are due to CANTEAUT and
CHABAUD [38]. In their paper, a probabilistic algorithm for finding small-
weight words in any linear code is presented; this algorithm applies success-
fully to the determination of the minimum distance of some BCH codes.

The BCH codes of length n = 511, dimension k and designed distance ¢
are listed in Table 3. The true minimum distance is denoted by d. When d
is known, we indicate the paper where the result can be found. We want to
conclude by some comments on the results presented in this table.

e The value of d is not known for six codes. These are the BCH codes
with designed distance

59, 61, 75, 77, 85 and 107.
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k 5 d in ko d in

502 3 3 [89] |241 73 73 [123]
493 5 5 [89] 238 75 >75 —

484 7 7 [89] |229 77 >77 —

475 9 9 ok 220 79 79

466 11 11 [89] |211 83 83 *

457 13 13 [76] | 202 8 >85 —

448 15 15 [89] | 193 87 87 Horx
439 17 17 ok 184 91 91 *

430 19 19 * 175 93 95  # 93]
421 21 21 [123] | 166 95 95 [89]
412 23 23 [89] | 157 103 103 *

403 25 25 [76] | 148 107 > 107 —

394 27 27 [89] | 139 109 111 # 93]
385 29 29 et 1130 111 111 [89]
376 31 31 [89] | 121 117 119 # 93]
367 35 35 [123] | 112 119 119 [89]
358 37 37 w1103 123 127 A4 *

349 39 39 * 94 125 127 # 93]
340 41 41 wk | gR 127 127 [89]
331 43 43 w76 171 171 ok

322 45 45 * 67 175 175 ¥

313 47 A7 [89] | 58 183 183 *x

304 51 51 vk | 49 187 187 ok

295 53 53 * 40 191 191 [89]
286 55 55 [89] | 31 219 219 [123]
277 57 57 * 28 223 223 [89)]
268 59 > 59 19 239 239 [89)]
259 61 > 61 10 255 255 [89)]
250 63 63 [89)]

% d=0+2

4 d=0+4

*
kk
kksk

new result obtained by NEWTON’s identities [9]
new result obtained by an exhaustive search [9]
new result obtained with a probabilistic algorithm [38]

Table 3: The binary narrow-sense BCH codes of length 511, §3.3.
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e Most results are due to Kasamr et al.. Theorem 1 of [89] applies to a
large class of BCH codes. It is obtained by studying the intersection of
BCH codes with shortened RM codes.

e Four codes have minimum distance § + 2; this is due also to KASAMI
et al. by using the 4-divisibility of the RM code of order four [93].

By using Newton identities, it was established that the BCH code of
designed distance 123 has minimum distance 127 [9]. Taking into ac-
count several numerical results, we conjecture that any BCH code of
length 2™ — 1 and designed distance 6 = 2™ 2 —r, r =3 or 5 has true
minimum distance greater than 9.

e We have 511 = 7 x 73. Consider B, a BCH code of length 511 whose
designed distance is § = 7 X d5. For any available value of 05, the BCH
code of length 73 and designed distance d, has true minimum distance
d9. Hence B has true minimum distance J. There is a similar property
when the designed distance is d; x 73. All these results can be derived
from a general one which can be found in [123, p.278]. Note that the
general context is the study of cyclic product codes [70, 103].

e The true minimum distances
d = 19, 39, 45, 53, 57, 79, 83, 91, 103,

are obtained by finding an idempotent of weight d or d 4 1 in the code
[9]-

e The true minimum distances 13 and 25 were computed by considering
a “shortened code” [76].

e When § < 9 one can also deduce d from [111, Theorem 2, p.259].
This general theorem, easily proved, shows that BCH codes with small
designed distance ¢ have true minimum distance 9.

On the other hand, the CARLITZ-UsHIYAMA bound (CU bound) gives
an interesting estimation of the minimum distance of the dual B+(d) of the
BCH code B(9) of length 2™ — 1 and designed distance §. However this
bound is trivial when

§>2m2 4 3
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’\5 \'Theoreﬁcalbound \Schaub% bound H
3 128 128*
5 112 112%*
7 96 96*
9 80 88
11 64 64
13 48 64
15 32 60
17, 19 24 42
21 24 40
23, 25, 27 24 32
29 16 28
31 16 26
37 14 22
39 12 22
43, 45 12 20
47, 51, 53 12 16
55, 59 12 ?
61, 63, 85 8 ?
87,91, 95, 111 6 ?
119, 127 1 ?

Table 4:  Lower bounds for the minimum distance of duals of binary BCH
codes of length 255 and designed distance § (see § 3.3).
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Moreover it seems to be really significant only when the dimension of the
dual is small. The Weil bound, which can be used for any cyclic code, has
these drawbacks.

A recent study, due to AUGOT and LEVY-DIT-VEHEL gives us new nu-
merical results on the minimum distance of duals of primitive BCH codes
[11]. In this paper the best known theoretical bound is checked by using
a new algorithm which is based on Theorem 2.5. The theoretical bound
is determined from the CU bound (the Weil bound for non binary codes)
and from the results of LEVY-DIT-VEHEL. In [100, 101], she determined
the divisibility of duals of primitive BCH codes and gave new lower bounds
for duals of large dimension (when the other bounds do not work). On the
other hand an algorithmic method, due to MASSEY and SCHAUB, called the
rank-bounding algorithm [115, 127], was implemented. The results on du-
als of primitive BCH codes are surprisingly higher than all previously known
bounds [11][100].

As an example we give in Table 4 the lower bound on the minimum
distance of binary codes B+(§) of length 255. The symbol “*” means that
the bound is the true minimum distance. The sign “?” means that the rank-
bounding algorithm fails; it cannot compute the bound. The CU bound
does not work for § > 19. When § < 19 the theoretical lower bound is
“combinatorial”, based on the Roos bound [101]. One can see that for 13 <
0 < 53 the rank-bounding algorithm produces a lower bound widely higher
than the theoretical lower bound. Generally the numerical results obtained
in this way show that the approximation of the minimum distance of the
duals of primitive BCH codes remains an open problem.

Comments on Section 3.3 In this section we pointed out the interest
in some recent numerical observations concerning specific difficult questions;
they induce or strengthen several conjectures. The general problem is, how-
ever, the determination of the weight enumerators of any BCH code.

The most recent numerical results on the weight distributions of BCH
codes are due to DESAKI, FuitwARA and KAsAMmI [65]. By using an orig-
inal algorithm, the authors obtain all weight enumerators of extended bi-
nary primitive BCH codes of length 128. They observe that the extended
BCH code of length 128 and dimension k£ has the same weight distribu-
tion as the dual of the extended BCH code of dimension 128 — k, when
k = 29,36,43,64, 85,92, 99.
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There is a lot of work on the CU bound, the Weil bound and their ap-
plications to cyclic codes. This subject is treated in Chapter(Tietavainen).
The recent work of RODIER [126] on duals of binary primitive BCH codes is
also explained in that chapter.

3.4 On the weight enumerators

To find new tools for the study of weight enumerators is a classical research
problem in coding theory. We wish to show that it is a motivating subject by
presenting some fundamental tools through famous unsolved problems and
examples. These tools — in particular, the MacWilliams transform, the Pless
identities, invariant theory and Gauss sums — provide important, but partial,
results. So it appears that it is necessary to find new tools or original methods
combining several tools in order to solve a number of essential problems.

We assume that the basic presentation, given in Chapter 1 (Section 10),
is known.

We would like to introduce this section by recalling two important theo-
rems. The first one, due to MCELIECE [105], provides an algorithm for the
determination of the divisibility of any given p-ary cyclic code; an application
will be presented in Section 3.4.3 (Proposition 3.35). The second one gives
a lower bound and an upper bound for the weights of cyclic codes. It comes
from the results of WEIL and SERRE on the number of rational points of
algebraic curves and was adapted by WOLFMANN to the case of cyclic codes
[146]; the use of this theorem is explained in the next example.

Theorem 3.20 Let C' be a cyclic code of length n over k where k is a prime
field of order p. Let T be the defining set of C' and denote by U the set
{sel0,n—1] | s €T }. Suppose that 0 ¢ U. Let w be the smallest integer
satisfying

1. w=0 (modp—1), and

2. there are w elements of U (with repetition allowed), say uy,. .., Uy,
such that the sum Y . u; equals 0 modulo n. Note that any element
may occur t times, t < p— 1.

Then for any c € C, the weight of ¢ satisfies

wt(c)=0 (modp?), A= —- —1.
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Moreover there is a ¢ in C' such that wt(c) £ 0 (mod p*™). In other words,
the code C' is p*-divisible and not p**-divisible

Theorem 3.21 Let C be a cyclic code of length n over k, the field of order
q. Set nv = ¢™ —1, where ¢™ is the order of F, the splitting field of X™ —1.
Let T be the defining set of C and let T+ be the defining set of C+. Denote
by J a set of representatives of the cyclotomic cosets of ¢ modulo n belonging
to T+. Let 0 be the biggest element in J.

If every element of J is prime to p, then the non-zero weights w of C
satisfy :

(i) IfoeT then

mlil - 01/_ - WLI
e
(il) IfO&T then
m'—1( _ _ Oy — _ o
e ey,

Example 3.22 In order to explain the use of Theorem 3.21, we study the
dual C of the ternary BCH [80,68,5] code. Thus ¢ = 3, n = 3* -1 = 80
(v =1and m' = 4) and the defining set of C* is

T+ ={1,3,9,27} U {2,6,18,54} U {4,12, 36,28} .

The defining set of C' is the set of those ¢ such that n —¢ € T; in particular
0 € T. The set J is a system of representatives of the cyclotomic cosets
included in T*; each representative must be prime to 3. Clearly the best
choice, producing the best bound, is J = {1, 2,4}, implying § = 4. According
to Theorem 3.21 (i), the non zero weights w of C' satisfy

2(4 — 1) 2(4 — 1)
6

giving 36 < w < 72. These bounds are attained. By using the coding package
of MAGMA we obtain the weight enumerator of C, say W (z,y),

2.3% —2.32 <w<2.3%+23?

W(z,y) = 2% + 8002y 4 267202 y* 4 7722023%y*
+10800022%9% + 154880220y%* + 112320237
43780022y 4 136002 7y% + 10023y™ .
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Note that C' is self-orthogonal; therefore it is 3-divisible. The Weil bound
gives an excellent result; this is because the dimension of C* is small, as we
noticed in Section 3.3.

3.4.1 The Reed-Muller codes

The weight enumerators of GRM codes are not known. This fundamental
problem is heavily connected with many open problems on primitive codes
and on related discrete objects.

In particular few weight enumerators of binary Reed-Muller codes are
known. The weight enumerators of the RM codes of orders one and two are
known. As Ro(m — v — 1,m) is dual to Re(v, m), the weight enumerators
of Rao(m — 2,m) and of Ry(m — 3,m) are also known (see Theorem 13.3 of
Chapter 1). It is an old problem to find the weight enumerators of Ry (v, m),
3<v<m-—4.

CARLET pointed out that it is as difficult to find a general characterization
of the weights in the RM code of order three as it is to obtain one in the RM
codes of any order [39]. In any case it seems that the problem is to find a
good formulation. Such a formulation was found for the self-dual RM codes.

Assume that m is odd and set 7 = (m — 1)/2. The code Ray(7,m) is
equal to its dual since m —7 — 1 = 7. On the other hand the divisibility
of RM codes is well-known to be 2[™/*I=1 where v is the order (see a proof
in Chapter(tietav-honkala) Theorem 4.17). So all weights in Ro(7,m) are
divisible by four —i.e. Ro(7,m) is a doubly-even self-dual code. The general
form of weight enumerators of doubly-even binary self-dual codes is known
from the work of GLEASON. We have for Ry(7,m) the following result.

Theorem 3.23 Let ¢g and ¢o4 be respectively the weight enumerator of the
extended Hamming code and the weight enumerator of the extended Golay
code:

¢ = 2° + ldaty* + o

and
hoa = 2+ 759 (2'%° + 2%y'%) + 2576 2%y + > .

Then the weight enumerator of Rao(T,m), 7 = (m — 1)/2 and m odd, is of
the form

m—3 m—3__ m—3_i i r
Wz, y) = apdy +ardi  doat...+aidy U dhit. .. +ardsdhy , (36)
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where r = (273 — 1)/3 and the a; are numbers to be determined. Now,
setting t = (m + 1)/2, the coefficients b; of Wy,(x,y) satisfy:

1. 49f i#0 (mod 4), then b; =0,
2. blzbgz... :bgt_lzo, and
3. if2t<s< 2 and s g {2 29 | 2<j <t }, then b, = 0.

Proof: Recall the notation of W, (x,y):

om

Wiz, y) = Z by 2"y

=0

where b; is the number of codewords of weight i in Ro(7,m). As the code
is 4-divisible, any b; such that ¢ # 0 (mod 4) is zero. Formula (36) is due
to GLEASON [69]. We have written his general formula only for length 2.
Note that 3 divides 273 — 1 because m is odd.

The minimum weight of Ro(7,m) is 2!, t = m —7 = (m+1)/2. This may
be deduced from the BCH bound, implying the second condition on the b;.
The third one is deduced from a general result of KAsAMI [92] (see comments
in Section 3.4.1).

