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study the links between K (a) and other exponential sums, especially the cubic sums. We
point out (as we did for odd m) that the values K (a) are involved in the computation of the
weight distributions of cosets of primitive narrow sense extended BCH codes of length 2™
and minimum distance 8. We also complete some recent results on K(a) — 1 modulo 3.
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1. Introduction

We denote by K(a), a € Fom, the so-called classical binary Kloosterman sum over F,m. Let B, be the extended binary
narrow sense BCH code of length 2™ and minimum distance 8 and D be any coset of B,, of minimum weight 4. Recall that
the vectors of weight 4 in D are the coset leaders. We continue here our work on coset weight distributions of By, (see [6,
3-5]) and on the relations which link the weight distribution of any coset D with the spectrum of three exponential sums,
including the Kloosterman sum. In [4], we computed the spectrum of K(a) modulo 24 in the case where m is odd. We
obtained this result by using some congruences modulo 3, which we derived from our study of the cosets D¥, for m odd.

Most recently, we treated the even case (m even) and found the exact expression for the number of coset leaders
of any coset D® [5]. We proved that, as for the odd case, this expression includes exponential sums of three different
types: Kloosterman sums, cubic sums and inverse cubic sums, over GF(2™). As often, the even case is much harder, i.e., the
expressions are more complicated as well as the spectrum of the cubic sum is. This led us to another approach, independent
from the codes B,; it appeared that this approach is suitable for odd m too.

The paper is organized as follows: Section 2 includes the definitions and basic properties which we need for the remainder
of the paper. Most of these properties are known and given without proof. By Lemma 8, we exhibit some relations between
K(a) and partial cubic sums which are particularly important in the even case. In Section 3, we recall our main result
concerning cosets D of By, [3,5] and show how we can extend our previous results (for odd m) to any m. Section 4 is
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devoted to the congruences modulo 3, and further modulo 24, which prepare the complete result, for even m, of the next

section. Our main results are given in Section 5, where we compute K (a) modulo 24 by means of the values of the cubic

sums. In particular, we show the links between K (a) modulo 3 and the pair of cubic sums (C(a), C(a, a)) by Theorem 18.
In the last section, we study the divisibility of K(a) — 1 by 3. Notably, we complete the results presented in [8].

2. Preliminaries

In this paper Fom always denotes the Galois field of order 2™ where m > 3. We use the notation e(p(x)) = (—1)™®®)
where Tr is the absolute trace over Fom, and e(a) is an additive character of Fon. For even m, we will also use the trace function
from F,m to its subfield F4, denoted by TJ", that is

T (x) = x+x* x4 %% wherem = 2s.

For any set V, V* = V \ {0} and the cardinality of V is denoted by #V.

2.1. Equations of low degree

Lemma 1 ([1]). The cubic equation x> 4+ ax + b = 0, where a, b € Fyn has a unique solution in Fom if and only if Tr(a®/b?) #
Tr(1). Furthermore, if it has three distinct roots in Fym, then Tr(a®/b?) = Tr(1).
Lemma 2 ([10]). Let m > 2 be an integer. Set fy(x) = x> + x + b, for any b € Fyn. Then f, has 0, 1 or 3 roots in Fom. Let
M; = # {b : fy(x) = 0 has precisely i solutions in Fym}.
If mis odd, then
Mo=QR2™+1)/3, M;=2"1"—1 and M;= Q™' —1)/3.
If m s even, then

My=Q"—-1)/3, M;=2"" and M;= Q™' -2)/3.
The next lemma will be useful, in particular for the understanding of Theorem 5 (below). We give the proof for clarity.

Lemma 3. Let m be even. Set f.(x) = x* + cx + 1, with ¢ € Fyn. Let
Ni =#{c € F5n : fc(x) = 0 has precisely i solutions in Fym}.
Then f, has 0, 1 or 4 roots in Fom. Precisely,

e f. has only one root if and only if c is not a cube;
e when ¢ = b3, for some b,

fe has no root if T;*(1/b) # 0;

fe has 4 roots if T'(1/b) = 0.

