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Tools for coset weight enumerators of some codes

PASCALE CHARPIN

ABSTRACT. Every extended primitive code C' can be viewed in a group
algebra K[G, +], where K and G are finite fields of same characteristic. Our
purpose is to show that the use of the multiplication of these algebra can
provide, in some situations, some tools which apply to the determination
of weight distributions of cosets of codes. Actually we will explain two
formulae which provide relations between the set of elements orthogonal
to a codeword z and the values of products zy, y € C+. We give some
applications.
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1. Introduction

The p-ary Reed-Muller codes (RM-codes) can be seen as polynomials codes
or as extended cyclic codes [14]. Moreover BERMAN [4] proved that they are
the powers of the radical of the group algebra A = K[{G,+}] , K = GF(p)
and G = GF(p™) (m > 1, p a prime). The Reed-Muller codes have remarkable
properties and all results on them involve results on some codes of length p™
over K, the so-called extended primitive codes. For instance Kasami deduced
weight distributions of two and triple error-correcting binary BCH codes from
the weight distributions of binary Reed-Muller codes of order 1 and 2 [15].

Set N = p™. In this paper we treat only linear codes of length N over K.
Such a code C is viewed as a K-subspace of A and we are mainly interested
by the weight distributions of cosets of C'. Let D be the code generated by C
and a coset =+ C of C. We will assume that the weight distribution of C'* is
known. As C c D, D+ C Ct so that the weight distribution of = 4 C can
be deduced from the weight distribution of C*+ and of D+. Hence the problem
consists of the determination, for any nonzero weight A of C*, of the number
of elements y of C* of weight A\ which are orthogonal to . We will study the
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zeros of the products zy, for a fixed . Through Formulae (I) and (II), we
will establish some relations between the possible values of xy and the set of
codewords orthogonal to x.

The formulae are most interesting for codes C' which contain the RM-code of
order j and are contained in the RM-code of order j + 1, for some j. In this
case the code C' is an ideal of A. Moreover we often will suppose that C' is an
extended cyclic code; then we can use together the properties of RM-codes and
the permutations which conserve the code C.

The principal results are obtained in the binary case, when C* is a subcode
of the Reed-Muller code of order 2. For instance we were able to verify the con-
jecture of CAMION, COURTEAU and MONTPETIT [6]: for m even there are eight
distinct weight distributions for the cosets of any 2-error-correcting extended
BCH codes of length 2™ [10]. We give here general tools we applied to the
special case of 2-error-correcting extended BCH codes; we explain the possible
applications and give some new results. Some examples with numerical results
are given in [12].

2. Terminology and basic properties

2.1. Extended cyclic codes in a group algebra. We denote by A the
group algebra K[G,+], which is the set of formal polynomials

T = ngXg, 4 € K,

geqG
with
0= 0X9, 1=> X9, aX?+bX%=(a+b)X".
geG geG
and
(1) D_wXT Y X =D | D wayng | X"
geG geG heG \geG

A code of A is a K-subspace of A. Let C be such a code; we will denote by C+
the dual of C:

Ct={ycA| <z,y>=0, forallzeC}

where < z,y >= deg ZgYg -
The algebra A has only one maximal ideal, its so-called radical

(2) P={2zcA|> z,=0}={azcAla?=0}.

geG

For every j, we denote by PJ the jth power of P; it is the ideal of A generated
by the products []]_, i, @; € P . One obtains the decreasing sequence of ideals
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of A:
{0} = pr=Dt cpml=b c cPicCP,

where P™P~1) = { g1 | a € K }. The position of an element or a subset of A
in this sequence will appear as a useful parameter we define now:

DEFINITION 1. Let x € A; let U be a subset of A. Let j € [0,m(p —1)].
o We will say that the depth of x equals j if and only if x is in P7 and not
in PItL
o We will say that the depth of U equals j if and only if U is included in
PJ and not included in PITT.

By convention, P’ = A.