¢

The weight enumerators of the self-dual RM codes are not known for
m > 9. In the following example we will show how one can determine
W, (z,y) for lengths 32 and 128 by means of the previous theorem.

Example 3.24 First recall that Ry(1, 3) is the extended Hamming code and
then Ws(z,y) is exactly ¢s(z,y). The code Ro(2,5) is a [32, 16, 8] self-dual
code; we obtain from (36):

Ws(z,y) = aody + a1dsdo
= ao(x8 -+ 14x4y4 + y8)4 —+ ay <$8 + 14x4y4 + y8)
(2 + 7592'%y® + 25762y + 75925y + ) .

Since there is only one codeword of weight zero, we have ag+ a; = 1.
Moreover the code has no codeword of weight four and the coefficient of
2?8yt is 14(4ap + a1). This leads to ap = —1/3 and a; = 4/3, giving

Ws(z,y) = 2324620 22195413888 22012 +36518 6916413888 21220 +620 25> +42 .
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Note that we have proved again that the weight enumerator of all doubly-
even self-dual [32, 16, 8] codes is unique. Actually this code is extremal and
this property holds for any extremal doubly-even self-dual code (see Section
10 of Chapter 1).

The code Ry(3,7) is a [128, 64, 16] doubly-even self-dual code with weight
enumerator of the following form:

Wi(@,y) = aods” + a105"$aa + a2 634 + As6i5, + aasdy + asdsdls

where ag,... ,a; are not known. By using this formula, is it possible to
determine all the coefficients b; of the polynomial Wr(x,y)?

We have by = 1 and, according to Theorem 3.23, by = bg = bjs = byy =
0. Moreover, the number b of minimum weight codewords of R(3,7) is
3309747 (see [111, Chapter 13, Theorem 9]). By computing the corresponding
coefficients in Wy (x,y) we obtain successively:

a=1—a—... —as , a3 =16/3 —2as — 4az — 3ay — bas ,

ag = 4084/44]. - 3@3 - 6@4 - 10@5 s as = 17944/3087 - 4&4 - ].0&5 s
ay = 46568/46305 — 79a5/20 , a5 = 5628589/5445468 .

We solved the equations on the b; by using a symbolic computation software.
The coeflicients of W7(z,y) are given in Table 5. As we have determined
Wo(z,y), we know the weight enumerators of all RM codes of length 128.
Indeed the other RM codes of length 128 are those of order one and two and
their duals.

Comments on Section 3.4.1 Our main reference on self-dual codes is
[111, chapter 19], where an extensive study of the work of GLEASON is given.
See also Chapter 1 and Chapter(sloane). The self-dual affine-invariant codes
are studied in [54] (for characteristic 2 only). Generally an extended cyclic
code which is self-dual is doubly-even (see a proof in [99]). For this reason,
it is clear for us that there is no self-dual binary extended narrow-sense BCH
code. In a recent paper, the weight distributions of binary extended narrow-
sense BCH codes of length 128 are given [65]. Hence the extended [128, 64, 22]
BCH code is formally self-dual.

Kasami and TOKURA determined in [92] the number of codewords of
weight w, d < w < 2d, of any RM code of minimum weight d (see also [111,
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weights | number of words || weights number of words

16, 112 3309747 44, 84 50059881835741
24, 104 2144705388 48, 80 94150059881835741
28, 100 9507508544 52,76 | 549678173926151424
32, 96 37527010290 56, 72 | 1920946561829079256

36, 92 19957889171264 60, 68 | 4051419446028441984
40, 88 | 94150059881835741 64 5194232755773662458

Table 5: Weight enumerator of the binary self-dual Reed-Muller code of
length 128.

chapter 15]). However this knowledge is not sufficient for determining the
weight enumerator of the self-dual RM code R2(4,9) of length 512 using the
method of Example 3.24. In this case the number of indeterminates is 21
while we know the value of only 16 coefficients b; in Wy(x,y). Are there other
invariants, like ¢g and ¢o4, especially for weight enumerators of RM codes 7

The weight enumerators of RM codes of length 2™, m < 8, are known.
They are studied and given in [143]. The most recent result on RM codes of
length 29 is due to SUGITA et al. who have determined the weight enumerator
of R2(3,9) (see [135] and their references). Since the dual of R»(3,9) is
R2(5,9), only the weight enumerator of Ry(4,9), the self-dual code, remains
unknown.

Little is known about weight enumerators of GRM codes except their
divisibilities and the set of their minimum weight codewords. Can the result
of Kasamr and TOKURA [92] be generalized ? Note however that the weight
enumerator of any GRM code of order two was given by MCELIECE [104].
For the minimum weight codewords of GRM codes, see comments in Section
3.2.

On the relatives of GRM codes (see [64] and Chapter(Assmus-Key)), we
want to mention the projective GRM codes. SORENSEN has studied their
parameters in [133]; in particular he gave their minimum distances. Moreover
he proved that some of these codes are cyclic, describing precisely a subclass
of cyclic projective GRM codes.
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3.4.2 On cyclic codes with two zeros

In this section we consider binary codes of length n = 2™ — 1. Recall that the
field of order 2™, the support field, is denoted by F and that « is a primitive
nth root of the unity. Moreover codes are cyclic and have only two zeros,
i.e. the defining set is composed of two distinct 2-cyclotomic cosets modulo
n. For short we will say T' = {r, s} for such a defining set, where r and s are
the coset representatives, and the code with defining set T" will be denoted
by C, .

This section is concerned with the classification of the codes C, s by means
of their minimum distance. Our aim is to recall that this classification is not
yet achieved; furthermore the determination of the weight enumerators ap-
pears as a most difficult problem. At the moment the known tools, that we
will present in proving Theorem 3.30, are efficient only for the characteriza-
tion of codes which are optimal in a certain sense. We begin by showing
that the minimum distance of the codes C, ; cannot be more than 5.

Theorem 3.25 Let n = 2™ — 1, m > 4. Let C,, be the binary cyclic code
with defining set {r, s} and minimum distance d. Then we have

(i) 2<d<5and

(ii) d=2 if and only if ged(r,s,n) > 1.

Proof: The parity check matrix of C, ; has the form

1 o o ... an7br
H = 1 of 2s (n—1)s

a®® L«
The dimension k of C, s satisfies k > n — 2m. As there is no zero column in
H, d> 2.

On the other hand, the sphere packing bound gives d < 6 (see Chapter
1, Section 2) and the existence of an [n,k,d] code obviously induces the
existence of an [n — 1, k,d — 1] code. Assuming d = 6, we could construct a
2™ — 2, k, 5] code with k > 2™ —1—2m. But such a code does not exist (see
[33]). Finally 2 < d <5 completing the proof of (i).

The code C,. s contains a codeword of weight 2 if and only if two columns
of H are equal; one can easily check that this is equivalent to ged(r, s, n) > 1.

¢
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Considering the codes C,, VAN LINT and WILSON presented another
proof of this last theorem and gave a further result: if ged(¢,n) > 1 and m
is odd, the minimum distance of Cyy is at most four [141, Theorem 12].

We remark that the minimum distance of codes with defining set {1, ¢} is
clearly dependent upon properties of affine subspaces of dimension two, a fact
that we noticed in the comments of Section 3.2. Indeed denote by V' a subset
of four distinct elements of F; if Y _\, v = 0 then V is a 2-dimensional affine
subspace of F; it is a linear subspace when V' contains 0. So Theorem 3.25
and the result above are related to the values of the /th power sum functions
of the affine subspaces of dimension two and can be rewritten as follows

Corollary 3.26 The minimum distance of C' 4 is at most five. It is three or
four if and only if there is an affine subspace V' of F of dimension 2 satisfying
>vev V8 = 0. This is always the case when ged((,n) # 1 and m is odd.

The purpose of VAN LINT and WILSON in [141] is to prove that cyclic
codes with only two zeros are generally bad. According to Theorem 3.25,
“bad” means that d < 4. In [142], the same authors use a deep theorem of
algebraic geometry for studying the special case ¢ = 7. They proved that the
minimum distance is less than or equal to 4 when m > 18. It was later shown
that this property holds when m < 18, unless m = 5, by computing some
codewords of weight four [6]. The method introduced in [142] was generalized
by JANWA et al. [81, 82], providing a lot of results which strengthened the
previous conjecture. By applying a form of WEIL’s theorem they showed
that, for a large class of codes with defining set {1, ¢}, only a finite number
could be “good”. However the problem of finding codes with defining set
{1, ¢} and minimum distance five remains open. The known classes are the
class of the Melas codes (see Example 3.27) and two famous other classes
due to KAsAMmI [87, 88]:

e The first one is composed of codes Cy , with ¢ = 2°+1 and ged(i,m) = 1.
Note that their duals are in R5(2,m), the punctured RM code of order
two (see an extensive study in [111, Chapter 15]). The Preparata codes
are constructed by concatenating some of their cosets (see §4.3).

e The second one corresponds to those ¢ such that ¢ = 2% — 2¢ + 1 with
ged(i,m) =1 (the proof for m even is actually due to JANWA et al.).

These classes are both of most interest when m is odd because they are
composed of codes which are optimal in the following sense: the dual code has
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only three weights and the best minimum distance; the weight enumerator
of the dual is unique, equal to those of the dual of the 2-error-correcting
BCH code. We have here exceptional objects which appear in other contexts,
as the study of parameters of sequences (see Chapter(Kumar-helleseth)) or
the determination of cryptographic primitives with “good” properties (see
Section 4.1).

The remainder of this section will be devoted to the characterization
of these optimal objects. On the other hand the Melas codes, which have
minimum distance 5 when m is odd, are never optimal as we show now.

Example 3.27 The Melas code M,, is the cyclic code of length n = 2™ — 1
with defining set {1, —1}. When m is odd, the minimum distance is 5; this
can be proved by using the Hartmann—Tzeng bound (see Chapter 1, Theorem
6.3).

Indeed the defining set contains these three pairs:

(1, 2), ™' —1,2m Y (=1, —2),
and so contains all the elements
1+i4+jc, 0<i<d—2, 0<j<s,

where 0 = 3, s = 2 and ¢ = 2! — 2. Moreover ged(2™ — 1,¢) = 1, since
2m—1 = (2" 1 =2)+ (2™~ 1 41) implies ged(2™—1, ¢) = ged(2™—1,2m" 1+ 1),
and it is well-known that 2"+ 1 is prime to 2™ — 1, for any r, when m is odd.
Finally the HT bound is equal to 6 + s = 5; this yields that the minimum
distance is exactly five.

When m is even the minimum distance of the codes M,, is three, since it
contains the codeword whose locators are

2m—1

1, o, o with )= T

the three non zero elements of the field of order four. On the other hand
the dual of M, has “many” weights. This was established by LACHAUD and
WOLFMANN [94] (see more in Section 3.4.3).

Now we come back to the optimal codes. We will focus on the exceptional
properties of the codes of length 2™ — 1, m odd, with defining set

{1,2% -2 +1}, gcd(i,m)=1, (37)
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in proving Theorem 3.32 later. These codes are equivalent to codes of type
Crs, 7 = 2"+ 1 and s = 2%*!; the dual of C,, is then contained in the
RM code of order 2. KAsAMI proved that such codes are optimal in a more
general context, the determination of the weight enumerator of a number of
cyclic subcodes of the RM code of order 2 [88, Remark 3].

To prove that these codes C; ; are optimal necessitates the use of several
classical tools; it is interesting to notice that, at the moment, the optimality
can be proved only for subcodes of R*(2,m) — as we will show in the proof.
We have chosen the elements of the proof in [87][88] or [141] because we want
to present different methods which could apply to a large class of codes. The
restriction “m odd” is necessary here but not generally.

The main part of the proof is obtained by means of the first Pless power
moments. The fth-power moments, derived from MacWilliams identities,
were given by PLESS in [124]. We need to recall the first four power moments,
for codes whose minimum distance is at least 3, and a fundamental theorem
(see also Chapter 1, §10).

Lemma 3.28 Let C' be any linear code of length n and dimension k. Let
C* be the dual code. Let us denote by ay, (resp. by), w € [0,n], the number
of codewords of weight w in C (resp. in C+). Assume that by = by = 0 -
i.e. the minimum distance of C* is at least three. Then the first four power
moments of the weight distribution of C (and C*) are:

g Wy = 2k=1p

w=0
ZwQaw = 2"n(n+1)
w=0
> wia, = 283(n(n+3) - 3! by)
w=0

Y wla, = 2"*(n(n+1)(n® +5n—2) + 41 (by —nbs)) . (38)

Our notation is that of Lemma 3.28.

Theorem 3.29 [Theorem 10.7, Chapter 1] Let S be a subset of [1,n] con-
taining s elements. Then the weight distributions of C' and C+ are uniquely
determined by by, b, ..., bs_1 and the a; with i & S.
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The next theorem is actually due to KAsaMI [87, Theorem 13]. We give
a more general presentation, including codes of any dimension.

Theorem 3.30 Let C' be any linear code of length n and dimension k where
n=2"—1 and m is odd. Suppose that C does not contain the all-one vector.
Assume that the dual code C+ has minimum distance at least three. Let us

denote by a,, (resp. by), w € [0,n], the number of codewords of weight w in
C (resp. in C*). Let wy be the smallest w such that

A+ aom_p 20, 0 < w < 2m71

The dimension of C' cannot satisfy k < m; for k > m we have the following
statements.