Moreover

No=2"72 Ny =2Q"—1)/3, Ns=@2™?—-1)/3.

Proof. Note that f. is an affine mapping on F,m. More precisely,
fe) =€) +1 with€(x) =x* + cx,

where £ is linear on Fym. So, if f. has at least one root, say z, then the number of roots of f. equals the number of roots of £..
This is because for any root x of £., we have

fi(z+x) =f(2) +L.(x) =0.

LetP; = {b° | b e F;n}. Note that P; has cardinality (2™ — 1)/3. Since £.(x) = x(x3 + ¢), the mapping £, is a permutation
if and only if ¢ ¢ P3. Otherwise £, has four roots which are 0 and the three elements (b, b§, b§?), where ¢ = b® and § is an
element of F4 of order 3. Clearly N = N3 = 0.

When £, is a permutation, there is only one x such that £.(x) = 1. This means that f. has only one root if and only if
¢ € P3, providing Ny = 2(2™ — 1) /3.

Now suppose that ¢ = b> for some b F;. In this case, either f. has no root or f, has 4 roots. Replacing x = by, to solve
f(x) = 0is to solve

Vity+ =0 (1)
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The image set of y — y* + y has exactly 2"~? — 1 non zero elements, corresponding to those b such that (1) has four
solutions. Since ¢ = b3, we get (2™~2 — 1)/3 elements c such that f, has four roots. In this case, b satisfies

1
T;" (—) _ PG ) =0,

b
Moreover, if TJ"(1/b) # 0 then (1) is not satisfied. We can conclude Ny = (2™2 — 1)/3 and, further,
2n1—2 -1 2m+1 -2 3. 2m
No=2"—1-— ; =2 - —=2"" 1

2.2. Some exponential sums

Now, we need to define several exponential sums on Fym,

Definition 4. The classical Kloosterman sums are:
1
K(a) = Z e(ax+ —) , ac€Fm.
b%
xeFym
The cubic sums are:
C(a, b) = Z e(ax’> +bx), aecFm,beFpm.

x€Fym
We denote C(a, 0) by C(a). The inverse cubic sums are:
a 3k
G(a, b) = Z e(;—i—bx), a€FmbekFm
x€Fym
The partial cubic sums are:

P(a, b) = Z e(ax’ +bx), a€Fim,b e Fpm.

xeFym: Tr(1/x)=0

The Kloosterman sums and the inverse cubic sums are generally defined on F3, the multiplicative group of F,m. In this
paper we extend them to 0, assuming that
ex ) =e(x3>)=1 for x=0.

In fact: Tr(x™") = Tr(™ —') and Tr(x~3) = Tr(x®" " ~1). It is well known that for even m and for any a € Fom we have

_ 2(m/2)+l +4< K(a) < 2(m/2)+1‘ (2)
Also, for any pair (a, b) of nonzero elements of Fym, we have
G(a, b)| < 2™/**2, 3)

These bounds are explained in [5].
The spectrum of the cubic sum C(a, b) was first specified by Carlitz [2]. In this paper we use the sums C(a, a) and C(a)
only. For even m, m = 2s, the next theorem is directly deduced from [2, Theorem 1]. Recall that C(a) = C(a, 0).

Theorem 5. Let a € F;,. For any even m = 2s we have that

Cla) = (—1D)¥T125F1 " if ais a cube in Fym,
I G V2 otherwise.

If a= b3 b € Fyn, then
if T>(b) # 0,

07
(=1)**125e(x]),  otherwise,

C(a,a):{

where xq denotes any solution of x* + x = b*.
If a # b?, then for all such a € Fim

] $9S
C(a,a) = e(m) (—1)°2°,

where h is the unique solution of ax* + x +a = 0.
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2.3. Useful properties

Lemma 6 ([9]). Forany m > 3

_ |4 (mod38), ifTr(a) =1,
k(@) = {o (mod 8), if Tr(a) = 0.