Let R be the quotient algebra K[Z]/(Z™ — 1) , where n =p™ —1. A
cyclic code C* of length n over K is a principal ideal of R. It is generated by
a polynomial of K[Z] whose roots are called the zero’s of C*. We consider the
extension C of the code C* in the algebra A. Let a be a primitive root of unity
in G. The extension is the usual one : each codeword c¢* € R, ¢* = Z?;ol GVAR
is as follows extended to c€ A .

n—1 n—1
c:coXo—&—E caiX“i,coz—(g cl), cqi =cf .
i=0 =0

Now consider the set I of those k such that o is a zero of the cyclic code C*.
Then the codeword c is an element of C' if and only if it satisfies:

n—1
chzo and ani(ak)i:(), forall kel .
geG 1=0

Therefore we can identify precisely an extended cyclic code in A.

DEFINITION 2. Let S = [0,n]. An extended cyclic code C in A is uniquely
defined by a subset T of S such that 0 € T and T is a union of cyclotomic cosets
of p modulo n. Let us define for all s € S':

¢s €A — nggseG.

geG

In particular, ¢o(x) = >_,cq g Then we have that
C={zeA|¢s(x)=0, forallseT}

We say that T is the defining set of the code C.

The p-ary Reed-Muller codes are extended cyclic codes in A [14]. Their
defining-sets are related with the p-weights of the elements of the interval S =
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[0,n]: for any s € S, let Z?;Bl sip® , s; € [0,p— 1] , be the p-ary expansion of
s; then the p-weight of s is

DEFINITION 3. The p-ary Reed-Muller code of order r, denoted by Ry,(r,m),
is the extended cyclic code in A, whose defining-set is

L(Gm)={seS|ws)<i}t,j=mp-1)—r.

BERMAN proved in [4] that the p-ary Reed-Muller codes are the powers of the
radical of A. More precisely:

(3) P = R,(m(p—1) —j,m), for all j € [1,m(p — 1)]

Therefore, we can deduce from a wellknown property of the generalized Reed-
Muller codes that (P7)% = PmE=1=i+1 In the following we will identify the
p-ary RM-codes with the codes P7. Note that

(4) dim P! =card { s €S | wy(s) >j }

Cosets of extended cyclic codes and equations over finite fields: Let C
be an extended cyclic code with defining set T. Let x € A and consider the
coset C, =x+ C . We have

¢s(z) = ¢s(x) , for all z € C, and for all s € T'.
So every coset C is uniquely determined by the sequence of elements of G:
(5) S(@) = (gu@) |s€T),
the so-called syndrome of x (or of the coset containing z).

Let x € A with syndrome ( 8s | s € T') . To find the number of codewords
of weight A\ in C, consists in solving the following problem: find the number of
codewords z =7 2g X9 of weight X satisfying

X:ZggS = 0s,VseT.

geG

geG

When p =2 we obtain a system of diagonal equations over the finite field of
order 2™; the problem consists in finding the number of solutions

(X1, X)) Xy €GF(2™), Xy # X Vi,

satisfying

A
(6) NX; =B, VseT.
=0
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2.2. Cosets of codes of A. Let C be an [N, k]-code of A. We first recall the
MAC-WILLIAMS transform, which determines uniquely the weight polynomial of
the dual of C from the weight polynomial of the code C itself.

THEOREM 1. [16, p.146] Let C be a linear [N, k|-code. Define its weight poly-
nomaal:
N . .
Wo(X,Y) =Y AXNTY' | Aj=card {ceC |w(c) =i},
i=0
where w(c) is the weight of c. Then the weight polynomial of the dual code C*
18

(7) mymnnzﬁwuX+@—nxx—Y»

Denote by D, the [N,k + 1]-code generated by C and a coset C, =z + C

of C:
D,= ] (az+0).
a€K

As C C D, , D} C O+ ; then every weight of O+ can be a weight of D3
Moreover the weight distributions of = + C' can be deduced from the weight
distribution of C* and of D;-. Indeed suppose that the weight distribution of C
is known and that we can compute the weight polynomial of D-. The dimension
of D, equals k + 1 so that the dimension of D3} equals N — (k + 1). Applying
(7) we obtain the weight polynomial of D,:

1

Wp,(X,Y) = o N=Gkr1)

Wpi(X+(p-1)Y,X-Y).
But, by definition, Wp_(X,Y) = (p—1)Q(X,Y) + W (X,Y), where Q,(X,Y)
is the weight polynomial of the coset x4+ C . Then the expression of Q. (X,Y)
is as follows:
1
(XY) = ——m—— X -1)Y, X-Y
(8) S Wel (X4 (- )Y, X —Y)) .