(i) If k > 2m then wy satisfies
wo S 2m—1 o 2(m—1)/2 )

Moreover if equality holds, then by = by = 0, k = 2m and the weight
distribution of C' is the same as the weight distribution of the dual of
the double-error-correcting BCH code, which is

Weight Number of words
0 1
om—1 _ 2(m71)/2 (2m _ 1)<2m72 4 2(m73)/2)
gm-1 2" —1)(2" + 1)
om—1 =+ 2(m—1)/2 (2m _ 1)(2m—2 _ 2(m—3)/2)

(ii) If m < k < 2m, then the minimum distance of C* is at most four.
Moreover if wy > 2m ' —20m=D/2 thep

by + by < (2771 —1)(2%m 7 = 2FTR)) /(3.2 (39)

Proof: We consider the identities [, = > _ (w—2""1)q,,. Since for ¢ even

(w =271 = (2" —w) - 2",

we have for any even ¢ that

n am—1_1
=3 (w=2"Ya,= Y (w=2""(a,+am-). (40)
w=1 W=wWo
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Note that the codeword of weight zero is not taken into account in the sum
above; on the other hand, by hypothesis, C' does not contain the all-one
codeword.

The values of I, and I, are simply obtained by using the four power
moments given by (38). We do not develop all the computations, indicating
the way only. Recall that Y " _, a, = 2" — 1.

n n n
I, = 22m2 E (y — 2™ E Wy + E w?ay,
w=1 w=1 w=1

= 22m=2(9k 1) —amoFlp 4 2R 2 (n 4 1) |

L= > (2""a, - 2" wa, + 3.2 'w’a, — 2" wia, + wia, )
w=1
_ 24m—4(2k‘ . 1) . 23m+k—2n + 3.22m+k’—3n(n + 1) _ 2m+kz—2(n2(n + 3) — 3l bg)
+28 4 (n(n + 1)(n* + 5n — 2) + 4! (by — nb3)) .

We replace n by 2™ — 1 and obtain

12 — 2k+m72 - 22m72 (41)
and
I, = 2Mm=4(3.2m — 2) — 24m~4 L 391 (py 1 b) . (42)
Now we consider by (40)
am—1_1
L=2""L= > (w=2""((w—2""=2"") (aw +azn_u) . (43)
w=wq

Note that |w — 2™~ < 2(m=D/2 implies that the wth term above is less than
or equal to zero. From (41) and (42) we have

I — 2"y = (2m7h = 1)(2Fm 3 — 23m3) 1 328 (b 4 by) . (44)

When k < m, the value of I, is strictly negative which is impossible,
proving that C' cannot satisfy the hypothesis of the theorem.

(i) Suppose that k > 2m. Then, from (44), the value of I, — 2™~ ![, cannot
be negative. In the sum (43), the terms corresponding to those w satisfying
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om=1 _ 9(m=1)/2 < 4y < 2™=1 are negative. Thus we have proved that the
value of wy is at most 2m~1 — 2(m=1)/2

When wy = 2™' — 20m=1/2 the only possibility is Iy — 2™ I, = 0 (see
(43)). We deduce from (44) that k = 2m and b3 + by = 0. Therefore C' has
dimension 2m and C* has minimum distance at least five; moreover only
three a,, are unknown which correspond to

w=2m"t L om=1/2 oy — om-1

Now we apply Theorem 3.29. As by = by = 0 and the a,, are unknown for
only three values of w, the weight enumerator of C' (and of C1) is unique.
Since the 2-error-correcting BCH code satisfies our hypothesis, its weight
polynomial is the solution.

(ii) If £ = m, then I, = 0, proving that C' has only one weight, w = 2™~ —
i.e. the code C' has the same weight distribution as the simplex code.

Assume that m < k < 2m. There is no linear code with parameters
[2m—2, k" > 2™ —2m—1, 5] [33]. If there exists a linear [2™—1, 2™ —2m, 5] code
then we can construct a linear [2" — 2, 2™ —2m — 1, 5] code, a contradiction.
So the minimum distance of C* is at most four.

When wy > 2m~1 — 20m=1/2 the value of I, — 2™ ', must be less than
or equal to zero (see (44)), giving condition (39) on b3 + by and completing
the proof.
¢

Corollary 3.31 The hypotheses are those of Theorem 3.30. Furthermore
k= 2m.

When C' is a subcode of R*(2,m), the punctured RM code of order two,
then wg equals 2m~1 —2m=D/2 4f and only if by = by = 0.

In other words, the weight enumerator of C is the same as the weight
enumerator of the dual of the double-error-correcting BCH code if and only
if C' has minimum distance five.

Proof: The weight distribution of the code R*(2,m) is well-known (see Theo-
rem 13.3 of Chapter 1). In particular when m is odd, this code has no words
of weight w such that 27m~1 —20m=1/2 < 4y < 21 Therefore this property
holds for any subcode C' of R*(2,m). So in accordance with (43) and (44),
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we have

gm—1_9(m—1)/2

I —2"L = Z (w — 21 [(w — 2™71)? — 2" (ay + agm_y)

w=wq

= 3.2 (b3 +by)

where (w — 2m~1)2 — 2™~ > 0 for any w in the range [wg, 2™~ — 20m=1/2],
Then bs+by = 0 means a,,+agm_,, = 0 unless w is in { 21 £20m=1D/2 gm-11

¢

Theorem 3.32 Letn = 2" —1, where m is odd, m > 4. Letm = 2t+1 and
J € [1,t] such that ged(j,m) = 1. Let C' be the binary cyclic code of length n
with defining set
{2741, 2% +1 mod n },

Then the minimum distance of C' is five. Moreover the weight distribution of
the dual code C* is exactly the weight distribution of the dual of the double-
error-correcting BCH code (see Theorem 3.30).

Note that C' is equivalent to the code whose defining set is given by (37).

Proof : Note that the value of 2% 4 1 is to be considered modulo 2™ — 1.
Let us denote by d the minimum distance of C'; we know from Theorem 3.25
that d < 5. First we remark that

2% 1= (2 +1)(2% — 27 +1) with ged(2/ +1,n) =1,

since m is odd. Then the code C' is equivalent to the code C' 4, t = 2% —2741
(see (37)).
The dual of C' is the cyclic code with defining set

{0, ..,n—13\{d@" -2 —1)Uud@"-2% -1)} .
Recall that the defining set of R*(2,m) is
{s€0,n—1] | 0 <wta(s) <m—2 }.

So C* is contained in R*(2,m). Hence if we show that d > 5, then we can
apply Corollary 3.31 and prove the theorem.

After the first proof of KASAMI it was proved that d = 5 by VAN LINT
and WILSON [141] and, more recently, by JANWA et al. [81].
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We will briefly explain the proof given in [141, Theorem 17]. For any

subset of F*, let A = {a™, ..., a’™}, denote by M(A) the following matrix
1 C(il Oé2i1 a(n—l)il
i2 2i9 (n—l)iz
M(A) = 1 a? o« e
1 ofv o2 (i

For a fixed ¢, consider the ranks of any ¢ columns of M(A). We denote
by r(¢, A) the minimum of these ranks. For any two subsets A and B, the
product of A and B is denoted by AB. This is the set of the elements v,
¢ € Aand v € B. In accordance with [141, Theorem 5|, every time we can
find A and B such that AB is contained in the defining set of C', then we
have the following property: there could be a codeword of weight ¢ in C' only
if ¢ satisfies
r((,A) + r(¢,B) </{.

Taking A = {a?, o®”} and B = {a, o*”, a?"}, it is easy to check that
AB is contained in the defining set of C. Moreover it is clear that any two
columns of M(A) have rank two. It is proved in [141, Lemma 4] that any
four columns of M(B) have rank three. Now suppose that there exists a
codeword x € C' of weight ¢, with 3 < ¢ < 5. Then for each value of ¢ we
have r(¢,A) > 2 and r(¢,B) > 3, implying ¢ > 5. We have proved that
d=>.

Since C* is in R*(2,m) and the minimum distance of C'is five, then the
weight enumerator of Ot is exactly the weight enumerator of the dual of the
double-error-correcting BCH code, completing the proof.

¢

Explanation of Tables 6, 7 and 8 Our purpose is to illustrate this
section by giving the minimum distance and the weight enumerators of the
dual codes of all codes C 4 of length 511. Recall that C' 4 is the binary cyclic
code whose zero’s are o, o and their conjugates — a being a primitive root
of GF(2).

In Table 6, we give for each value of ¢ the minimum distance d of C , and
a reference p; denoting the weight enumerator of Cﬁ. Since there are 60 2-
cyclotomic cosets modulo 511, there are 59 codes C . Two such codes can
only be equivalent under a multiplier, because 511 and ¢(511) are relatively
prime (¢ is the Euler function). This means that C;, is equivalent to C,
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¢ |d wedl| ¢ |d wed| ¢ |d wedl| ¢ |d wed]| ¢ |d wed

3 5) P1 5 5 D1 7 4 P2 9 3 D3 11 3 P4
1315 pm 15 3  ps 17 {5 m 19 [5 m 21 |4 po
23 |3 ps 25 |3 pu 27 |5 m 29 |3 pe 31 |5 m
35 |4 po 37 13 pr 39 |3 ps 41 |4 pg 43 |3 py
45 |4 po || 47 |5 m 51 |3 pn1 53 |3 ps 55 | 3 pia
57 | 3 p3 5 |5 py 61 |4 pi3 63 |4 puy 7313 pis
™3 pe || T3 pir || 7913 Dpe 83 |4 pis | 8 |3 pig
87 |5 m 91 |4 pop 93 |3 ps 95 |3 pg || 1035 py
107 | 3 P4 109 | 3 Pa 111 | 4 P13 117 | 4 P18 119 | 4 P21
123 | 3 Pe 125 | 4 P10 127 | 3 P19 171 | 5 D1 175 | 4 P22
18313 pr ||187 14 po ||[191 |3 pun ||219 |3 pag || 2233 pi2
239 13 ps || 255 |5 poy

Table 6: The codes C, of length 511; d is the minimum distance and wed
designates the weight enumerator of the dual code. The weight enumerators
p; are given in Tables 7 and 8. These tables are explained at the end of
Section 3.4.2.

if and only if t = ¢7! with ged(¢,511) = 1, where the inverse is calculated
modulo 511 (see Theorem 5.22 in Chapter 1).

The weight enumerators p; are given in Table 7 (list 1) and Table 8
(list 2). One obtains, in all, 24 weight enumerators p;, 1 <17 < 24.

Note that 12 codes have p; as weight enumerator; 5 of them, C , with £ €
{3,5,13,17,47}, are duals of the known optimal codes previously described.
The code C} 19 corresponds to the Welsh conjecture, that we give below. Up
to equivalence we have then all the optimal codes we expected. The only
non optimal code with minimum distance 5 is C 255, the Melas code. This
situation does not hold for m > 9. Other optimal codes and other non
optimal codes with minimum distance 5 will appear.

To conclude we remark that other weight enumerators, such as py, appear
several times. Note that the weight enumerators p;5 and po3 have minimum
weight greater than 240.

Comments on Section3.4.2 As we already said, the properties of the
binary primitive codes with two zeros are linked with the properties of se-
quences (see a recent example in [35]); for instance codes with two zeros and
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p1 | w | 240 256 272
a, | 69496 131327 61320

Py | w | 196 228 232 236 244 248 252 256 260
yy 73 511 9198 13797 13797 45990 64605 511 18396
w | 264 268 276 280 284
ay | 52122 29127 4599 4818 4599

p3 | w | 224 256 288
a, | 18396 229439 14308

Py | w | 224 240 256 272 288
a, | 4599 55188 146657 55188 511

ps | w | 224 232 236 240 244 248 252 256 260
a, | 4599 4599 9198 9198 19929 22995 51100 37814 27594
w | 264 268 272 276 280
ay, | 32193 9198 18396 13797 1533

P | w | 216 232 240 248 256 264 272 280
a, | Hl1 13797 27594 50589 76139 59787 27594 6132

pr | w | 208 216 224 232 240 248 256 264 272
a, | 1533 511 4599 10731 13797 50589 83804 68985 27594

ps | w | 232 240 248 256 264 272 280 288
ay | 15330 27594 50589 74606 55188 36792 1533 511

Py | w | 224 232 240 248 256 264 272 280 312
a, | 4599 4599 22995 70518 71540 50589 32193 4599 511

Pio | w | 232 240 248 256 264 272 280
ay | 13797 18907 70518 79205 32193 41391 6132

pun | w | 232 236 240 244 248 252 256 260 264
ay | 15330 13797 4599 13797 18396 41902 42413 41391 27594
w | 268 272 276 292
ay | 13797 22995 4599 1533

pi2 | w | 204 212 232 236 240 244 248 252 256
a, | 511 1533 10731 13797 4599 13797 18396 36792 51611
w | 260 264 268 272 276
a, | 36792 32193 18396 13797 9198

piz | w | 232 240 248 256 264 272 280 312
ay | 13797 27594 52122 76139 59787 27594 4599 511