Lemma 7 ([5]). Forany a € F;n and any m > 3:

K(a) =2 Z e(ax) = —2 Z e(ax),

x,Tr(1/x)=0 x,Tr(1/x)=1

where x runs through Fom.

Lemma 8 ([5]). Let a € F;u. Then we have

e 2P(a, a) = K(a) when mis odd;
e 2P(a,a) = 2 C(a, a) + K(a) when m is even.

3. Some systems of BCH equations

Recall that B, is the binary extended (primitive narrow sense) BCH code of length n = 2™ where m > 5, with minimum
distance 8. The number of coset leaders of any coset D (of minimum weight 4) of B,, is the number of solutions {x, y, z, u}
of the following system of equations over Fym:

X+y+z+u=a
Ly +2 4+ =0b}. (4)
X +yY +22+0 =c

Here x, y, z and u are pairwise distinct elements of F,m and a, b, ¢ € Fom are fixed, with a # 0. Let w(a, b, c) be the number
of solutions of (4) over Fom for m > 3. Then there are ¢ € F, and A € Fyn

b c b b
e =Tr a—3 and )\.:a—s—f—g—f—a—?’—’—l, (5)
such that u(a, b, ¢) equals the value (e, 1), which is given in the next theorem.

Theorem 9. For m > 3 the value 1i(€, 1), where A and € are given by (5), is an even integer expressed as follows.
e Forevenm[5]
24 u(e, 1) =2"—=8+3-G(A, A) +C(A) + (=D (2K(A) +4C (1, ) — 8). (6)
e For odd m [3]
24 (€, 0) =2" —8+3-G(r, 1)+ (=D 2K (L) +2C(1, 1) — 8). 7)

e Furthermore, when A = 0 then (e, 0) = 0 for even and odd m.

Remark 10. For a # 0 and odd m, it is easy to see that C(a, a) = C(1, b) where a = b>. Indeed, such b exists for any a and
we have

C(a,a) = Z e(ax® + ax) = Z e(y® + by) = C(1, b) (8)

xeFym yeFym
where x = y/b. Thus, C(1, 1'/3) could replace C(A, 1) in (7), as it was made in the formula (19) of [3].

Now we deduce two important corollaries from Theorem 9. Note that we tried to establish Corollary 12 directly (without
Theorem 9) without success.
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Corollary 11. For any m > 8, any € € F, and any A € Fyu, the number at the right hand side of the equality (6) (resp. (7)) is a
positive integer divisible by 48.

Proof. We assume that m is even, m = 2s, since the case where m is odd was already proved in [4]. We denote by A, the
number at the right hand side of (6):

Ap=2"—8+43G(A, A) +C) + (=1 - 2K(X) +4C(A, 1) —8).

Since (e, A) is even (Theorem 9), A, is a multiple of 48. Now we use Theorem 5 and the bounds given by (2) and (3). We

get:
Ap > 2™ —8 —3.2572 _ st _ (25F2 4 753 1 )

2™ —16 — 26 - 2°.

vV v

Hence A, > 0 when 2°(2° — 26) > 16 providing that A, > 0 as soon as s > 5. The case m = 8 has been checked by overall
calculations of all possible values of (€, A) (see [5]). O

Corollary 12. Let A € F;u, where mis any integer such that m > 5. Then G(A, 1) is divisible by 8 for any m and any A. Moreover:
|8 (mod 16), if Tr(A) =1,
CR. 1) = {o (mod 16), if Tr(3) =0, ®)
with one exceptional case when m = 6 and A is a not cube.

Proof. We already proved the case where m is odd in [4, Lemma 5]. So, we assume that m is even, m = 2s with s > 3. First,
it is clear that G(X, A) is divisible by 8 for any A € F* and any m > 6. This comes directly from the formula (6) in Theorem 9.
Note that the value K (1) is a multiple of 4, for any A € F;.. Moreover, from Theorem 5, C(1) and C(A, 1) are divisible by 8
assoonass > 3.