In the following we always will assume that the polynomial We.(X,Y) is
known and we want to have results on the polynomial Q,(X,Y), for every z.
Then the problem consists in the determination of the polynomials Wp1 (X,Y).

Let A be a non zero weight of C+ and Aj(x) be the number of codewords of
weight A in D}. So Ax(z) is the number of elements of C* of weight A which
are orthogonal to z:

(9) Ax(x) =card { y€ C* |w(y)=Nand <y,z>=0}.

Indeed y € D+ ifand only if <y,z>=0 forall zin D,. But z=az+c,
ac Kandce€ C;asy e CH, <y,ec>=0. Hence y € D is equivalent to
<y,x>=0,
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3. Weight polynomials of cosets

3.1. Translations on codewords. Let h be any non zero element of G. We
denote by 73, the permutation on G which acts as follows on the elements of A:

T ngXg :ngXngh:ng,th.

geG geG geG

We will say that 73, is an h-translation on the codewords. An ideal of A is a code
invariant under every 7.

Let x and y in A. It follows easily from the definition of the multiplication in
A that

= (S | X=X <a Xty X0 =Y <am > X

heG \geG heG heG

Therefore we obtain a relation which links up the weight of zy with the set of
codewords orthogonal to x:

I wy) =card{geG| <z, T(y) >#0}.

Suppose that the code C is an ideal of A. Then the dual of C' is also an ideal. Let
y € C*; so the set of the 74(y) is a subset of codewords of C* of same weight.
So Formula (I) means that the weight of zy equals the number of elements of
that subset which are orthogonal to . In the applications we study later, we
always consider the following ideals C' of A:

PROPOSITION 1. Lety in A such that depth(y) = j with j € [0,m(p—1)—1].
Then
my+P ) =y+ P VheG.

Therefore let C' be a code of A of depth j satisfying
Pitl - ¢ pi (ie. pmp—1)—j+l ~ ol ~ 'pm(Pfl)fj) ‘

Then C is an ideal of A, so that C* is also an ideal.

Proof: Let h € G . Note that X" — 1 is an element of P. Then
X"y = (X" — 1)y +y where (X" — 1)y € PI+1 .

Thus the coset 3+ P/T! is invariant under any h-translation. The code C' can
be considered as a union of such cosets. Hence it is an ideal of A.
O

Remark: Assume that p = 2. It follows immediatly from the proposition
above that any coset of depth j of the RM-code P’*! is an orphan (see the
terminology in [5]). Indeed the minimum weight codewords of these cosets cover
all coordinate positions.
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3.2. Application of Formula (I). In the application we present now, For-
mula (I) is most interesting, because zy has few possible weights, since the depth
of y is m — 2; moreover the 74 (y) form the set of codewords of a given weight in
the coset y + P™~1 (see Proposition 2). From now on, in this Section, p = 2,
K and G will be respectively the finite field of order 2 and 2"*. We will consider
linear codes C' of depth 2 such that:

PicCcP?(ie P tcCctcpm?).

From Proposition 1, the code C' is an ideal of the algebra A. The code C* is
an union of cosets of the Reed-Muller code of order 1, which are contained in
the Reed-Muller code of order 2. These cosets are precisely described in [16,
Chapter 15]; the reader can also refer to [8]. We only recall the results we need.

Such a coset y+P™~! is uniquely defined by the symplectic form associated
to y. Since y is in P72, then y can be identified to a quadratic boolean function
e

Y= Z fy(9) X7 — i yg = fy(9g).
geG

The associated symplectic form of f, is

U, @ (u,0) € G* — U, (u,v) = £,(0) + f,(v) + f,(v) + fy(u+v) €K .
The kernel of ¥, is as follows defined:
Ey={ueG|VwelG : VY,(u,v)=0}.

The set &, is a K-subspace of G of dimension x = m — 2h, where 2h is the rank
of U,. Let E, =y+P™ ! ;then ¥, =, forall b€ E,. Moreover the
weight distribution of E, only depends on h; that is (cf. [16, p. 441]):

Weights 2m—1 _ 2m—h—1 2m—1 2m—1 + 2m—h—1
22h 2m+1 _ 22h+1 22h

number

where h € [0,|m/2] |. Note that such a coset has exactly three weights unless
m is even and h = m/2.