Table 7: The weight enumerators of the duals of the codes 'y 4 of length 511:
list 1. The number of codewords of weight w is denoted by a,,. This table is
explained at the end of Section 3.4.2.
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pua | w | 196 228 236 240 244 248 252 256 260
Qy 73 4599 4599 24528 27594 18396 41610 28105 36792
w | 264 268 272 276 280 300
ay | 27594 24528 9198 9198 4818 511

pis | w | 244 256 260 276 292
a, | 1533 511 1533 511 7

pie | w | 208 224 232 240 248 256 264 272
a, | 1533 1533 9198 28105 55188 56210 82782 27594

pi7 | w | 196 216 220 228 232 236 244 248 252
Uy 73 1533 1533 511 9198 13797 13797 36792 55407
w | 256 260 264 268 276 280
ay | 511 18396 64386 41391 4599 219

pis | w | 224 232 240 248 256 264 272 280 312
ay | 1533 4599 41391 55188 56210 68985 32193 1533 511

pro | w | 228 232 240 244 248 252 256 260 264
ay | 9198 4599 13797 18396 36792 32704 30149 45990 22995
w | 268 272 280
ay | 24528 13797 9198

pao | w | 196 228 232 236 244 248 252 256 260
Uy 73 511 4599 18396 13797 59787 50808 511 18396
w | 264 268 276 280
ay | 38325 42924 4599 9417

pa1 | w | 196 220 232 236 240 244 248 252 256
y 73 1533 4599 4599 13797 36792 22995 37011 32704
w | 260 264 268 272 276 280 288 300
ay | 32193 22995 27594 13797 9198 219 1533 511

pa2 | w | 196 232 236 240 244 248 252 256 260
y 73 4599 13797 15330 27594 22995 27813 28105 50589
w | 264 268 272 280 284 300
ay | 22995 24528 18396 219 4599 511

pe3 | w | 244 252 256 268 292
a, | 1533 511 511 1533 7

poy | w | 234 236 238 240 242 244 246 248 250
ay, | 4599 9198 4599 4599 22995 10731 9198 22995 9198
w | 252 254 256 258 260 262 264 266 268
ay | 13797 22995 10220 9709 18396 13797 13797 13797 4599
w | 270 272 274 276 278
a, | 9198 18396 9198 4599 1533

Table 8: The weight enumerators of t@e duals of the codes C; 4 of length 511:

list 2. The number of codewords of weight w is denoted by a,,. This table is
explained at the end of Section 3.4.2.




minimum distance three provide binary sequences which have the trinomial
property. On the other hand we will give, in Section 4.1, an example of the
involvement of codes with two zeros in some cryptographic problems.

To characterize new cyclic codes with two zeros which are optimal, even
not optimal but with minimum distance five, remains a hard open problem.
There are no results other than those of KAsaMI. We want to mention the
oldest conjecture, the so-called conjecture of Welsh: the codes C 4, of length
2™ — 1, with

(=2"4+3 and m=2t+1,

have minimum distance five; furthermore they have the same weight enumer-
ator as the 2-error-correcting BCH code.

The papers of JANWA et al. explain why generally the minimum weight
of binary cyclic codes with two zeros is not more than four [81][82]. On the
other hand, CHARPIN et al. introduced tools for the classification of primitive
binary cyclic codes of distance three [58]: when the length is 2™ — 1 where
m is not a prime, one can characterize many such codes; in some cases it is
possible to give exactly the number of codewords of weight three. However
the whole description of cyclic codes of minimum distance three remains an
open, and apparently, difficult problem.

A very difficult problem is the determination of the weight enumerator
of cyclic codes with two zeros, even when codes whose minimum distance
is known are considered. All numerical results show that the number of
distinct weight enumerators for such codes increases with the length 2™ — 1.
On the other hand several codes have the same weight enumerator and are
not equivalent. As an example, we treat the case m = 9 in Tables 6, 7 and
8 which are explained above.

Note that for cyclic codes whose duals are contained in the Reed-Muller
code of order two, the classification is not achieved. We do not know the
weight enumerator of any cyclic code whose zeros have the form a2 2" for
instance such codes which have the same weight enumerator as the 3-error-
correcting BCH code are not yet characterized (see [144]).

To conclude we want to mention possible extensions of the tools that we
have presented to other codes and to odd characteristics.

3.4.3 On irreducible cyclic codes

Irreducible cyclic codes are also said to be minimal cyclic codes because they
are the minimal ideals of the algebra R, of cyclic codes of length n over k.
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More precisely an irreducible cyclic code is a cyclic code which has only one
non zero (see Chapter 1, Theorem 5.25). We first present this definition in
the ambient space M = k[G*], where k is the field of order ¢ and G* is the
multiplicative group of order n over k (see §2.2). The splitting field of X" —1
is denoted by F and has order ¢ .

Definition 3.33 Let « be an nth root of unity. Denote by cl(t), 1 <t <
n — 1, the g-cyclotomic coset modulo n containing t.

An irreducible cyclic code C with parameters [n,m'] is a cyclic code of M
whose defining set is of the form

{se0,n—1]| s&cl(-k) },

where cl(—k) is assumed to have cardinality m’. Then the MS polynomial of
C s

Mo(X) = AXF 4 NIXF g\ T e e med 0y e

Note that Mg (X) = Tr(AX*) where Tr is the trace function from F to k.
Set B = oF; if B is an nth root of unity, then the codewords of C are the
n-tuples

(Tr(\), Tr(AB), ..., Tr(AB" ") , AeF.

The code C' is said to be an irreducible cyclic code with parameters [n,m']
over k (it is defined up to equivalence).

Example 3.34 Let C be an irreducible binary cyclic code of length n = 23;
since the splitting field of X?3 — 1 is GF(2!), the code C has parameters
[23,11]. The 2-cyclotomic cosets modulo 23 are {0},

{1,2 4,8, 16, 9, 18, 13, 3, 6, 12 }, and
{5, 10, 20, 17, 11, 22, 21, 19, 15, 7, 14 } .

Taking {0} U cl(1) as the defining set of C, the MS polynomial is Tr(AX),
A € GF(2'1). Note that cl(1) is the set of the quadratic residues in the
finite field of order 23. According to Definition 2.10, C' is the [23,11,§]
quadratic residue code. It is the subcode of codewords of even weights of
the [23,12,7] Golay code. Golay codes are extensively studied in Chapter
1; see in particular Example 6.9 in Chapter 1 for the determination of the
minimum distance.
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It is important to remember that any [n, m’] irreducible cyclic code over
G F(q) is isomorphic to the finite field GF(¢™); although this correspondence
has no connection with the Hamming weight, it places irreducible codes at
the center of some work on finite fields. More generally the research on the
weight enumerator of irreducible cyclic codes remains important because of
the number of fundamental problems which are concerned with finite fields
— see for instance the links with the diagonal equations in Section 2.3.

The most significant work is due to MCELIECE et al. who pointed out the
existence of a close connection between irreducible cyclic codes and Gauss
sums over finite fields [14, 106, 108]. The main result, which is obtained by
means of a famous theorem of DAVENPORT and HASSE, follows:

For any fixed prime p and for any positive integer k prime to p,
denote by m the multiplicative order of p modulo k. Define the
infinite sequence of irreducible cyclic codes C; with parameters

[nj7mj] o Ny = <pmj - 1)/k ) .] > 1; on GF(p) . (45>

Then the calculation of the corresponding sequence of weight enu-
merators is reduced to the single calculation of the weight enu-
merator of C.

This work was inspired by the study of irreducible binary codes, due to
DELSARTE and G@ETHALS [63], in which the computation of the sequence of
weight enumerators is obtained simply by multiplying (iteratively) the vector
of weights by a corresponding circulant matrix. The main result in [63] is
in the description of a class of irreducible binary codes in which only two
weights occur. This is generalized in [14] leading to the conjecture that any
two-weight cyclic code 1s irreducible. Little is known about irreducible cyclic
codes with three weights; see [15] and recent results in[95].

Many numerical results can be found in the papers previously quoted and
in [110].

Henceforth the “numerical” problem is to determine the weight enumera-
tor of one code for each sequence (45). From a theoretical point of view, the
study of any specific class is of great interest and one can say that few general
results have been obtained. The first reference is the work of HELLESETH et
al. on an infinite class of irreducible cyclic codes with fixed block length [79)].
As an example of an interesting construction, the connection with product
codes is explained in [70].
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The most recent result is due to LANGEVIN and ZANOTTI who have
characterized a class of irreducible codes with balanced weight distribution —
i.e. such that there is the same number of codewords for any non zero weight
of the code. A description is given in [96] and [152]. Note that the number
of nonzero weights must divide p — 1, implying that there are no such binary
codes except the simplex code.

On the other hand consider the class of binary irreducible codes C™) of
length n = 2™ + 1 and dimension 2m. Clearly 2™ + 1 = (2™ — 1)/(2™ — 1)
where m is the order of 2 modulo 2™ — 1. Then C™ is the second code of
the sequence of irreducible cyclic codes Ct(m) with parameters [n;, mt] where

omt _ 1 B (2m_1)(2m(t—1)++2m+1>
om 1 om — |

We give in Table 9 the weight enumerators of the codes C™ for 5 < m < 10.
A relationship between the weight enumerators of the code C™ and of
the Melas code of length 2" — 1 was established by TIERSMA in [125]. On
the other hand, LACHAUD and WOLFMANN proved in [94] that the weights
of the non zero words of C™ are all the even integers w such that
2" +1 2" +1
2
This description was obtained by giving an explanation of the links between
the weights of Melas codes and some results on elliptic curves and Kloost-
erman sums over GF(2™). The problem of the complete determination of
the weight enumerator of the Melas code remains open; any result on the
number of words of a given weight could apply to the problem of the values
of Kloosterman sums. The ternary Melas codes were studied in [147].

We conclude this section with an application of Theorem 3.20 to the
divisibility of irreducible cyclic codes. Note that although we treat codes
with the most simple set of non zeros, we can only improve the algorithm
for computing divisibility. It is generally difficult to determine divisibility
of a given infinite class of cyclic codes. One can see the next proposition
as an illustration of this general open problem: find a precise formula for
diwvsibility of some class of cyclic codes.

n, = =(2mt=D o pomy ),

Proposition 3.35 Let C' be an [n,m] irreducible cyclic code over GF(p)
with np = p™ — 1. Set 7; = lem (wt,(jn),p — 1), 1 < j < p. Define

r=min {7 |1<j<p} and (=
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n=9 w 2 4 6
m=3 | Gy 9 27 27
n=17 | w 6 8 10 12
m=4 | a, | 68 85 68 34
n=33 | w 12 14 16 18 20 22
m=5 |a, | 165 165 165 330 165 33
n=65 | w 26 28 30 32 34 36 38 40
m=6 |a, | 390 455 780 780 390 58 520 195
n=129 | w 54 56 58 60 62 64 66 68 70 72 74
m=7 | a, | 903 903 1032 2709 903 1806 2709 903 1806 1806 903
n=257| w | 114 116 118 120 122 124 126 128 130 132 134
m=8 | a, | 2056 4112 2056 4626 6168 4112 8224 4112 4112 5140 4122
w | 136 138 140 142 144
Gy | 4112 4112 5140 2056 1285
n= 513 w 234 236 238 240 242 244 246 248 250
m=9 ay | 1539 4617 9234 18468 9234 4617 13851 13851 13851
w 252 254 256 258 260 262 264 266 270
a, | 18468 9747 9234 23085 13851 9234 23085 9234 10773
w 272 274 276 278
a, | 23085 4617 9234 4617
n= 1025 | w | 482 484 486 488 490 492 494 496 498
m= 10 a, | 12300 11275 30750 20500 30750 41000 41000 20500 41000
w 500 502 504 506 508 510 512 514 516
a, | 61500 20500 46125 41000 20500 41000 61500 30750 41000
w 518 520 522 524 526 528 530 532 534
a, | 51250 46125 51250 20500 20500 41000 51250 35875 20500
w 536 538 540 542 544
ay, | 20500 20500 30750 20500 5125

Table 9: Weight enumerators of the irreducible binary cyclic codes of length
n = 2™ + 1 and dimension 2m, 4 < m < 10 (see §3.4.3); a, denotes the
number of codewords of weight w.
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Then C is p*-divisible and not p*™'-divisible.

Proof: Let 2::01 v;p" be the p-ary expansion of n; recall that wt,(n) is the
integer sum ZZEl v;, called the p-weight of n. Let U be the set of those
s € [0,n — 1] which are not in the defining set of C'. According to Definition
3.33, we assume that U = cl(—1), the p-cyclotomic coset of —1 modulo n.
In accordance with Theorem 3.20, we have to determine the smallest integer
r divisible by p — 1 such that r elements of U, say {uy,..., u,}, satisfy
> i_ou; = 0 modulo n.

—1 . ; . .
Set r = ZZO r;, meaning that the element —p* occurs r; times —i.e. r;

elements of {uy, ..., u,} are equal to —p’. We know from Theorem 3.20 that
r; <p—1, for all 7. Set I, = ZZEI r;p'. Then we must have I, = 0 modulo
n.