The cubic sums C(X) and C(A, A) are congruent to 0 modulo 2°*! when A is a cube. Thus, they are congruent to 0 modulo
16 as soon as s > 3 which is m > 6. Hence, according to (6), G(A, A) is divisible by 16 as soon as K(}) is divisible by 8.
Applying Lemma 6, the first part of the proof is completed.

When A is not a cube, the cubic sums C(A) and C(A, 1) take the values +2° only. If s > 4 then, as previously, (9) holds.
Computing all i (e, A) for m = 6 in [5], we noticed that (9) does not hold in this case. O

Together with the previous corollaries, we directly obtain the following congruence linking Kloosterman sums and cubic
sums.

Corollary 13. Let m > 8 be any integer and let 1. € Fjn. Set
Bn(e, X)) =24 - u(e, A) — 3-G(A, A),
where (e, A) is given by (6) for even m and by (7) for odd m. Then for any € € F,, we have

_ |0 (mod 48), if Tr(A) =0,
Bm(e’“={24 (mod 48), if Tr(A) = 1.

4. More congruence relations

In this section, we establish some congruences which could be obtained from the results of the previous section. We used
this last method for odd m: in [4], we computed K (a) (mod 3) by means of our results on 3-error-correcting BCH codes of
length 2™, m odd.

We here use the relations linking Kloosterman sums to the partial sums P(a, a). Then the main congruences presented
in Theorem 15 (below) for any m can be obtained directly.

Lemma 14. Let m > 5 and a € Fjn. Set, summing over x € Fom \ {0, 1},

A= Z e(a(x*> +x)) and B= Z e(a(x> +x)).

x,Tr(1/x)=0 x,Tr(1/x)=1
Then, 3 divides A when m is even and 3 divides B when m is odd.

Proof. Note that for x € Fom \ {0, 1}

1 QUL Y (S B Y (10)
B+x/) +1 x+1 x/) x/)’




3980 P. Charpin et al. / Discrete Mathematics 309 (2009) 3975-3984

Let m be even. Since Tr(0) = Tr(1) = 0, the sum A has exactly 2™~ ! — 2 terms. According to Lemma 1, for any ¢ such that
Tr(1/c) = 0 there is either zero or three x satisfying x> + x = c. Thus, using (10),

A=3Ze(ac), I={c|c#0,c=x>+xwithTr(1/x) = 0}.

cel

Now, assume that m is odd. In this case, Tr(0) = 0 while Tr(1) = 1. The sum B has 2™~ ! — 1 terms and for any ¢ such that
Tr(1/c) = 1 there is either zero or three x satisfying x> + x = c. Thus, using (10),

B=3) e(a), I={c|c#0,c=x+xwithTr(1/x)=1}. O

cel

Theorem 15. Let a € F;u. Then the following congruences hold.

e If misoddthenK(a) =1— C(a,a) (mod 3).
o If miseventhenK(a) =1+ C(a,a) (mod 3).

Proof. First, we need the following formula:

C(a,a) = Z e(a(x* +x))

xeFym
= Z e(a(x* +x)) + Z e(a(x® +x))
x,Tr(1/x)=0 x,Tr(1/x)=1
=P@a+ Y e@ax +x). (11)

x,Tr(1/x)=1

Let m be odd. Then, using Lemma 8, and (11),

K(a) = 2P(a, a) = 2C(a, a) — 2 Z e(a(x® + x)).
x,Tr(1/x)=1

But the sum above on the right is equal to B + 1 where B is divisible by 3 (see Lemma 14). Then
K(a) =2(C(a,a) — 1) (mod 3),

which gives the statement.
Now assume that m is even. Using Lemma 8 again, we get

K(a) = 2P(a, a) — 2C(a, a).
Here P(a, a) is equal to A + 2 where A is divisible by 3 (see Lemma 14). Hence
K@ =4—-2C(a,a) =1+ C(a,a) (mod3). O

The next theorem is our main congruence modulo 24. From now on, we treat the even case only. Recall that the case
where m is odd was presented in [4].