DEFINITION 4. Let y € P™2. Let 2h be the rank of the symplectic form
associated to y. We will say that the coset E, =y + Pm=1 s of type (h).

The proofs of Proposition 2, Lemma 1 and Proposition 3 can be found in
[10] and [12]. In the following we will always consider y € Pm=2\Pm~1
E,=y+Pm ! . If C, =x+C isany coset of C, then we will denote by
D, the code C,UC (see Section 2.2). We suppose that the weight polynomial
of C+ is known and we want to determine the weight polynomial of D . In
accordance with Formula (8), the weight distribution of the coset =+ C' is:

(10) Q.(X,Y) = 22,% @Wpe (X +Y, X —Y) = Wer (X +Y, X —Y))

where k is the dimension of C.
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PROPOSITION 2. Let A be a weight of E, such that X\ # 2™~' and suppose
that w(y) = A. We denote by k the dimension of the kernel of the symplectic
form U,. Then we have:

{( Xy lgeGi={acE [wa)=A},

and the cardinal of the set above is 2™~*. So each codeword b of Ey, of weight
different from 2™ is invariant under 2% translations

LEMMA 1. Let z € A\P?,yc Ct, E, =y+P™ ' ; D, is the code C,UC,
where Cy. is the coset x+ C. Then Dy contains half of elements of E,:

card E,

=2m.
2

card {a€E, | <z,a>=0}=

PROPOSITION 3. Let x € A\P? . Let \ be a weight of E, and suppose that
w(y) = A. We denote by Ny the number of codewords of E, of weight . Set

Ny=card {ac E, | w(a)=X and <z,a>=0}.
Then

CL'EIP\’PQ — N)\:Ngm,)\
IEA\P - NA:NAfﬁgm_)\.

Moreover, if A # 2™~1 we have:
(11) Ny =275 (2™ — w(zy)) .

By hypothesis the code C+ is an ideal of A, since it is invariant under any
translation. Thus the cosets of C' of minimum weight 1 have the same weight
distribution. By applying Formula (11), we can compute this weight distribution.

COROLLARY 1. Suppose that the dual of the code C consists of the code P™ !
itself and L sets of cosets of same type; that is : L; cosets of type (h;), i € [1,L].
Let x=X9, g€ G and D, =(x+C)UC. Set

Ay=card { c€ DyF |w(c)=1} and \; =2m" 1 —2m~Mi=t " c[1,L].

So the weights of D+ are elements of the set { 0, 2m~1 \;, 2m—X; (i € [1,7]) }.
Then the coefficients of the weight polynomial of D are, for each i in [1, L]:

Ay, = L2271t g 2=y D Agn = Ly(22hiTt — 2him )

Ao =1 and Agm_1 = 3/2 where B is the number of codewords of weight 2™~ *
in C*. The weight distribution of the coset x + C can be calculated from the
Formula (10).
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Proof: We will apply the Proposition 3 to each type of cosets. Let E, =
y+P™ 1 be a coset of type (h;); recall that the dimension of the kernel of the
symplectic form associated to y is k£ = m — 2h;. Assume that w(y) = A;. Since
w(z) =1, w(zy) = w(y). Thus, according to (11), we have:

N/\i — 22h17m(2m _ Az) — 22hi7m(2m _ 2m71 + 2m7hi71)
— 92hi _92hi=1 | ghi=1 _ 92hi=1 | ohi—1
and Ay, = LZ-N)\i. Since Z\Afgm_,\i =Ny, — ]\AB\,” then
Nom_y = 22hi _ 92hi=1 _ ghi=1 _ 92hi=1 _ ghi=1

The null vector belongs to D;- while the all-one vector does not. Since 2™~ =
2m — 2m~1 e obtain for any coset of any type 2Ngm-1 = Naym—1. That means
that D contains half of codewords of C* of weight 21