Clearly I, = 0 is satisfied for any r such that I, = jn, 1 < j < pu. In this
case 1 is exactly the p-weight of jn. We consider those r which are divisible
by p — 1 only. Then the smallest available r is equal to the smallest value of
lem (wt,(ng),p — 1) and ¢ is determined.
¢

3.5 Automorphism groups of cyclic codes

Chapter(Huffman) deals with the general problem of automorphism groups
of codes. We want to mention recent results on cyclic codes and briefly
discuss open problems only.

HUFFMAN has recently studied the automorphism groups of the extended
generalized quadratic residue codes. He gave the full automorphism groups
as groups of semi-affine transformations [80]. On the other hand the permu-
tation groups of affine-invariant codes were characterized by BERGER and
CHARPIN [18] [21]. BERGER proved later that the automorphism group is
easily deduced [17]. All these results can be used now in other contexts, for
example, the determination of the automorphism group of codes constructed
from other codes such as repeated-root cyclic codes or concatenated codes.
Another application could be the study of non linear cyclic codes. We will
conclude this section with an example showing how to construct non linear
affine-invariant codes.

The general problem of determining the automorphism group of any cyclic
or extended cyclic code is a difficult problem. There is probably no general
answer and the best way seems to be the study of special classes. One
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can mention first the irreducible cyclic codes (see a recent result on a special
subclass in [153]). More generally there are no results on non primitive codes.

However, the results of [21] suggest the conjecture that the permutation
group of any cyclic code will be generally small, i.e. the group G generated
by the shift and some Frobenius mapping depending on the alphabet field.
Indeed, even when the extended code is affine-invariant, it appears that many
cyclic codes have G as permutation group. According to [21, Theorem 6], one
can conjecture that, generally, cyclic codes of length p™ — 1, m prime, over
GF(p), either have G as automorphism group or are equivalent to a p-ary
Reed-Muller code; on the other hand, interesting exceptions might appear.

More is known about equivalent cyclic codes. There is a general necessary
and sufficient condition under which two cyclic codes could be equivalent (see
Theorem 5.22 in Chapter 1). In particular when the length is a prime number,
two cyclic codes can be equivalent by a multiplier only. The inequivalence
of affine-invariant codes is now established; two affine-invariant codes cannot
be equivalent unless under the Frobenius mapping [17].

Example 3.36 It is very easy to construct non linear affine-invariant codes.
Our notation is that of Section 2.4; let the ambient space be A = k[{F,+}]
where k = GF(p). Consider a coset of P", the rth power of the radical, of
the form

x+P", xeP TI\P. (46)

Let us define the (generally) non linear code

C= J shix)+P

0<j<n—1

where sh;(x) is the j-shift of x. For clarity, we denote by a a primitive root
of F and consider the j-shift as multiplication by o’ in F, the support field.
We are going to prove that C' is invariant under the affine permutations o, .

Letze C,z=y+y,y € P and y = sh;j(x) for some j. Recall that,
according to (13),

O'u,v(Z) = Z ZgXug+v — Z ngug—H) + Z y;XuQ—H] .

geF geF geF

We have 0,,(z) = 0uu(y) + 0uos(y'). As the code P" is affine-invariant,
oun(y') € P". Moreover, by construction, o, ,(y) = Guus(x) where a = o;
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this shows that o,0(y) is a k-shift of x, with v = o’ and k =i+ j. So we
only have to prove that oy ,(x) is in C. Observe that

o1(x) = Xx = (X"—1)x+x

where (X?—1)x € P since (X"—1) € P and x € P"!. Hence 0y,(x) is in the
coset x + P", completing the proof. Note that we mainly used the following
property: any coset of the form (46) is invariant under any translation. Recall
that P" is the p-ary Reed-Muller code of order m(p — 1) — r.

3.6 Are all cyclic codes asymptotically bad ?

Whether or not there exist good linear codes which are also cyclic remains
an open problem. The most recent result is due to CASTAGNOLI et al. who
reduced the problem, by proving that repeated-root cyclic codes cannot be
asymptotically better than simple-root cyclic codes [46].

It has been known for a long time that BCH codes are asymptitocally
bad (see Chapter 1, Theorem 7.7). Furthermore KASAMI proved that any
family of cyclic codes is bad if it has the property that the extended codes
are affine-invariant — the proof given in [86] for binary codes can be easily
generalized.

On the other hand, BERLEKAMP and JUSTESEN have shown that certain
concatenated codes are cyclic [24] thus obtaining an improved class of long
binary cyclic codes. Many researchers consider that quadratic residues codes
could be asymptotically good. This open problem is connected with the
necessity of finding a good bound for the minimum distance of the QR codes.

4 Related problems.

In this section, we examine research problems in coding theory which are con-
nected with the study of cyclic codes. Actually it is a large topic in which we
have chosen three subjects, which seem currently of interest: cryptography,
alternant codes and non linear codes.

Concerning cryptography, we recall the involvement of Reed-Muller codes
in the description of some cryptographic primitives. More generally, the
primitive binary cyclic codes are then implicated, as we will show by giving
a specific example.
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The class of alternant codes is closely related with generalized Reed-
Solomon codes and contains BCH codes and Goppa codes. The class of
Goppa codes includes the narrow-sense BCH codes (see [111, chapter 12]).
The aim is to present basic elements about the links between Goppa codes
and BCH codes, introducing some open problems on Goppa codes. Note that
Goppa codes are proposed, as public-key, in the McEliece cryptosystem.

The last subject can be viewed as an example of the involvement of cyclic
codes, and of their cosets, in the construction of other interesting codes. We
treat the most famous non linear codes, the Preparata and Kerdock codes.
We give an original result, a new proof of the formal duality of these codes
based on the description of BACKER and on recent results about cosets of
2-error-correcting BCH codes. The use of the operations in the field algebra
of primitive extended codes provides new properties and might suggest other
constructions.

4.1 Some problems in cryptography

The connections between coding theory and cryptography are discussed in
Chapter(Van-Tilborg), a large part of which is devoted to the use of error-
correcting codes in some cryptosystems. The most famous is the McEliece
public-key cryptosystem which uses binary Goppa codes. A priori cyclic
codes are not designed for such cryptosystems because they are considered
as easily recognizable codes. There are generally few cyclic codes for a
given length and these codes have a “rich” structure (note that the class
of repeated-root cyclic codes is not so simple). However one can mention
that to determine if a given code is cyclic or not remains a difficult problem.

Many problems in cryptography lead to general problems in coding the-
ory. For instance the generalized Hamming weight is mentioned in Chapter(Van-
Tilborg) (see in Chapter 1, Section 3: the weight hierarchy of a code). The
relation between minimal codewords and secret sharing is another example
[116][117].

Cyclic codes are related to the study and the construction of crypto-
graphic primitives, mainly through Reed-Muller codes because of the large
field of applications of boolean functions and sequences in cryptography.
There are a lot of recent papers about these applications; many are to be

found in the proceedings of the conferences EUROCRYPT and CRYPTO.
It is well-known that any property of RM codes is a property of boolean
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functions. RM codes provide a natural way to quantify the degree, the non-
linearity, the correlation-immunity or the propagation criterion of a boolean
function (see for instance [36][37][42][43][117][128]). Note that maximum
nonlinearity coincides with the covering radius of the RM code of order one.
We have here a strong connection with famous open problems: the covering
radius is not known for the lengths 2™, m > 7 and m odd; for m even, the
maximal cosets corresponding to the bent functions are not yet classified —
the most recent result is due to CARLET and GUILLOT [45].

In this context, it is clear that binary primitive cyclic codes could appear
in some specific application. We want to illustrate our purpose by such an
example which can be seen as an extension of Section 3.4.2, because cyclic
codes with two zeros are involved. We want to emphasize that in a very
recent application the “old” work of KASAMI [87] is an important reference.

Two cryptanalysis methods have been introduced in the literature devoted
to DES-like cryptosystems, the differential cryptanalysis [27](1991) and the
linear cryptanalysis [118](1994). CHABAUD and VAUDENAY showed later
that these methods are basically linked; they deduce the definition of those
classes of functions which are optimally resistant to both attacks [48]. The
functions that oppose an optimum resistance to differential attacks are said
to be almost perfect nonlinear (APN) functions. On the other hand the
functions that oppose an optimum resistance to linear attacks are said to be
almost bent (AB) functions. Any AB function is APN. We will describe such
functions from a coding point of view.

Recall that n = 2™ — 1, F is the field of order 2™, k is the field of order
2 and « is a primitive nth root of unity. From now on, m is odd and we
consider a function F' from F to F as a polynomial on F such that £(0) = 0.

Definition 4.1 The function F is said to be APN if and only if all the
equations

F(z) + Fle+v) = 8, ye€F,v#0, BeF, (47)

have at most two solutions (that is one solution modulo ). The function F
is said to be AB if and only if the value of

pr(y, B) =Y (~1)FF@tre (48)

zeF
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1s equal either to O or to j:QWTH, for any v and B in F, B # 0. Note that
x -y 1s the dot product with respect to any chosen basis of the vector-space
{F,+}.

Theorem 4.2 Let F' be a function on ¥ such that F'(0) = 0. Let us denote
by Cr the linear binary code of length n defined by its parity check matrix

where each entry is viewed as a vector of K™. The dual code is denoted by
(Cr)*

Then we have:

(i) the function F' is APN if and only if the code C'r has minimum distance
five,

(i1) the function F is AB if and only if the weights of the non zero codewords
of the code (Cp)t form the following set

W — { 2m71’ 2m71 + 2(m71)/2 } )

Proof: Let u = (ug,...,u,—1) be a codeword — i.e. a vector of k. By
definition u € CF if and only if it satisfies

n—1 n—1
Zuio/ = 0 and ZuiF(ai) =0. (49)
=0 =0

It is clear that the minimum weight of Cr is at least 3 because we cannot
have o' = o/ for i # j. The equation (47) can be rewritten as follows:

r+y =7 and F(z) + Fly) = 3, (50)

for any v # 0 and (3. Suppose that there exist two distinct pairs (z,y) and
(«',y") which satisfy (50). Of course “distinct” means that we have here four
distinct elements of F. The existence of four such elements, for some ~ and
B, is equivalent to the existence of four elements satisfying

r+y+2 +y =0 and F(z) + Fly) + F@') + Fiy/) = 0.
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In accordance with (49), it is equivalent to say that the code Cr has at least
one codeword of weight three or four — the weight can be three if 0 is in the
set {z, y, 2/, y'}. Note that the minimum distance cannot be more than 5,
by using the argument of the proof of Theorem 3.25 (i): the non-existence
of a [2™ — 1, k, 6] linear code such that k > 2™ — 1 — 2m. So we have proved
Now set f(x) = 8- F(x) 4+« - z. Considering elements of F as vectors
of k™, the function f is actually a linear combination of some rows of Hp.
Hence the numbers

Asy = card { af | f(a®) =1}

are the weights of the code (Cr)*. But pp(y,8) = 0 means A\g., = 2™ and
pr(y, B) = £2™2 means

g, =27 2" e Mg, =2""'£2%
According to the definition of the property AB (see (48)), we have proved
(77). Note that in (48) the values of g (7, 0) are not considered. For our point
of view they correspond to the codewords of (Cr)t which are generated by
the first m rows of H g, that is the codewords of the simplex code which have
weight 2m71,
¢

Our notation is that of Theorem 4.2.
Corollary 4.3 If the function F is AB, then the dimension of the code

(Cr)* equals 2m — i.e. the code Cr has dimension 2™ — 2m — 1.

Proof: By definition, the dimension of (Cr)t is at most 2m. Suppose that
it is stricly less than 2m. This means that there is at least one 8 # 0 and
one v such that - F(z) 4+~ -2 =0 for any z € F. So pr(v, 5) equals 2™, a
contradiction.

¢
Corollary 4.4 Assume that the function F' is defined as follows
Flx)=2a", card {7, 2r, ...,2" 'r modn } =m .

Denote by C,. the binary cyclic code of length n whose zeros are a, o and
their conjugates.
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Then F is APN if and only if C,. has minimum distance five. The func-
tion F is AB if and only if (C,)* has only three nonzero weights, 2™ ! and
om=1 4 2m=1/2 " In this case the weight enumerator of (C,)* is exactly the
weight enumerator of the dual of the 2-error-correcting BCH code — given
in Theorem 3.52.

Proof: By definition Hp is exactly the parity-check matrix of the binary
cyclic code C... Note that the 2-cyclotomic coset of r is assumed to have car-
dinality m because, according to Corollary 4.3, this is a necessary condition
if we want to construct AB functions.
¢

It is easy to see that the code Cpr always contains a subcode which is
a cyclic code. This is the code whose zeros are {a,a’,... a%} when the
polynomial form of F(z) is

l
FP(z) =Y MNa', A € F\{0}.

More generally, the connections between APN/AB functions, bent functions
and codes were recently studied in [44].

Differential and linear attacks are now “classical”, providing theoretical
criterions for the security of DES-like ciphers. For instance, to replace the S-
boxes used in DES with another function which resists both differential and
linear cryptanalysis is a problem which is currently under discussion. This
gives renewed interest to the properties of functions z — 2% on F — i.e. of
cyclic codes with two zeros. Therefore, there is much current work related
to these properties which will certainly lead to new results. The paper of
DOBBERTIN [66] is such an example in which it is proved that the function
x +— ¥ for k = 2 4 3, is APN. Then the author has partially proved the
Welsh conjecture (see comments in Section 3.4.2).