Theorem 16. Let m = 2s withs > 3. Let a € F5n. Then we have:
If Tr(a) = O then

K(a) — C(a,a) = 16 (mod 24) (12)
else

K(a) — C(a,a) =4 (mod 24). (13)

Proof. Recall that for even m, we have for any a € Fn
K(a) —C(a,a)=1 (mod 3), (14)

from Theorem 15. Now, we use the result of Carlitz [2], a simpler form of which is given by Theorem 5. It implies that
C(a, a) = 0 modulo 8 as soon as s > 3, thatis m > 6. So, in this case

K(a) — C(a,a) = K(a) (mod 8).

Set L(a) = K(a) — C(a, a) and apply Lemma 6. If Tr(a) = 0 then K(a) = 0 (mod 8) so that L(a) = 8R, for some integer R.
This leads to L(a) = 2R (mod 3). According to (14) we get R = 2 (mod 3). Consequently L(a) = 16 (mod 24).
Similarly, if Tr (a) = 1thenL(a) = 8R+4, whichleadstoL(a) = 2R+1 (mod 3).Then, from (14), we obtainR = 0 (mod 3)

which implies L(a) = 4 (mod 24), completing the proof. O
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5. Kloosterman sums modulo 24 and cubic sums

In this section we compute K (a) (mod 24). Moreover we obtain some relations between K (a), C(a) and C(a, a). We wish
to point out the interest of these relations, which specify the even case (m even).
We need the following simple observation.
Lemma 17. Let r > 3. Then
o = 8 (mod 24) if risodd
— 116 (mod 24) if riseven.

The next theorem (comparing to [4, Theorem 3]) shows the differences between the even case (m even) and the odd case
(m odd).

Theorem 18. Let m = 2s, withs > 2, and a € Fu. Let K(a), C(a) and C(a, a) be the exponential sums defined in Section 2.2.
Then we have:
(1) K(a) = 2 (mod 3) if and only if C(a, a) = C(a). In this case

|8 (mod24) ifTr(a)=0
K(a) = {zo (mod 24) if Tr(a) = 1.

(2) K(a) = 0 (mod 3) ifand only if C(a, a) = —C(a). In this case

_]0 (mod24) ifTr(a)=0
K(a) = {12 (mod 24) if Tr(a) = 1.

(3) K(a) = 1 (mod 3) ifand only if |C(a, a)| # |C(a)|.
In this case C(a, a) = 0, a = b3 for some b such that TJ'(b) # 0 and

K(a) = 16 (mod 24) if Tr(a) =0
D=14 (mod24) if Tr(a) = 1.
Proof. For m > 6 we apply Theorem 16. Before, we have to specify the divisibility of C(a). From Theorem 5, we know that
C(a) = (—1)"2" withr =sorr = s + 1. From Lemma 17, we get
(—1D)'2"=(—1)" x (=1)"16 (mod 24),

providing C(a) = 16 (mod 24) for any a.
Assume that C(a) = C(a, a). Then

K(a) — C(a,a) = K(a) — C(a) = K(a) — 16 (mod 24).

Using (12) and (13), we get K(a) = 8 if Tr(a) = 0 and K (a) = 20 otherwise. In both cases, K(a) = 2(mod 3).
Assume that C(a) = —C(a, a). Then

K(a) — C(a,a) = K(a) + C(a) = K(a) + 16 (mod 24).

Thus, we get K(a) = 0if Tr(a) = 0 and K (a) = 12 otherwise. In both cases, K(a) = 0(mod 3).

Finally, if C(a, a) ¢ {£C(a)} then the only possibility is C(a, @) = 0, implying a = b> for some b such that T;"(b) # 0
(see Theorem 5). In this case the divisibility of K (a) is directly obtained from Theorem 16. And this is clearly the case where
K(a) = 1(mod 3).