O

3.3. Shifts of codewords. From now on we will treat only extended cyclic
codes as they are defined in Section 2.1. Such codes are invariant under the
shifts. Recall that we consider codes of length N = p™ over the finite field K
of order p. A shift of a given codeword zx is as follows:

oj - Za:ng — Za:gXo‘jg , JE€10,p™ —2].
geG geG

PROPOSITION 4. Set S =[0,n], where n=p™—1. Any s € S is identified
with its p-ary expansion (Sg,...,8m—1). Then we define a partial order on S:

foralls, tinS : s<t < Vie[0,m—1] : s, <t

Letx € A andy € A. Then

(12) VseS : ¢s(xy) = Z < j ) i(@)ps—i(y) -

i<s
Proof:
Sslzy) = D wgy ynlg+h) =D @D Y ( j ) g'hsl
geaqG heG geq heG i—0
= Z < j ) Zl'ggi Z yhhs_i = Z ( j ) (bz(x)(ﬁs_l(y) ,
=0 e heG i<s

since, by Lucas’s Theorem, ( 5 ) # 0 (mod p) is equivalent to 7 < s .
i
O
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THEOREM 2. Let x € P" and y € P™P~V="  Then the product zy is zero
if and only if ¢n(xy) = 0. Moreover if xy =0 then xz(y+PmP-D-r+1) = (0},
Define the polynomial of G[Z]:

R(Z)= Y dix)bu-ily)Z"".

wp (i)=r

Then we have for all j € [0,n —1] :

(I1)  pn(zo;(y)) = (1) R() .

The number of shifts of y (i.e. the oj(y)) which are orthogonal to x equals the
number of zeros of the polynomial R(Z).

Proof: The product xy is in PTP™P~D=r = pm(r=1) A codeword z of P™(P~1)
is defined by ¢4(z) = 0 unless s = n. If ¢,,(z) = 0, z is the null vector; otherwise
z =al, a € K and 1 is the all-one vector (see Section 2.1). If xy = 0 then
xb =0 for every codeword b of the coset y -+ P™P-D-r+1 gince gPmP—1)-r+l
is in P™P=D+1 which is the null space.

From the definition of the functions ¢, and of o;, we have:

0s(05() = 3 valalg)* = a0, ().
geG
Thus (noting that every ¢ in S satisfies i < n):
“~/n
utaos0) = (1) eua)onilos) =
i=0
Since = € P", ¢;(x) = 0 for all ¢ such that wy(i) < r (see Definition 3).
When wp(i) > r, wp(n —i) < m(p— 1) —r; in this case ¢,—,;(y) = 0, since
y € P™P=1="_ Then the sum above is a sum on the i such that w,(i) = r.
Now we consider such an i and its p-ary expansion (ig, ..., &,—1) and we

n

( 1; >¢i(x)¢ni(y)a—ji

=0

want to compute the coefficient ( n ) modulo p:
i

( 7; > - ml__[l ( p; 1 > _ ml:f(_l)it = (_1)wp(i) = (-1)",

t=0

since ( b 1 > =((p—1)...(p—1i)/(is)) = (=1)* (modulo p). Therefore

On(zoj(y) = Y (=1)"¢i(x)dn—i(y)a™" = (=1)"R(e’) .

wp (4)=r
(Il

Remarks: 1) The set of the ¢ whose p-weight equals r is invariant under the
multiplication by p (modulo n); moreover ¢s,(2) = >° g 249" = (¢5(2))P, for
any z. The polynomial R(Z) is in fact a trace-function from G to K.
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2) Suppose that a code C is such that its dual is a union of L cosets y +
prp=1)-rtl =y e pme=1=" where all cosets have the same weight enumer-
ator. Then there is only one weight distribution for the cosets z+C , = € P"
and this result holds for non extended cyclic codes C'. It becomes from the fact
that L/2 cosets composing C+ are orthogonal to z, for any z. We will treat later
a special application of this fact (see Corollary 3).

3.4. Application of Formula (II). In this section we will consider ex-
tended cyclic codes C' of depth r, for some r, such that:

Pt cC P (e Pt c ot cprlemhor)

Let T be the defining set of the dual code C*. In accordance with Definition
3 and with the definition of C, T has the following form:

(13) TJ‘=Ip(m(p—1)—r+1,m)\{sl,...,sl},

where the s; are some elements of S of p-weight m(p — 1) — . Note that the
defining set of C'is T =1I,(r,m)U{n—s1,... ,n—s} . Set U = {s1,...,s}
and let FE be the cyclic code (in the algebra R) whose nonzeros are the af,
t € U. The code E can be viewed in the algebra A , by adding an all-zero
column to the generator matrix. Clearly depth(E) equals depth(Ct) equals
m(p—1) —r.Then, since the dimension of E equals the number of elements of U,

which is the dimension of the quotient space C1/P™P=D="+1 e have clearly

(14) ct=Jw+pmemhriny

yek

The definitions of C+, U and E hold in all this section. Recall that D, is the
linear code generated by C' and the coset of C' containing x; we want to determine
the weight distribution of the dual of D,.