For applications in cryptography the functions which are one-to-one are
of most interest. So APN permutations, even when they are not AB, are
interesting. It seems that the main problem is to find codes Cr with “few”
codewords of weight 4. This is connected with the problem of the weight
enumerators of cosets of the codes Cp, in particular when C is a primitive
cyclic code with two zeros. Note that the covering radius of codes like Cp is
generally not known.
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4.2 Cyclic codes and Goppa codes

The aim of this section is to give a basic account about the connections
between Goppa codes and cyclic codes.

Goppa codes, which are often said to be close to random codes, can be
viewed in the ambient space of primitive cyclic (or extended cyclic) codes.
To study some properties of cyclic codes through Goppa codes is, in a certain
sense, an overview. For instance, codewords of Goppa codes can be defined
in several ways including MS-polynomials and locator polynomials — tools
which were developed in the previous sections for cyclic codes.

On the other hand there is a famous open problem which is to recover
the original structure of any Goppa code when only a permuted generator
matrix is given. This is a possible way for breaking the McEliece public-
key cryptosystem [107] but could be used in some other applications. Here
knowledge of properties of cyclic codes, or of tools designed to the study of
cyclic codes, might be useful.

The automorphism groups of Goppa codes are not known. It is conjec-
tured that the group of such a code is generally trivial; furthermore one can
say that there are few Goppa codes, extended or not, which are cyclic. As is
explained in Chapter(Assmus-Key) a code can be cyclic in many ways. One
must specify explicitly the cyclic structure we are referring to before compar-
ing a given code to a cyclic code. That is particularly true for Goppa codes.
It is easy to treat the cyclicity when the support is fixed, meaning that we
consider the code in the ambient space k[{G*, x}], denoted by M in Section
2.2; the “shift” is precisely the multiplication of the cyclic group G*. Other-
wise the problem becomes the general problem of finding the automorphism
group of Goppa codes.

We first recall that, with the above restricted point of view, it is easy
to show that cyclic Goppa codes are BCH codes. We next point out that,
however, there is a large class of quasi-cyclic Goppa codes. To conclude we
explain the link between the class of Goppa codes and the minimum weight
codewords of BCH codes by giving some applications of Corollary 3.13 (in
the binary case).

We consider here classical Goppa codes in the sense of [74] (see also [111,
Chapter 12] or [139, Chapter 8]). As previously the finite field of order g,
q = p" and p a prime, is denoted by k; k is the alphabet field. The support
field is denoted by F'; it is an extension field of k of order p™, r dividing
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m — or ¢, m' = m/r. Considering Goppa codes, the field F is called the
full support field, because for such a code the support can be, with some
restrictions, any subset of F.

Definition 4.5 Let g(z) be a monic polynomial of degree t over ¥. Letn > 2
and L = {aq, ..., an} be a set of n distinct elements of F. Moreover g(z)
and L are such that

glay) # 0, 1<i<n.

The Goppa code I'(L, g), of length n over k, is the set of codewords c, i.e.
vectors (cy, ..., ¢,) in K", satisfying

R.(z) = Z G =9 (mod g¢(z)) .

Z— o
i=1 v

Before studying some properties of cyclicity, we want to recall that the di-
mension and the minimum distance of Goppa codes are not known. In both
cases, only a bound is known which is generally considered as a good bound;
note that the bound on the dimension is reached for an infinite class of Goppa
codes of small dimension [138]. These bounds can be easily obtained from a
parity check matrix of the code (as H in the proof of Proposition 4.7).

Proposition 4.6 Let I'(L, g) be a Goppa code defined by Definition 4.5; let
t be the degree of g(z). Then the dimension k and the minimum distance d
of I'(L, g) satisfy:

Ek>n—m't and d>t+1.

Proposition 4.7 If g(z) = z' the Goppa code T'(L,g) can be identified to
a subcode of the narrow-sense BCH code of designed distance t and length
¢" — 1 over k.

Proof: The following matrix, where each entry is a column vector of length
m’ from k, is a parity check matrix of the code T'(L, g).

1 1

oar)” o glon)
g | melen™ L anglen)

() g(an)™ ... (o) g(a) !
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Assume that g(z) = 2.

H, we obtain

For clarity, let o; ' = f3;, for all i. By replacing in

041_'; _— a;i | ﬁ% _— B% )

—(t—1 —(t—1 t—1 t—1

g—| @ c.oQp _ 1 .. Bn
art cooagt B4 e B

We recognize that H consists of some columns of the parity check matrix
of the narrow sense BCH code of designed distance ¢ on k (see Chapter 1,
Section 5). So I'(L, g) is the subcode of this code containing all codewords
whose support is contained in L.
¢

Now we consider Goppa codes of length n, where n divides ¢™ — 1. The
next theorem is based on a strong restriction: Goppa codes are viewed in the
ambient space of cyclic codes of length n over k and “cyclic” means that the
code is invariant under the shift on the support L. One can then prove that
any Goppa code which is cyclic, in the sense above, is a BCH code.

Lemma 4.8 Suppose that L ={ 1, 3, ..., "' } where 8 is a primitive
nth root of unity in F. Then the code I'(L,g) consists of the codewords ¢
whose MS polynomial satisfies:

2" Me(2) (mod z"—1) = 0 (mod g(2)) .
Moreover if ¢ satisfies Y . ¢; = 0 then zg(z) divides M.(z).
Proof: We simply generalize the proof of VAN LINT [139, p.113]. We denote

by Q(z) the polynomial 2"~ M.(z). Let ¢ = (¢, ..., ¢,) be a codeword of
length n on k. Consider the polynomial of F|[z]:

on o n—1 Y4 n—1 )
P =22 B LS e [T -6

=0 =0 i, 1£L

Note that (n,p) =1, ged(z" — 1,9(2)) = 1 and P(z) has degree less than or
equal to n — 1. By differentiating 2" — 1, it is easy to check that

[T 6 =8)=ns".

i, il
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Thus we have for any j, 0 < j <n—1:

O M.(B) o o
PRIy = 2\ i_ gi) = N
(5) = == 11 (# = ) = Mc(5) 5
2y Z#]
Since P(z) takes the same values as Q(z) on the group of nth roots of unity,
then Q(z) = P(z). Furthermore we obtain

e
2" —1

P(z) = Z = (2" —1) Re(2)

n

because M.(8') = nc; by applying the inverse formula (4) (see Section 2.2).
According to Definition 4.5, one deduces that ¢ is in I'(L, g) if and only if
g(z) divides Q(z), proving the first part of the theorem. Now, by definition
of M.(z), we have

n—1

Q(2) = 2" "M (z) = an,s(c) Z51 (mod 2" — 1),

s=0

where ps(c) = Yo ;8507 (see (3) and (1)). This shows that 2Q(z) is
divisible by z if and only if p,(c) = > | ¢; = 0. When this property holds,
we can conclude that M.(z)/z is a multiple of ¢g(z), completing the proof.

¢

Theorem 4.9 Assume that L ={ 1, 3, ..., "'}, a cyclic subgroup of
F where B is a primitive nth root of unity. If the code T'(L,g) is “cyclic”,
i.e. s invariant under the permutation ' —— B on L, then g(z) = ¢, for

some t. So I'(L, g) is a BCH code of length n and designed distance t over
k.

Proof: Suppose that I'(L, g) is cyclic. By definition of cyclic codes we can
choose ¢ € I'(L, g) such that p,(c) = 0. Moreover, according to Lemma 4.8,
2g(z) divides M. (z).

Suppose that g(v) = 0 for some =, v # 0, belonging to some extension
field of k. Thus M.(vy) = 0. But the polynomials M.(87%2),0 <i < n—1, are
the MS polynomials of the shifts, say sh;(c), of the codeword ¢ (see Theorem
2.3). Since sh;(c) is in I'(L, g) we have for all

M(B7"y) = Map,(7) = 0
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which contradicts the fact that M.(z) is a polynomial of degree strictly less
than n. Hence g(z) has no roots v, unless v = 0, meaning that g(z) = 2* for
some t. From Proposition 4.7, I'(L, g) is a BCH code, completing the proof.
¢

On the other hand, there is a large class of quasi-cyclic Goppa codes,
i.e. Goppa codes I'(L,g) which are invariant under mutiplication by some
element of F. The class that we define below is not the more general one; we
simply indicate the way of constructing such Goppa codes.

Proposition 4.10 Recall that o denotes any primitive root of F. Suppose
that n divides ¢™ — 1 and denote by B a primitive nth root of unity in F.
Let us define the Goppa code I'(L, g) such that L={ o' |0<i<q¢™ —2}
and g(z) is a monic polynomial satisfying

9(Bz) = g(z) , for any z .

Then T'(L, g) is invariant under multiplication by 5 over L: T'(L, g) is quasi-
cyclic.

Proof: Set N = ¢™ —1. From Lemma 4.8, I'(L, g) consists of those codewords
c of k% whose MS polynomial satisfies

ANV M(2) (mod 2V —1) = 0 (mod g(2)) .

From Theorem 2.3, M.(z/f) is the MS polynomial of the v-shift of ¢ where
v = N/nand = o. On the other hand, g(fz) = ¢g(z) means that the set of

roots of g(z) is invariant under the multiplication by 5. Hence g(z) divides
(z/B)N=1 M.(z/pB), implying that g(z) divides

AN M(2/B) = 2N Mgp, (0)(2)

So we conclude that the v-shift of ¢ is in I'(L, g); in other words, I'(L, g) is
quasi-cyclic.

¢

Example 4.11 Our notation is as in Proposition 4.10. Let F’ be an exten-
sion field of F. Take

g(z)=2"—-~, yeF\F.

Obviously g(8z) = 2" — v = g(2). So I'(L,g) is a quasi-cyclic code of
length N = ¢™ — 1 and dimension k, k > N — m/n.
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From now on we will consider binary Goppa codes, i.e k = GF(2) and
F = GF(2™). Let I'(L, g) be a binary Goppa code of length n over k. Any
codeword ¢ can be identified to its locator set { a; € L | ¢; # 0 }. Assume
that ¢ has weight w, with ¢;; =--- =¢;, = 1 and define

folz) =[]z = ) - (51)
j=1
By differentiating, we obtain
)= 11 G-ay).
=1 j -1
Jj#FL

This leads obviously to the following equality:

R(2) =3 = ;8 - (52)

We conclude with the notation above:

Proposition 4.12 Denote by g(z) the lowest degree perfect square polyno-
mial which is divisible by g(z); let t be the degree of g(z) and t' be the degree
of §(=).

Then the codeword c is in I'(L, g) if and only if g(2) divides f.(z) and the
minimum distance d of T'(L, g) is at least ' +1. Moreover if the roots of g(z)
have multiplicity one then g(2)? divides f'(z) and d > 2t + 1.

Proof: According to Definition 4.5, ¢ is in I'(L, g) if and only if R.(z) =0
modulo g(z). Since the roots of f.(z) are of multiplicity one, f.(z) and
f2(z) have no common factors. Moreover, by definition, ¢g(z) and f.(z) are
relatively prime. So (52) means that g(z) divides R.(z) if and only if it
divides f(z).

As the characteristic is 2, f!(z) is a perfect square. Hence g(z) divides
fi(z) if and only if g(z) divides f.(z). This provides a lower bound on the
minimum distance of I'(L, g): since the degree of f.(z) is at least ¢’ 4+ 1 then
d >t + 1. When all roots of g(z) have multiplicity one, g(2)? divides f/(2),
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proving that the weight of c is at least 2t + 1.

¢

Denote by B(d) the binary BCH code of length n and designed distance
d. We know the form of the locator polynomials of the codewords of B(d)
(see Corollary 3.13). So the preceding proposition leads us to this natural
question: what is the intersection between B(d) and I'(L, g), when 0 is exactly
the lower bound ¢’ + 1 ? The general problem is difficult; however, it is often
easy to characterize codewords belonging to this intersection. We conclude
this section by giving some results on such codewords of weight 4.

Proposition 4.13 Recall that F = GF(2™). Let g(z) be any polynomial of
degree t on F[z] whose roots have multiplicity one. Set

t
g(z) = Z)\izi . =1
i=0

Consider the binary Goppa codes I'(L, g) such that

L=F\{~v€F|g(r)=0}.

The code B(d), 6 = 2t + 1, is the narrow-sense binary BCH code of length
2™ — 1 and designed distance §.

Suppose that there is a codeword x of weight § in B(0) NT'(L,g). Then
the locator polynomial of x, say ox(z), is of the form:

t—1
ox(2) = 2 fu(z7)  with  ful(z) =6+ ) N2 420 (53)
i=0
where £ is some element of F.
Conversely, if there exists a polynomial of the form (53) which splits in
F and whose roots have multiplicity one, then it defines a codeword of weight
d contained in B(6) NT'(L,g) — proving that the minimum distance of both
codes is exactly 0.