The case m = 4 follows by direct checking of sums K (a), C(a), and C(a, a) foralla € Fyn. O

The link between the set of elements a such that K(a) = 0 and the existence of the Dillon difference sets [7] is well
known. The previous theorem provides a useful necessary condition.
Corollary 19. Let m = 2s. Let a € Fym such that K (a) = 0. Then we have:

Tr(a) = 0,C(a, a) # 0and C(a) = —C(a, a).

We can also express K (a) modulo 24 using C(a, a) only.

Theorem 20. Let m = 2s with s > 2. Then we have for any a € Fyn:
e If C(a,a) = 0, then

116 (mod 24), if Tr(a) =0,
’<(a)={4 (mod 24).  if Tr(a) = 1.
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e If C(a, a) € {2°, —2°*1}, then for odd s

K(a) = 0 (mod 24), if Tr(a) =0,
=112 (mod24), ifTr(a) =1,
and for evens

8 (mod 24), if Tr(a) =0,
20 (mod 24), if Tr(a) = 1.

e If C(a, a) € {—25, 25"}, then for odd s

8 (mod 24), if Tr(a) =0,
20 (mod 24), if Tr(a) =1,

K(a) =

K(a) =

and for even s

0 (mod 24), if Tr(a) =0,

K(a) = 12 (mod 24), if Tr(a) = 1.

Proof. The case C(a, a) = 0 is the same as Theorem 18, (3).

Assume that C(a,a) € {2°%, —25t1}. Using Theorem 5, this implies C(a) € {—2° 2°t!} when s is odd and C(a) €
{25, —25*1} when s is even. Thus we apply Theorem 18, (2), and Theorem 18, (1), respectively.

When C(a, a) € {—2°, 2°t}, we have similarly C(a) € {—2%, 257!} for odd s and C(a) € {2, —25*} for even s. Here, we
apply Theorem 18, (1), and Theorem 18, (2), respectively. O

To conclude this section, we want to explain the equations C(a, a) = +C(a), where a € F;n.

Lemma 21. For any even m > 4 and any a € F;» we have

1
C(a) when Tr <ﬁ> =0,
C(a,a) = +

1
—C hen Tr{ —— ) =1
(a) when r(h+1)

where h € Fom is such that

ah*+h+a=0.

Proof. Note that obviously C(a, a) = C(a?, a?). Clearly, we have for any h € Fym:

Cla)= > e@’) =Y e(ax+h))

x€Fym XxeFym

= Y e(a(’ +x°h +xh* + h?))

xeFym

= Z e (ax’ + x*(@®h* + ah) + ah’)

xeFym
= Z e (a’y’ + y(a®h* + ah) + ah®), wherey = x°,
yeFym
= (~1)™™)c(a?, @®h* + ah). (15)
First note that we obtain here all b € F;n such that either
C(a, b) = C(a) when Tr(ah®) =0
or
C(a,b) = —C(a) whenTr(ah®) = 1.

Indeed, according to (15) we can set b> = a?h* + ah. The linear mapping h — a’h* + ah is a permutation if and only if
a is not a cube. Otherwise, its image is of codimension 2. But for any cube a there are exactly 2™2 elements b € Fom such
that C(a, b) # 0 (see [2, Theorem 1]).

Now we consider the sum C(a, a) only, that is the h € Fon such that

a*h* + ah = @ or, equivalently, ah*+h+a=0.
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Therefore
4 h
h*+-+1=0. (16)
a
When (16) is satisfied for some h;, we have a = h;/(h; + 1)* and

hd h 1
Tr(ah}) = Tr <—1> =Tr ( ! ) =Tr < > .
(hy + 14 hi +1 hi+1

Suppose that a is not a cube. There are 2(2™ — 1)/3 such a, where each a corresponds to the only one solution of (16) (see
Lemma 3).
When a = b?, to solve (16) is to find the solutions y of

y'+y+bt=0 (17)

(replacing y = hb, see (1)). If there is at least one solution of (17) then there are four solutions, say y; fori = 1, ..., 4, and
b* =yl +yiforanyi. O

As one would expect, the results above are in accordance with Theorem 5.