PROPOSITION 5. Let a coset of C: Cpo=xz+C , x€P"\C .
Lety in E. Then, for every j € [0,n — 1]:

l
én(x 0j(y) =0 if and only if »_ ¢n_s, (¥)¢s, (y)a™ =0 .

t=1

That means that the number of shifts of y orthogonal to x is related with the
weight of the codeword y' of E defined by

(15) Gs, (y/) = bn—s,(T)9s,(y) , t € [L,1] .

Let n(y) be the number of elements of the set {oj(y) | j € [0,n—1] }. Then we
have

L) = card { o,(0) | <2,05(0) >= 0} = "W —wy) ;

the code D contains L(y) cosets oj(y) + Pmp=D=r+1,
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Proof: In accordance with Theorem 2, ¢,(z 0;(y)) =0 if and only if R(a?) = 0.
Moreover, by hypothesis, ¢,_;(y) = 0 for every ¢ such that w,(i) = r unless
n—1ieU. Since U ={s1,...,s} we have :

l

Z (bz ¢" i ) = Z(bnfs,. (.’17)¢s%(y)a8rj =0.

n—ielU r=1

Let z € A. Recall that the Mattson-Solomon polynomial of z is

n—1
Z)=Y ¢i()2"" .
=0
It is well-known that MS.(a?) = z,, [16, p.239]. Then
w(z) =n— (card {j € [0,n —1] | MS,(a?) =0}) +¢.

where € equals 0 if zg = 0 and 1 otherwise.

Let 3 be the codeword of E whose coefficients ¢, are given by Formula (15)
(the other coefficients ¢;(y’) are zero, by definition of the cyclic code FE). For
every j in [0,n — 1], we have obviously

Z¢St )(ad)r _Z¢n 5 ()05, (y) (@) 7% = R() .

Hence R(a?) = 0 if and only if 4/ ; = 0. Let n(y) be the number of distinct shifts
of y and let n = n(y)n;. Then

1 , 1 '
card{oj(y)| <=,05(y) >=0} = - —eard {j| <z,05(y) >=0} = ~(n-wly) .
Note that y{, = 0, by definition.
|

Now we want to show how it is possible to achieve the computation of the
weight distribution of the code D3} — then of the coset z+C of depth r. We will
examine this problem when U contains only one cyclotomic class of p modulo n.
From Proposition 5, we have immediate corollaries.

COROLLARY 2. Let U ={s, ps,... }, x € P"\C ; let y be any element in
E. Set B = ¢n_s(x)ds(y). Let t— (n,s) and n = tny . Then , for every
jeo,n—1]:

bn(x 0;(y)) =0 if and only if Tr(Ba?®) =0.

Let y' be the element of E such that ¢s(y') = B. Then the number L(y) of
cosets o(y) + PP~V contained in D equals (n—w(y'))/t.
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Note that in this case the code E is an irreductible cyclic code viewed as
a cyclic code of length n, even when n and s are not relatively prime (by ¢
repetitions of each symbol). When ¢ = 1, F is equivalent to the simplex code
whose all codewords have a same weight A\. In this case the corollary above
means that the weight polynomial of D} does not depend on 3, i.e. on z. In
fact L(y) =n — X and every element in F is a shift of y.

COROLLARY 3. If all codewords of the code E have same weight, every coset
of C of depth r (the same depth than C) have the same weight enumerator.

We suppose now that E has more than one weight. The code C* consists of
L separate sets:

U (o) +Pme=D=th e B, leL1].
j€[0,n—1]

Each set is a union of cosets of same weight polynomial, since the RM-codes
are invariant under the shift. Assume that for each [, this weight polynomial,
the weight of y; and ¢(y;) are known. Then, by applying Corollary 2, we can
compute the values L(y;) for every [ and obtain the weight polynomial of D

The most simple case appears when the code F is such that only two weights
occur. For instance, using the tools we present here, we treat in [10] the cosets
of depth 2 of the extended 2-error-correcting BCH codes.
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