Proof: Suppose that there is a codeword x of weight § in B(5) N I'(L, g).
Since x € B(9), the form of o,(z) is known from Corollary 3.13:

t
oe(2) =1+ Z 0022+ 0520 (54)

r=1
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Let { a; | 1 <j < } be the set of locators of x. We have, by definition,

0 0

ox(z) = H(l —jz) = Z(SH(Z_I —aj)=2f, (7Y

j=1 j=1
(see (51)). Therefore
t t—1
fu(2) = 2o (z7Y) = 2° + Z 09,20 f o5 =20 + Z Uz(t_i)Z%Jrl + 05,
r=1 =0
where i =t —r, with § = 2t + 1. As x € I'(L, g), g(2)? divides f.(z) from
Proposition 4.12. But these polynomials have the same degree. So we have

t—1
Filz) =224+ oo™ = g(2)7
=0

implying oo;—+) = A;, completing the proof of (53).

Conversely if fy(2) is given by (53), for some x, then ¢(z) divides f.(z) by
definition. Moreover f!(z) and f,(z) cannot have common factors implying
that the locators of x are in L. Hence x is in I'(L, g) and its locator polyno-
mial, oy(z), has the form (54), completing the proof.
¢

A consequence of these last propositions is that we can easily characterize
the binary Goppa codes containing a given codeword. Therefore, if we know
precisely a minimum weight codeword of some BCH code, say B(¢), then we
can construct the unique Goppa code of minimum distance § containing this
codeword. We illustrate these properties by the next example.

Example 4.14 For clarity we treat codewords which are idempotents. We
consider binary codes of length 28 i.e. m =8 and F = GF(256); T'(L, g) is
a binary Goppa code with L = F.

Consider a product of two minimal polynomials of degree 8:

h(z) = (ZS+25+Z4+23+22+2+1)(28+z7+z5+z4+1)
= 14+2+22+22+25+2"+ 28+ 210+ 212 4218 4210

Denote by x the codeword, of weight 16, whose locators are the roots of h(z);
so fx(z) = h(z), where fy is defined by (51). Now we compute the binary
factors of f(z):

f,(Z)=1+z2+z4+26+z14:(z7+23+z2+z+1)2 .

X
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Let g(z) = 2"+ 2%+ 22+ 2+1. Since g(2) is the only proper factor of f/(z), we
can conclude that the code I'(L, g) is the only binary Goppa code of length
256 containing x. Note that the minimum distance of this code is at least
15.

On the other hand, take

fu(2)= (P42 +25+ 22+ + 22+ 1) e+ ) =2+ 4+ 241

giving

flz) =2+ 22 +1= (z4+z+1)2 :
According to (53) and (54), x is a codeword of weight 9 in the BCH code of
length 255 and designed distance 9. The polynomial 2%+ z+1 is the minimal

polynomial of an element v of GF(2®), but it cannot have a common root
with fi(z). So x is a codeword of I'(L, g), where

g(z)=2"+2+1 and L=F\{y,7*+"7*}.

Implicitly, we have proved that the minimum distance of B(9) (and of I'(L, g))
is exactly 9.

Comments on Section 4.2 An extensive study of the cyclicity of ex-
tended Goppa codes was made by STICHTENOTH in [134]; at the end of the
paper the author noted that the problem of the characterization of classi-
cal Goppa codes (extended or not) which are cyclic remains open. Recently
BERGER obtained new results by classifying among alternant codes those for
which the cyclicity is inherited from automorphism groups of generalized RS
codes [19].

Several papers appeared recently characterizing or studying special classes
of Goppa codes: quasi-cyclic Goppa codes [30], 2-divisible Goppa codes [145]
or Goppa codes defined by particular polynomials [28]. They can be seen in
a general context; their aim is to obtain precise results about the structure
of Goppa codes.

4.3 On the weight enumerator of Preparata codes

In this section we present a new form for the weight enumerator of Preparata
codes and a new proof of the formal duality between Kerdock and Preparata
codes (see Theorem 4.20 later). Recall that the weight distribution of Preparata
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codes was first obtained by SEMAKOV and ZINOVIEV [129]; the “formal du-
ality” is due to ZAITSEV et al. [151, 1972].

However our aim is to give an example of the construction of good non
linear codes based on properties of some cyclic codes. We want to explain
Preparata codes by means of tools developed for primitive cyclic codes. The
cyclic codes in question have an affine-invariant extension and the material
from Section 2 can be used to provide more properties of the most famous
non linear codes.

By construction the Preparata codes are connected to the cosets of some
binary cyclic codes. They are the codes of length 2™ —1, m odd, with defining
set

cA(l)yUcl(2'+1), ged(i,m) =1,

where cl(s) is the 2-cyclotomic coset modulo 2 —1 containing s. These codes
were previously denoted by C 9i41. For simplicity, we denote C 9i1; by B;.
The codes B; have minimum distance 5 and the same weight enumerator as
that of the double-error-correcting BCH code (the code By) as explained in
Section 3.4.2; this was first proved by KAsami [87][88].

We consider here the extended codes, denoted by BZ These codes are
affine-invariant with parameters [2™, 2™ —2m — 1,6]. Indeed such a code has
defining set

T,={0}Uucdl)Uuc(2 +1), gcd(i,m)=1,

which obviously is the defining set of an affine-invariant code (see Theorem
2.14). As B, has minimum distance 5, its extension has minimum distance
6. The weight enumerator of any code Ef is easily deduced from those of
B;- — which is the one of Bi- and was given in Theorem 3.30 — (see a precise
explanation in [55]). That is:

Weights of B+ | Number of words
0 1
om—1 _ Q(mfl)/Q (Qm _ 1)2m71 (55)
2m71 22m + 2m _ 2
2m—1 + 2(m—1)/2 (2m - 1)2m—1
2m 1

The codes E, have the same weight distribution of cosets independent of
7. Actually the codes B; are known to be uniformly packed and completely
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reqular, with the same distance matrix. This comes mainly from the fact that
for such a code the external distance is equal to the covering radius. These
results are to be found in [13] and [130], where uniformly packed codes were
introduced; see also [72] for an extensive study. The next theorem is easily
deduced; for clarity we outline the proof.

Theorem 4.15 The binary extended cyclic codes Ez of length 2™, m odd,
with defining set

T, ={0}ucl)ud(2 +1), ged(i,m)=1,

where 0 < i < (m — 1)/2, are affine-invariant [2™,2™ — 2m — 1,6] codes.
They are completely reqular. They have the same cosets weight distribution.
The covering radius and the external distance are equal to four. The distance
matriz 18

weights |0 1 2 3 4
coset0 |1 0 0 0 O
cosetl |0 1 0 0 O
coset2 |0 0 1 0 1y
coset3 |0 0 0 p O
coset4 |0 0 0 0 1y

where p = (2" —1)/3 , vy = (22 = 2)u and vy = 2™ 2u; “coset i”
means “coset of minimum weight i”. The weight enumerators of the cosets
are gwen in Table 10. Furthermore the codes B; are not equivalent.

Proof: Recall that the external distance r of a linear code is the number of
the non zero weights of its dual. The distance matrix has r + 1 columns and
t rows, where ¢ is the number of distinct weight distributions of the cosets of
the code. The (j+ 1)-st column contains the number of codewords of weight
j for any weight distribution. Knowledge of this matrix is sufficient for the
determination of the complete weight distribution of cosets (see Theorem
10.10 of Chapter 1).

A new formulation of the cosets weight distribution of B; was given in [55].
The distance matrix and the weight enumerators of cosets were obtained by
using some properties which hold for any i. We point out that these results
can be generalized: the coset weight distribution of any B; is the same as the
one of By given in [55]. We give a sketch of its proof.
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e According to (55), the external distance of any code B; is four. Then
the covering radius p of the codes B; satisfies p < 4. Actually it is
exactly four since B; is contained in the Reed-Muller (RM) code of
order m — 2 whose minimum distance is four.

e There are at most four distinct weight distributions. Indeed all cosets
of weight one, and all cosets of weight two, have the same weight dis-
tribution since the codes B; are affine-invariant — i.e. invariant under
a doubly-transitive group. On the other hand, the weight distributions
of cosets of weight 3 and 4 are unique; this is a general result proved in
[1], Corollary 1 and 2. Then the codes B; are completely regular since
the weight distribution of each coset only depends on the minimum
weight of the coset.

e One computes the weight distributions of cosets, and the coefficients of
the distance matrix, by considering the linear codes of the form

C:(X+B\i)U§i7 X§Z§z’>

where the weight of x satisfies 1 < wi(x) < 4 and is equal to the
weight of C. As C* is contained in B}, C* has at most four nonzero
weights; the code C* has at most three weights when x is an odd weight
codeword because in this case it cannot contain the all one vector. So,
in any case, we can apply Theorem 3.29 to the weight distribution of
C: we know the number of codewords of weight w, 0 < w < s—1 and
only s coefficients of the weight enumerator of C* are unknown (s = 3
or 4).

e Finally the weight enumerator of any code of type C' is uniquely ob-
tained from the weight enumerator of B; which does not depend on 1.
The distance matrix of all these codes is unique.

BERGER has recently proved that two binary affine-invariant codes cannot
be equivalent [17]. So the codes B; are not equivalent.

¢

The automorphism group of the generalized Preparata codes was found by
KANTOR [83]. In his paper, KANTOR proved also the inequivalence of these
codes by using a relatively simple description, due to BAKER and WILSON.
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We recall the definition of the classical extended Preparata codes, due to
BAKER and WILSON (see also [12]). Note that it was proved by GETHALS
et al. that all these codes have the same weight enumerator [71].

For the remainder of the section, let F be the field of order 2™ with m
odd, k the field of order 2, and A = k[F].

Definition 4.16 Let i be is an integer such that ged(i,m) = 1. The extended
Preparata code P(i) is a non linear binary code of length 2™ 1. By identifying
any binary codeword with its support, P(i) consists of the codewords described
by all pairs

(X,Y), XCF and Y CF,

satisfying
(i) | X | and |Y | are even,

(ii) Zx:Zy , and

zeX yey
(iii) Zx?ﬂ + Zy2i+1 _ (Z x)2’i+1 '
zeX yey zeX

A codeword ( x, y) of Ax A is a pair

<x= > X, y:ZX9>

geX gey

where ( X, Y) is a pair of subsets of F, the supports of x and y. We are
going to present the previous definition in the ambient space A x A . For
clarity we first recall some definitions given in Section 2.2 about codes of A.

We consider binary primitive codes. The coefficients of the MS polyno-
mial of x € A are the values of the k-linear maps defined for any s € [1,2™—1]
as

¢s : xeEA — Z:UQQSEF.
g€eF

By convention, we have in addition: ¢o(x) = > cp @y (see (8)). The 2-
weight of s is denoted by wty(s); it is the sum 70" s;, where s = 327 1 5,21,
s; € {0,1}. The Reed-Muller code of order m — j is the following subspace
of A:

Ro(m—jom)={x€A|wta(s) <j = éx)=0}.  (56)
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The extension of the 2-error-correcting BCH code is the following subspace
of A: R

Bi={xeA| ¢o(x) = p1(x) = ¢p3(x) =0 } . (57)
Recall that the RM codes and the extended BCH codes are ideals of A. The
code Ry(m — 1,m), which is the radical P of A, is the set of codewords of

even weight. The code Ry(m — j,m) is the j-th power P’ of the radical of
A (see Section 2.4).

Notation: In the sequel, and for simplicity, the code El will be denoted
by B and the Preparata code P(1) by P. The code Ro(m — j,m) will be
denoted by P7.

Lemma 4.17 The Preparata code P consists of all pairs of codewords
(x,y), xeA,yeA ,

satisfying

(@) do(x) =¢o(y) =0 ,

(b) ¢1(x) = ¢1(y) . and

(c) ¢3(x) + ¢3(y) = (41(x))° -

Moreover (a) means that x andy are in P.
Suppose that (a) is satisfied. Then (b) means that x +y is in P?; (b)
and (c) means that x +y is in the coset z+ B whose syndrome is

(do(2) =0, d1(z) =0, ¢3(z) = (01(x))* ) . (58)

Proof: We simply rewrite the conditions of Definition 4.16 by means of the
functions ¢, and with ¢ = 1. By definition

> ) =6;(x).

zeX

Condition (i) in Definition 4.16 means that x and y are even weight code-
words, i.e. both are codewords of P. Condition (ii) means that ¢;(x) equals
¢1(y). Since ¢y is linear, this is equivalent to ¢;(x+y) = 0. Therefore, if (a)
is satisfied, (b) means that x +y € P?; in other words x and y are in the
same coset of P2

109



In the same manner condition (c) is condition (iii) rewritten with ¢; and
¢3. Assume that x and y satisfy (a), (b) and (c). Set z = x + y and note
that ¢3(x) + ¢3(y) = ¢3(z). Then it is clear that the syndrome of z, with
respect to B, is given by (58); any codeword of the coset z + B has such a
syndrome.

Conversely assume that x and y satisfy (a) and that x +y is in the coset
z+ B whose syndrome is given by (58). As ¢, and ¢ are linear, (b) and (c)
are satisfied.
¢

Our purpose is to prove Theorem 4.20. We begin by recalling the weight
distribution of the cosets of the extended 2-error-correcting BCH codes. The-
orem 4.18 and results presented in Table 10 were given in [55].

Theorem 4.18 The extended 2-error-correcting BCH code of length 2™ — 1,
m odd, is denoted by B. Denote by W;(X,Y) the weight enumerator of the
coset of B of weight 1. R

There are five distinct weight enumerators for the cosets of B: W;(X,Y)
for 0 <@ < 4, where Wo)(X,Y') is the weight enumerator of the code B itself.