6. Another divisibility modulo 3

In this section we study the divisibility by 3 of K(a) — 1. In [9] it has been proved that for odd m and any a, a # 0, 1
K@ +a>)—1=0 (mod3).

In [4], we specified K(a) — 1 modulo 3, but for odd m only. Another expression is proposed by [8], also for odd m. For even
mand any a (a # 0, 1) we have from [9] that K(a* + a®) is congruent to 8 or 0 modulo 12 depending on Tr(a) = 0 or
Tr(a) = 1. Here we give another proof of our previous result (in [4] for odd m) and also completely solve the case of even
m, by proving the following theorem.

Theorem 22. Let a be any element in F;n. Then we have

e When mis odd then K (a) — 1 is divisible by 3 if and only if Tr(a'/?) = 0. This is equivalent to

B
1= ——-
(1+p)*
e When m = 2s. K(a) — 1 is divisible by 3 if and only if
a=b> forsomeb such that T*(b) # 0.
e In both cases K (a) — 1 is divisible by 3 if and only if C(a, a) = 0.

for some B € Fyn.

Proof. Recall that notation K and C for exponential sums is introduced in Definition 4 for any m (odd or even). Also, we set
C(a) = C(a, 0) in any case.

Let m be odd, so that x —> ax?is a permutation. This means notably that C(a) = 0, for any a € F’z‘m. From Theorem 15,
we have for any a € Fyn:

K(a) — 1= —C(a,a) (mod 3).

But, when C(a, a) is a nonzero power of 2 it cannot be divisible by 3. We deduce that 3 divides K(a) — 1 if and only if
C(a, a) = 0. We know that C(a, a) = 0 if and only if Tr(a'/?) = 0 (see [3]).
There is also another point of view, that we develop now. We compute C(1), using (15). For any h € Fom:

C) =) e)= Y e(x+h?)

XEFzm XGFzm
= (=), h* +h) =0.

The map h — h* 4 his 2-to-1 on F,m, for odd m. So, we get 2™~ values C(1, a) with a = h* + h. We have got here all the a
such that C(1, a) = 0, because it is well known that C(1, a) = 0 if and only if Tr (a) = 0 (see [2, Theorem 2]).

Now set a = b> for some b. We have seen that C(1, b) = 0 if and only if there is an h such that h* 4+ h 4+ b = 0. Setting
h = by we have the following equivalent equations:

hW4+h+b=0< by +by+b=0
which is equivalent to

bay* +by+b=0< ay* +y+1=0.
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Soa = (y + 1)/y* which is by replacingy = (z + 1)%:

2o z2 _ z 2
T+ \z4+1)

Assume now that m is even, m = 2s. In this case, we can use Theorem 18 where the three possible values of K (a) (mod 3)
are studied. We directly obtain that

K@ —1=0 (mod3) < C(a,a) =0

(case (3) of this theorem). In accordance with Theorem 5, C(a, a) = 0 if and only if a is a cube such that TJ" @”? # 0,
completing the proof. O

7. Conclusion

In this paper, we study some divisibility properties of classical binary Kloosterman sums. However, our main purpose
is to point out the interesting (and often surprising) relations which appear between these sums, the cubic sums and the
inverse cubic sums. Formula (6) and (7) show clearly these relations, as well as the involvement of these sums in the weight
distributions of cosets of the 3-error-correcting BCH-code. Moreover our results lead us to several open problems. It is first
the spectrum of K (a) modulo 24. We were able to give it for odd m in [4], but the even case seems more difficult. To obtain,
even for specific a, the values of K (a) by means of other exponential sums or of the values (e, A), using (6) and (7), is a
more general and difficult problem.

There is a natural expansion of Theorem 22, since the general problem of the computation of K(a) — 1 modulo 3 is not
considered. When m is even, Theorem 18 could be used extensively.
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