The total number of cosets is 2™, The number of cosets of each weight is
as follows:
weight number
1 2m
2 gm=1(gm _ 1)
3 2m(2m —1)
4 |@Emt+nem-1)

Among the cosets of minimum weight four, 2™ —1 are in P? and 2™~ 1(2m—
1) are in P\ P2 The polynomials W;(X,Y), 1 < i < 4, are given in
Table 10. In this table the three weights of the dual of B different from 2™
are denoted by v; and we write Z' instead of (X +Y)*"{(X - Y)! .

The following property on the cosets of B of weight four and contained in
P\ P? is surprising. As we will see in the proof of Lemma 4.22, it implies that
the minimum distance of the code P is six. It can be obviously generalized
to any code B;.

Proposition 4.19 Let D be a coset 0f§ contained in P\ P?. Let x € D.
Then the weight of D s four iof and only if there is an h € F such that
¢3(XhX) = 0.
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Wy (X, Y)
Wiz (X, Y)
Wig) (X, Y)

W (X, Y)

= 22m+1

- 22m+1

= 22m+1

- 22m+1

70 -2

(2
(Z2°+
(
(

AR

+2(m 1)/2 2

1)Z"/1

+ 2m=lgm
(m=1)/2 7m + o(m—=1)/2 7vs _
om=lzm 4 (Zm — 2)272

_ g(m=1)/2(gm

—(2m+2)27 +2m 17 4 277

zZ*")

—om=lgzys 4 Z2m)

_ 1)2’)/3 _

zZ*")

with notation:

Z'=(X+Y)"HX -Y)t
o om—1 _ 2(m—1)/2 . Yo = om—1 . Y3 = om—1 4 2(m—1)/2
Table 10:  Weight distribution of cosets of the code B\; see Theorem 4.8.
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Proof: Recall that

X'x = X" (Z xgxg) = Xt

geF geF

Since B , P and P? are invariant under the affine group, each coset X"D
satisfies

X"D=X"x+B, heF
and is contained in P\ P2 Clearly D and X"D have the same weight
enumerator. The syndrome of a coset D = x + B with x € P\ P? is
(0, ¢1(x), ¢3(x)) where ¢1(x) # 0. Note that the weight of D is either 2 or
4 since D is contained in P.

Assume that ¢3(x) = 0. If there is a codeword of weight 2, say X“ + X,

in D, then we have

p3(X"+X") =ul4+0°=0.

This leads to u = v (as m is odd, gcd(3,2™ — 1) = 1), a contradiction. So we
have proved that D is a coset of weight 4 when ¢3(x) = 0.

Now we will prove that there are exactly 2™ (2™ — 1) cosets D of weight
4 such that ¢3(X"x) = 0, for some h. First there are 2™ — 1 cosets with
syndrome

0, ¢lx) =0, ¢s(x)=0), feF".

Let x = 37 g #,X? and compute the syndrome of X"x:
¢1(X"x) = ng(h+g) = Z$99+ hzxg =¢1(x) =p
g g g

since the weight of x is even and by fixing S,

P3(X"x) = ng(h +g)° = ng(h?’ + ¢* + hg® + gh?)

g g
= h3ZxQ+ngg3+thgg2—i—hQngg
g g g g
= ¢3(x) +hB*+ KB .

So ¢3(Xhx) = ¢3(x) if and only if either h = 0 or h = 3. Hence the set
{¢3(X"x) | h € F} has cardinality 2!, corresponding to 2™~! equivalent,
and distinct, cosets with syndromes

(0, B, ¢3(X"x) = ¢3(x) + h*B+hB%), heF.

112



We then obtain exactly the 271(2™ —1) cosets that we expected. But this is
exactly the number of cosets of weight four contained in P\ P? (see Theorem
4.18), completing the proof

¢

Now we come back to the Preparata codes. Recall that for any codeword
(x, y) € P, x and y are in P. This shows that the Preparata codes

are constructed from even weight cosets of B only. Our notation is that of
Theorem 4.18. The polynomials W(;(X,Y) are given in Table 10.

Theorem 4.20 Denote by W(X,Y') the weight enumerator of the Preparata
code of length 2™, m odd. Then :

WX, Y) = 272" - 1) W) (X, Y) Wy (X,Y)
+(2" = 1) (W(X,Y))*
+ (Wo(X,Y))* (59)

If we apply the MacWilliams identity to W(X,Y'), by using the formulas

of Table 10, we obtain the weight polynomial of the Kerdock code of length
2m+1..

K(X, Y) _ TO + 2m+l(2m o 1)T2m_2(m71)/2 + (2m+2 o 2)T2m
+2m+1<2m . 1)T2m+2(m71>/2 + T2m+1 (60)

where T" = X2 =1 Y1,
We begin by proving two Lemmas.
Lemma 4.21 Consider the subcode L of the Preparata code P where
L=Pn{(x,y)|xe P*}.
Then

L= J&x+B)x(x+B),

xeP?

and the weight enumerator of L is equal to

(2" —1) (WX, Y)) + (Wo(X,Y))* . (61)
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Proof: By definition x € P? if and only if ¢o(x) = ¢1(x) = 0. Assuming
this we write conditions (a), (b) and (c) of Lemma 4.17. We get that a pair
(x, y) is in L if and only if

do(x) = ¢i(x) = 0
(bs(X) = ¢s(Y) , s=0,1,3. (62>

Clearly (62) is equivalent to
xeP? and yex+B. (63)

So any pair (x, y) of L belongs to (x + B) x (x + B). Conversely x + B is
contained in P? for any x € P?. According to (63) we have: for any x' in
X+ B then (¥, y) is in L for all y € x+ B, implying (x + B) x (x+ B) C L.
When ¢3(x) = 0, then x € B and we obtain B x B C L. We have proved
that

L=BxB |J (x+B)x(x+B).
xeP2\B

The cosets (x+ E) are the cosets of B of weight four which are contained in
P2 There are 2™ — 1 such cosets. They have the same weight enumerator
(see Theorem 4.18).

On the other hand, the weight enumerator of any product of codes, say
A x A’, is the product of the weight enumerator of A and the weight enu-
merator of A’. The weight enumerator of L is immediate; one obtains (61)
with the notation of Table 10.
¢

Lemma 4.22 SetT = P\ P*. Denote by d(x) the weight of the coset (x+B).
Consider the subcode N of P where

N=Pn{(x,y)|xeT}.

Then
N = U (x4 B)x (x+z+ B) ,
x€Z, z e P?
¢3(z) = ¢1(x)°
Moreover, for any product of cosets above, if §(x) = 2 then 6(x +2z) =4 and
if 0(x) =4 then §(x+2) = 2.
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The weight enumerator of N is equal to

(2™ — 1) Wiy (X,Y) Wiy(X,Y) |

Proof : By definition of P, the pair (x, y) is in P if and only if the product
of the cosets (x + B) x (y + B) is in P. This is because ¢;(x + B) = ¢,(x),
for s € {0,1,3}, implying that the conditions of Lemma 4.17 hold for the
cosets of B generated by x and y. On the other hand, a coset x + BisinT
if and only if it is an even weight coset such that ¢;(x) # 0. The weight of
any coset contained in Z is either 2 or 4.

Let x and y be any elements of A and set z = x +y. The pair (x, y) is
in N if and only if x € Z and (x, y) € P. This is clearly equivalent to

x€Z, z€P? and ¢3(z) = ¢1(x)°

Indeed z € P?, with x € Z, is equivalent to conditions (a) and (b) of Lemma
4.17. The last equality corresponds to condition (c).

Set 5 = ¢1(x) and denote respectively by D and D’ the cosets (x + B\)
and (y + B). If §(x) = 4, we can suppose ¢3(x) = 0 (from Proposition 4.19
and because B is affine-invariant). Then conditions (b) and (c) give

d1(y) =4 and ¢s(y) =4°.

Hence the coset D’ contains the codeword X + X? whose syndrome is ob-
viously (0, 3, %). Conversely suppose that §(x) = 2. Up to equivalence we
can assume that D contains the codeword x = X°+ X#. Condition (c) gives

d3(x) + ¢3(y) = 5° = 57 + ¢3(y)

since ¢3(x) = 3. So ¢3(y) = 0 implying that D’ has weight four.

It is important to notice that for any given coset D, the coset D’ is
uniquely determined. Since there are 2™~1(2™ — 1) cosets of weight four and
2m=1(2m — 1) cosets of weight two contained in Z, we have 2™(2™ — 1) cosets
in N. We obviously deduce the weight polynomial of N.

¢

Proof of Theorem 4.20: The proof is easily deduced from the two previous
lemmas. The codewords (x, y) of P are such that x and y both have even
weight. So x (resp. y) is either in P\ P? or in P2 Obviously the code P is
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equal to the union of L and N, two sets which do not intersect. Therefore
the weight enumerator of P is equal to the weight enumerator of L plus the
weight enumerator of N — these weight enumerators are given by Lemmas
4.21 and 4.22.

It is well-known that the weight enumerator of the Preparata code is the
MacWilliams transform of the weight enumerator of the Kerdock code; this
was proved by SEMAKOV, ZAITSEV and ZINOVIEV [151] (see also [111, ch.5,
§5]). We give another proof of this property.

The weight enumerator W) (X,Y) is given by (55); the W;)(X,Y) are
given in Table 10. By using these formulas and (59), one computes the weight
enumerator of the code P and obtains

1
94m+2

b2t 23m+1)U2m+2<m—1>/2 §(28m2 22m+1>U2m>

W(X,Y) =

where U’ = (X + Y)Qmﬂ_i(X_— Y)". The MacWilliams transform of the
weight enumerator of the code P is

K(X,Y) =~ W(X+Y,X-Y).

— 92mHl—2(m+1)

So, in the expression of W (X,Y'), U’ is replaced by

om+1l_g

(X +Y)+ (X -Y)) (X +Y)— (X —Y)) =22 x> -iy?,

We obtain

K(X, Y) - X2m+1 + Y2m+1 + 2m+1<2m . 1)X2m+2(m—1)/2Y2m_2(m_1)/2
4ogmtl(gm ) X2y a2l gmi2 gy x2my 2

which is the weight enumerator of the Kerdock code, given in (60), completing
the proof.

¢

Comments on Section 4.3 Note that the description of the automor-
phism group of Kerdock codes is to be found in [40].

The class of codes B\Z is an example of nonequivalent codes which have

the same weight distribution of cosets, as stated in Theorem 4.15. Note
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that, according to Theorem 4.15, we could consider P(7) and the cosets of
EZ- throughout the section. We claim that the result given by Theorem 4.20
holds for any .

The number of distinct weight enumerators of cosets of the primitive
2-error-correcting BCH codes, extended or not, is the same for any length
2™ — 1. This number is four when m is odd; it is eight for m even. It is
respectively five and eight for the extended codes [55]. This property does
not hold for the 3-error-correcting BCH codes, providing several conjectures
(see [57]). Note that, however, the external distance of the 3-error-correcting
BCH codes is five (six for the extension) for any length. For these codes, the
external distance is a constant while the number of weight enumerators of
cosets increases with the length. The Geethals codes are built from cosets of
the 3-error-correcting BCH codes and there is a direct definition analogous to
Definition 4.16 of these codes [12]; so it is possible to state a lemma analogous
to Lemma 4.17.

About the Preparata codes, our aim is to explain the following point
of view. Each code is a union of product sets C x Cy where C; and Cy
are cosets of the extended 2-error-correcting BCH code. By fixing C we
determine C,, and vice-versa. So the definition of the codewords of P is
based on relations on these cosets and not on relations on the words of these
cosets. Furthermore we are not surprised that the weight enumerator of P
is in a certain sense not dependent on the construction of the code. This is
especially true for the cosets of weight four: there are two distinct kinds of
cosets of weight four and both have the same weight enumerator.

There are many other possible relations between the cosets which do not
change the weight enumerator. They could provide other constructions and
then other codes with the same weight enumerator. It could provide, for
instance, a construction of the Preparata-like code obtained in [75].

5 Conclusion

This chapter does not give an exhaustive overview of problems involving
unknown properties of cyclic codes. Our aim was to emphasize that research
on cyclic codes remains a topic of great interest for a large community.

We have focused on some problems which have been recognized as hard
for a long time. Therefore some recent new topics are not developed here.
The most famous example is the fast-expanding study of cyclic codes over
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Zk, k not a prime, originated by the work of HAMMONS et al. [75] (in the
case k = 4)— see also the earlier paper due to NECHAEV [119]. The authors
showed that some codes, not cyclic in the usual sense, can be viewed as
Zy-cyclic codes. In [75], they conclude that this new point of view should
completely transform the study of cyclic codes. Our purpose is not in conflict
because we wish to develop the idea that important problems in cyclic codes
remain unsolved and necessitate new tools or new methods for going further.

This chapter is based on valuable discussions with a number of researchers
of the community. Particularly we want to express our gratitude to E.F.
Assmus, Jr, D. AucoT, C. CARLET, T.P. BERGER, J. WOLFMANN and
V. ZINOVIEV for their contributions.

We would further mention N. SENDRIER, A. CANTEAUT, and F. LEVY-
DIT-VEHEL who have provided respectively Tables 2, 3 and 4 and gave in-
formation about all their numerical results.
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